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Preface 


The CLXXX Course, “Three-Dimensional Partonic Structure of the Nucleon”, of the 
“Enrico Fermi” School, held in Varenna from June 28 to July 8, 2011, was devoted to 
the study of the 3-dimensional structure of protons and neutrons (nucleons) and to the 
properties and motion of the nucleon internal constituents, quarks and gluons (partons). 

This issue is central in many theoretical and experimental activities and has marked 
a real transition, in the last two decades, in our exploration of the ultimate structure 
of matter, addressing fundamental questions such as the orbital motion of quarks and 
gluons inside the nucleons, their spatial distribution and the correlation between spin 
and intrinsic motion. A real 3-dimensional imaging of the nucleon as a composite object, 
both in momentum and coordinate space, is slowly emerging. 

Several dedicated experiments are either running (COMPASS, JLab and RHIC) or 
analyzing previously collected data (HERMES). Other experimental facilities are under 
construction (J-PARC and the upgrading of JLab) or being planned (PANDA, PAX, 
ENC, EIC). All these have a central focus in the study of the 3-dimensional nucleon 
structure. 

Enormous theoretical progress has been achieved in the last years with the new con¬ 
cepts of Transverse Momentum Dependent (TMDs) and Generalized Parton Distribu¬ 
tions (GPDs). These can be studied respectively in inclusive and exclusive processes at 
the above-mentioned facilities by looking at spin asymmetries and azimuthal distribution 
of final hadrons or leptons. The collection and interpretation of data, with theorists and 
experimentalists working together, is and will be one of the major activities in hadron 
physics; the international scientific community working in the held is constantly growing. 

The proposed School had the ambitious goal of educating postgraduate students, so 
that they could end up becoming specialists in hard scattering and partonic azimuthal 
distributions analysis and could be able to join CLAS, COMPASS, RHIC, J-PARC, 
PAX, PANDA, EIC, ENC and any of the dedicated experiments; or they could perform 
theoretical and phenomenological studies of TMDs and GPDs. 


XIII 
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XIV 


Preface 


The School was attended by 40 students and 3 observers from 13 different Countries. 
Basic introductory lectures were delivered by 7 lecturers and more specialized topics 
covered by 7 seminar speakers. All of them are among the world experts in their own 
field. Special attention was given to the interaction among lecturers and students and 
to favor active participation. Lectures and seminars were focused on the conceptual 
theoretical ideas, the experimental techniques and the phenomenological interpretation 
of data. Special lectures and tutorials were dedicated to data analysis and model building, 
with the active participation of students. 

The main topics discussed can be summarized as follows: 

Partonic distributions, fragmentation functions and factorization in QCD (collinear 
case). 

- Theory of Transverse Momentum Dependent partonic distributions (TMDs). 

- Theory of Generalized Partonic Distributions (GPDs). 

- Experimental methods in studies of hard scattering processes. 

- Extraction of TMDs and GPDs from data. 

Analysis tools for azimuthal asymmetries. 

Models for TMDs and numerical methods. 

- Future experiments. 

In conclusion the organizers of the Course warmly thank the Jefferson Science Asso¬ 
ciates, the Jefferson Laboratory, and the HadronPhysics2 European Project of the FP7 
framework for their generous financial support; the Wolfram Research for supporting 
the School with complimentary licenses of Mathematica for Students. Special thanks 
are due to Barbara Alzani, Monica Bonetti, Roberta Comastri and Ramona Brigatti for 
their precious, continuous and invaluable help both during the preparation of the Course 
and its organization at Villa Monastero. 


M. Anselmino, H. Avakian, D. Hasch and P. Schweitzer 
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Experimental methods in polarized DIS and SIDIS 

S. E. Kuhn 

Old Dominion University - Norfolk, VA 23529, USA 


Summary. — In these lecture notes, I describe typical experimental equipment 
and methods, as well as analysis procedures, for measurements of inclusive Deep 
Inelastic (DIS) and Semi-Inclusive Deep Inelastic Scattering (SIDIS) of (polarized) 
leptons off (polarized) targets. While some of the topics I discuss have broader 
applicability (for instance, for measurements of exclusive processes, or for hadron- 
hadron interactions), I concentrate on lepton scattering experiments, with particular 
emphasis on experiments already completed or planned at the Continuous Electron 
Beam Accelerator Facility (CEBAF) at Jefferson Lab. 


1. Introduction 

The goal of these lecture notes is to provide an overview of the experimental methods 
and analysis procedures that have been used (and are likely to be used in some form 
in the future) to study the three-dimensional partonic structure of the nucleon, as ex¬ 
pressed in transverse momentum-dependent (TMD) parton distribution functions and in 
generalized parton distributions (GPDs). These (relatively novel) concepts are building 
upon the well-known nucleon structure functions and form factors to describe not only 
the distribution of longitudinal momentum and helicity over the partonic constituents of 
the nucleon, but to yield additional information on the transverse position, momentum 
and spin of these partons. 

© Societa Italiana di Fisica 1 
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S. E. Kuhn 






Fig. 1. - Different reaction mechanisms that can be used to probe the partonic structure of the 
nucleon. The first four mechanisms involve the electroweak probe, while the last one is purely 
hadronic, and the second to last one combines both probes. DIS, DVCS and SIDIS reactions 
are induced by (mostly) virtual photons (wiggly lines) emitted from scattered charged leptons 
(which can transfer some of their initial polarization to the virtual photon) on (up to now) 
stationary nucleon targets, while the other three reactions are initiated with hadron beams 
impinging on stationary or counter-circulating nucleons. 


In fig. 1 I give a very generic overview of the kind of reactions that can be used to 
study GPDs and TMDs. In the following, I will focus in particular on the transverse 
momentum-dependent (TMD) structure functions which correlate intrinsic transverse 
momenta, k±, of quarks inside the nucleon with their spins, s, and with that of the nu¬ 
cleon as a whole (S). These TMDs can be most cleanly accessed by semi-inclusive deep 
inelastic scattering (SIDIS) experiments, and most of the experimental details given 
below refer to this case. This is not meant to distract from the importance of other ob¬ 
servables, e.g., Drell-Yan experiments and hadron-hadron collisions which are addressed 
elsewhere in this volume. Given the many experimental communalities and the greater 
simplicity, I will discuss inclusive scattering (DIS), as well. 

Other lecture notes in this volume give a fundamental description of the theoretical 
foundations of both integrated and TMD structure functions. While I do not want to 
duplicate these more rigorous descriptions, I would like to begin by making a few general 
observations on the constraints on the information that is at least in principle accessible, 
based on simple symmetry considerations. I hope this may help to guide the intuition 
of “newcomers” to this field as to why certain mathematical correlations between spins 
and momenta are discussed most prominently. 
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Fig. 2. - Usual arrangement of leading twist TMDs depending on both target and quark spin 
direction (U = unpolarized, L = longitudinally polarized, T = transversely polarized). 


To start, we observe that because rotations and boosts do not commute in special 
relativity, we have to treat longitudinal degrees of freedom differently than transverse 
ones. Using the customary “infinite” (high) momentum frame, in which the nucleon 
moves with velocity ~ c along the z direction, we can describe the former through the 
momentum fraction x and helicity h carried by a given quark, given the helicity H of 
the nucleon as a whole ( H and h are the spin projections on z). This information is 
complemented by the transverse momentum k± and transverse spin sj_ of the partons, 
and the transverse spin S± of the nucleon. Since the components of the spin vector do 
not commute, we cannot expect to simultaneously specify h. and s± or H and S±. 

Apart from this constraint, we therefore have two vectors (k± and z), two axial 
vectors (sj_ and S±) and two pseudoscalars ( h,H ) to form any proper observable, which 
by necessity must be a scalar. In the following, we will list the possible combinations up 
to the second power in k± —surprisingly, there are not all that many. If we do not use 
k± at all (meaning we integrate over all k±), only three possible combinations survive: 
The identity 

( 1 ) 1 

(which corresponds to the quark densities as a function of x, i.e. the structure function 
Fi in the top left corner of the usual 3x3 matrix shown in fig. 2), the product 

(2) hH 

(yielding the usual spin structure function g\. in the center) and the product 

(3) si • S ± 
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(the so-called transversity hi, which resides in the bottom right corner and is as funda¬ 
mental as the other two). 

Adding one power of k±, we have two options to form a product of two pseudoscalars, 


namely 


(4) 

h (k± • S_ l) 

and 


(5) 

H (k± ■ sj_) 


(the two “worm gear” functions at the ends of the middle row and the middle column). 
Alternatively, we can form two triple products which must by necessity involve the two 
vectors fcj_ and z and one of the two axial vectors: 

(6) S± ■ (k_ l x zj 
(the Sivers function, in the left bottom corner), and 

(7) sj_ • ( k± x z) , 

the Boer-Mulders function (top right corner). Including one more power of k± yields 
four new TMDs, including the k\ moments of the three “diagonal” structure functions 
discussed first. The most interesting fourth possibility is the combination 

(8) • k_ l) (Vj. • k±^j - ^ k 2 ± ( S± • £l) 

which corresponds to the “pretzelosity” function (lower right corner). Readers are encour¬ 
aged to try other combinations—they will find that they either simplify to (combinations 
of) the structures already discussed, or are identical zero (e.g., combinations like k± ■ z), 
or they do not transform like proper scalars under parity inversion^). Therefore, the 
8 correlations discussed (plus k\ moments of the first three) form the complete set of 
information, in the context of the (leading twist) naive parton model, one can even in 
principle expect to access up to terms quadratic in kj_. 


( 1 ) Initially, concerns were raised that the two combinations eqs. (6), (7) are “odd” under 
Time Reversal (TR). Indeed, reversing time reverses all three vectors in the triple products 
(including 2 since the nucleon will go “backwards”), yielding an overall minus sign. However, a 
full TR operation also requires interchanging initial and final state, which basically turns SIDIS 
into a Drell-Yan reaction. Sure enough, the prediction (so far untested) is that the Sivers and 
Boer-Mulders functions reverse sign in Drell-Yan. 
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Similar symmetry considerations can also constrain the observables in SIDIS. The 
quark momenta and spins, s± and k±, are not directly accessible; instead, one has to use 
the transverse momentum of the outgoing hadron, Phx- One more vector, x, is given by 
the direction of the outgoing lepton (perpendicular to the virtual photon, q), and one can 
form the axial vector y = q x x. Finally, one has the helicity of the virtual photon, /i 7 , 
which is determined by kinematics and the helicity of the scattering lepton. Once again, 
the simple-most scalar one can observe is the identity (the cross-section which relates 
to Fi), followed by H ■ h 7 (which accesses g\). Beyond this, one can form products like 
H(Ph± ■y ) and h^(Ph± • y) which correspond to the sin (<j>h) moments of the single target 
(Ajjl) and beam (Am) asymmetries. Concentrating on transverse target spin, we have 
the combinations 


(9) (Ph± -x)(S± -y) = |P/ l _L||5j_|cos(^/ l )sin(^s) 

(a product of two scalars) and 

(10) (Phi. ■y)(S ±. -x) = l-PfejJISxl sm(<j>h) cos((/>s) 

(a product of two pseudo-scalars). One can combine these two terms either as a differ¬ 
ence, sin(0h) cos ((f>s) — cos (<f>h) sin {(j>s) = sin (<f>h — <j>s), which is the “Sivers moment”, 
or as a sum, sin(^/ l ) cos(<^s) + cos(<j>h)sm(<t>s) = sin (<f>h + </>s), which is the “Collins 
moment”. Higher cos and sin moments can also be formed by an arbitrary number of 
scalars (analog to eq. (9)) and an even number of pseudo-scalars (analog to eq. (10)). 
Of course, the challenge is to tease out which information on the quark-level correlations 
(eqs. (l)-(8)) one can gain from the measurable scalars discussed here—this requires a 
theoretical understanding of both hard scattering and hadronization and is discussed in 
other contributions to this volume. 

It is important to keep in mind the difference between the coordinate system used 
here, with z along the direction of the momentum transfer q, and the beam coordinate 
system. In particular, if the target is polarized along or perpendicular to the beam, 
proper rotation of S is required before applying any of these relationships. 

Having laid the foundations of what can be measured (and what kind of information 
about TMDs can be expected to be contained in these measurements), we now turn to 
a description of the actual experimental apparatus typically used (sect. 2) and common 
analysis methods to extract the relevant observables, (sect. 3). 

2. — Components of typical DIS and SIDIS experiments 

Practically all experiments that can access information on the internal quark-gluon 
structure of the nucleon have a few ingredients in common: A “target” of nucleons to be 
probed (often required to be polarized either in transverse or longitudinal direction), a 
beam of either leptons or hadrons to probe the target with (including electrons, positrons, 
muons, neutrinos, pions and nucleons as well as anti-nucleons), and a detector system 
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to measure at least part of the final state (in the context of SIDIS and DVCS, at least 
one hadron and/or photon as well as the scattered lepton). Note that even for colliding 
beams, one can always treat one of the beams as “the target”—of course, for pp- and 
pp-collider, the choice is arbitrary. 

In the following, we will first discuss the production and acceleration of polarized 
beams (with emphasis on lepton beams), followed by an overview of typical polarized 
targets. We will then look at some common detector elements found, in some combi¬ 
nation, in most high-energy experiments. Finally, we survey briefly some experimental 
facilities that have either contributed to our knowledge of nucleon structure (including 
GPDs and TMDs) in the past, are actively taking data now, or are on track to begin 
operation in the near future. Clearly, an exhaustive discussion would be impossible and 
of little value to most readers; instead, I will give some references to the literature. 

2‘1. Polarized beams. - For a full exploration of the three-dimensional structure of the 
nucleon, we need polarized beams as probes. In particular, in SIDIS and DIS, polarized 
leptons are used to produce (partially) polarized real and virtual photons that couple 
to the quarks inside the nucleon and can probe their helicity ( h ). In DVCS, beam spin 
asymmetries can untangle the Compton Amplitude from its interference with Bethe- 
Heitler photon emission. There are basically three techniques that have been used to 
produce polarized leptons: 

1) A polarized electron “gun” followed by acceleration ( e.g ., linear traveling wave 
accelerators). 

2) The “natural” polarization of muons from weak decays of pions. 

3) The Sokolov-Ternov effect (“self-polarization” of a circulating lepton beam due to 
synchrotron radiation). 

We now discuss each method in some more detail. 

1) Let us examine as an example the polarized electron beam of the Jefferson Lab 
Continuous Beam Accelerator (CEBAF): The laser-driven source produces electron 
beams (polarized up to 85%) at currents up to 300 /rA, using bandgap photoemis¬ 
sion from a strained GaAs cathode coated with Cesium inside an ultra-high-vacuum 
system [1], (The state of the art is using a “superlattice” of a thin GaAs layer on 
top of GaAsP bulk material—the mismatch between the lattice spacing “strains” 
the GaAs layer and removes a degeneracy of energy bands that limited electron po¬ 
larization to less than 50% in earlier guns. These cathodes have become so efficient 
that even experiments that do not require electron polarization are now run in this 
configuration.) The polarized photons for this process [2] are supplied by MOPA 
(Master-Oscillator-Power-Amplifier) or Ti:sapphire lasers followed by a HV-driven 
bi-refringent Pockel cell that converts linear to circular polarization, allowing rapid 
reversal of the beam helicity at up to 60 Hz. As shown in fig. 3, a half-wave plate 
(HWP) can be inserted in the laser beam to change the polarization phase by 180° 
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Fig. 3. - Polarized source. Graphic from K. Paschke. 


(for suppression of systematic false asymmetries). The electrons are initially accel¬ 
erated by the high electric potential of the source (« 100 kV) and then pass through 
a “Wien filter” with crossed electric and magnetic fields that keep them on axis 
while rotating their spins into any arbitrary desired direction. The 100 kV electrons 
enter the injector line [1,3], where their energies are boosted prior to their introduc¬ 
tion into the main accelerating structure consisting of two superconducting linacs 
connected by recirculation arcs. Each linac segment contains a series of supercon¬ 
ducting niobium RF cavities, driven by 5-kW klystrons [4]. Detailed descriptions 
of the accelerator can be found in refs. [4,1,5,6]. Figure 4 shows an overall diagram 
of the CEBAF accelerator. The electron spins keep precessing in the recirculating 
arcs, requiring careful tuning of both the accelerator energy and the Wien filter to 
accomplish high polarization (typically longitudinal) in the experimental halls. 

To deliver beam to all 3 of the research halls (A, B and C), a | harmonic RF separa¬ 
tor system splits the interleaved bunches and delivers the beam to the appropriate 
experimental halls [4]. Electrons delivered to Halls A and C are bent through arcs 
with steering magnets while electrons continuing straight forward can then be de¬ 
livered to Hall B. The currents in all three halls can be dialed independently and 
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Fig. 4. - Layout of CEBAF. 
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can range from a few nA in Hall B to over 100 fiA in the other two halls. Together 
with long targets (gases, solids and liquids), luminosities of 10 34 -10 3 ' cm -2 s _1 are 
achievable. 

Polarimeters are employed at several stages along this process to precisely measure 
the beam polarization. For instance, before acceleration, spin-dependent electron 
scattering in the Coulomb field of nuclei (“Mott scattering”) is used to get the 
initial polarization. In each of the experimental Halls, the workhorse polarimeters 
use the cross-section asymmetry of electron-electron (“Moller”) scattering for elec¬ 
trons with parallel vs. antiparallel spin which can be precisely calculated in QED. 
The target electrons are provided by a magnetized (“Permandur”) foil and the 
scattered electrons are bent outwards with a series of magnets ( e.g ., quadrupoles) 
and detected in scintillators or calorimeters (see below), either as singles or in co¬ 
incidence with the knocked-out target electrons. A more technically demanding 
method uses polarized laser light interacting with high energy electron (“Compton 
backscattering”), which has a well-known asymmetry (basically, only electrons with 
spin opposite to the photon helicity can absorb and reemit such a photon). This 
approach is not only more precise (to better than 1%) but also has the advantage 
that it is “non-destructive”, allowing continuous monitoring of the beam polariza¬ 
tion during actual data taking (while the target of a Moller polarimeter disrupts 
the beam, forcing these measurements to be done during special runs). On the 
other hand, very large photon fluxes are needed, which may require optical cavities 
and a complicated beam chicane to bring the beam into interaction with the stored 
photons. 

2) Muon beams at CERN come from the weak decay 7r+ —*- The pions are 

created when high-energy proton beams interact with massive stationary targets 
and are then energy-selected. By also controlling the muon energy, one can select 
muons from forward or backward decays in the pion rest frame. These muons 
are right-handed (being “anti-particles” created through the parity-violating weak 
charged current) which translates into a natural, well-known helicity in the lab 
frame. Since reversing this helicity requires a retuning of the beam line, it cannot 
be done as frequently as for electron beams. 

3) The electrons and positrons used at HERA for the HERMES experiment are stored 
beams in a circular ring. Due to their centripetal acceleration, they emit syn¬ 
chrotron radiation (which requires a constant but modest supply of RF accelera¬ 
tion to re-supply the lost energy). This radiation has a slight dependence on the 
vertical (with respect to the ring plane) spin of the leptons, which leads over time 
to a build-up of transverse polarization of the stored beam (Sokolov-Ternov effect). 
This transversal polarization can be measured and turned into longitudinal polar¬ 
ization for experiments by using spin rotators (combinations of magnets that yield 
no net deflection of the beam but a 90 degree precession of the lepton spins). 
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Hadron beams can also be polarized; e.g., at RHIC an atomic beam source selects 
hyperfine states of the hydrogen atom with the desired proton polarization which are then 
injected into a series of accelerators. Great care has to be taken to avoid depolarizing 
resonances during acceleration. In the end, the protons are injected into one of the two 
counter-rotating RHIC rings. An elaborate scheme of magnets (“Siberian snakes”, spin 
rotators) turn the spins on each circular orbit to compensate for misalignments and to 
provide any desired polarization at the interaction point. 

Even more ambitious schemes are being discussed for the polarization of anti-protons, 
including spin filters that utilize the preferential absorption (annihilation) of antiprotons 
on stationary, spin-polarized hydrogen. 

22. Polarized targets. - Apart from counter-rotating polarized beams (e.g., at RHIC), 
stationary polarized targets come in three basic varieties: 

1) Solid-state cryogenic targets employing proton- (or deuteron-) rich compounds. 

2) Noble gas targets (in particular 3 He). 

3) Atomic beam targets. 

Again, we will discuss each type in turn. 

1) High density polarized targets of protons and deuterons are usually made of com¬ 
pounds like ammonia (NH 3 , ND 3 ) or alcohols that are rich in bound hydrogen 
atoms and that are solid at cryogenic temperatures [7, 8 ]. Another material that 
has been used is lithium deuteride ( 6 LiD), where the Li nucleus can be approxi¬ 
mated to first order as a bound state of an alpha-particle and a second deuteron 
(which is also polarizable). In each case, the goal is to maximize the number of 
polarizable target nucleons with respect to the total target composition. A par¬ 
ticular high ratio of polarizable nucleons to total target density has been achieved 
with frozen samples of hydrogen-deuteron molecules (HD-ice). A second consid¬ 
eration is that the target material must allow the introduction of paramagnetic 
centers (unpaired electrons—see below) and must be sufficiently “radiation-hard” 
(in particular if used in an intense electron beam). 

Paramagnetic centers (which provide polarizable single electrons) are introduced 
through chemical doping or irradiation with photons or electrons. The target ma¬ 
terial is then cooled to about 1 K or below (using liquid-helium refrigerators at 
very low pressure or 3 He/ 4 He dilution refrigerators) and immersed in a very strong 
magnetic field (of order several Tesla). In these conditions, the free-electron spins 
approach a polarization of 100%. Irradiating the target material at a frequency 
near that of the electron spin resonance (typically in the microwave range—of 
order 100 GHz) induces transitions that flip the spin of both the electron and a 
neighboring nucleus. Due to their short relaxation time (~ 10~ 3 s), the electron 
spins quickly relax back to the lower energy state, and become again available for 
more spin-flip transitions, while the nuclear spins couple weakly to the lattice and 
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take much longer (~ 10 3 s) to relax. A continuous irradiation results in the trans¬ 
fer of unpaired electron polarization to the nuclei in their vicinity, which is then 
transmitted to the remote nuclei by the nuclear dipole-dipole interaction (spin diffu¬ 
sion) [9,10]. Proton polarizations of over 90% and deuteron polarizations of 40-60% 
have been achieved with this method. The combination of microwave frequency 
and target field (direction) determines the direction of the polarization, which can 
be reversed on typical time scales of hours. The target is either constantly repolar¬ 
ized with microwaves (Dynamic Nuclear Polarization—DNP [9]) during exposure 
to the beam (especially high-intensity beams) or is cooled to even lower tempera¬ 
tures where nucleon spin relaxation times become long enough for the duration of 
the experiment (frozen spin mode). 

The target polarization is typically monitored continuously using an NMR system. 
RF radiation at the nucleon spin resonance frequency is coupled into the target 
and flips a small number of nucleon spins. These changing magnetic dipoles induce 
a signal in the pickup coil (which can be identical to the input coil) and the size of 
the signal is indicative of the total polarization and can be normalized to the well- 
known polarization of hydrogen nuclei in a thermalized sample. A typical example 
of such a target (which was used at SLAC and Jefferson Lab’s Halls A and C) is 
shown in fig. 5; a similar target for Hall B is described in detail in ref. [11]. 

Some of the challenges of these solid-state targets come from their susceptibility 
to radiation damage from beam exposure. To mitigate this, the beam is typi¬ 
cally rastered over the front face of the target (avoiding local depolarization), and 
the beam current must be limited to about 100 nA. Still, the radiation damage 
sustained by the target material from the electron beam must be repaired by an 
annealing process where the target material is heated to ~ 80-90 K, which can 
require an interruption of the experiment for one hour or more on a regular basis 
( e.g ., daily). After a few annealing cycles, the target material must be exchanged 
with fresh material. Another challenge comes from the fact that a lot of differ¬ 
ent material is in the path of the electron beam, not only the desired polarized 
nucleons, but also other atoms in the compound used (e.g., nitrogen) as well as 
liquid-helium coolant, entrance and exit windows, foils to hold the target material 
in place, super-insulation foils, etc. For this reason, only 15-25% of detected scat¬ 
tering events actually come from polarized nucleons (= “dilution factor”). Finally, 
turning the target polarization perpendicular to the beam direction (for transverse 
spin dependent asymmetries) leads to a large magnetic field bending the primary 
beam. This requires a system of compensating beam magnets (“chicane”) and suf¬ 
ficient shielding of detector elements against the large background of low-energy 
electrons and photons spread out by this field. Compact frozen spin targets (in¬ 
cluding HD-Ice) may be able to mitigate this problem. 

2) For measurements on the neutron, one can either compare asymmetries on the 
deuteron (approximately a proton and a neutron with equal polarization) to that 
on the proton, or use a target nucleus in which most of the polarization is carried 
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Fig. 5. - Typical cryogenic DNP target. The 5 Tesla magnetic field is supplied by a series 
of Helmholtz coils (superconductor immersed in 4K liquid helium) while the target itself is 
cooled further to 1 K by pumping away helium gas from the target refrigerator and therefore 
lowering the pressure and consequently the boiling temperature of 4 He. Microwave radiation at 
about 140 GHz and 1 Watt, supplied by an Extended Interaction Oscillator—EIO—tube, induces 
the desired HF transitions that transfer polarization from the unpaired electrons to nucleons. 
The polarization of the latter is measured using an NMR system with a induction/pickup coil 
surrounding the target (a typical signal from this system is shown in the top right corner). 


by the neutron, namely 3 He. Indeed, according to modern wave functions of this 
nucleus, the probability to “find” it in an s-state with zero proton polarization is 
about 87%. The correction due to residual proton polarization is only a few percent; 
other nuclear corrections (binding and coherent processes) have to be taken into 
account but are considered to be under control. The advantage of 3 He is that it is 
a gas at room temperature, making the target conceptionally simple and able to 
withstand large beam currents (up to 15so far in Jefferson Lab’s Hall A). The 
gas, with pressures of about 10 atm, can be held in a thin, long glass tube, yielding 
luminosities in excess of 10 36 cm -2 s _1 , at least an order of magnitude higher than 
for cryogenic solid state targets, and less susceptible to local depolarization (because 
of the high mobility of the helium atoms). 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 



































































Copyright©2013. IOS Press. All rights reserved. 


12 


S. E. Kuhn 


^ 0 Diode Laser 

4 0 Diode Laser 

0 Diode Laser 



Fig. 6. - Polarized 3 He gas target as used in Jefferson Lab’s Hall A. The upper half of the target 
cell is heated and contains the alkali vapor. The large Helmholtz coils provide the holding held 
that defines the quantization axis for the polarization. 


The helium nuclei (with spin 1/2) are polarized through spin-exchange collisions 
with alkali atoms, which are suspended as a vapor by heating a spherical volume 
connected to the main target cylinder by a thin tube.The alkali atoms in turn are 
polarized through absorption of circularly polarized laser light, typically supplied 
by high-power diode lasers. Recent progress has come from using a hybrid alkali 
vapor, in which rubidium atoms absorb the laser light (tuned to their absorption 
frequency), then exchange their electron spins with potassium atoms which in turn 
polarize the helium nuclei. In-beam polarizations of 65% have been achieved with 
this technique, yielding the highest figure of merit for any polarized target. The 
polarization is again measured using NMR or, alternatively, electron paramagnetic 
resonance (EPR). A schematic for this type of target is shown in fig. 6. 

3) Potentially the purest polarized target, with no background material at all, can 
be made if atomic hydrogen (or deuterium) is polarized and concentrated at high 
enough density for useful luminosity. The densities in question are very low (of or¬ 
der 10 13 nucleons/cm 3 ) compared to solid or gaseous targets (because otherwise the 
atoms would recombine to H 2 or D 2 molecules and lose their polarization). There¬ 
fore, these targets are only practical for the immense beam currents (10-100 mA) 
present in lepton storage rings. This in turn requires the targets to be windowless. 
The solution is to use a very long, thin tube along the beam that is constantly 
fed with a beam of atomic, polarized hydrogen. Through a differential pumping 
system, the atoms “leaking out” at the ends can be removed. The incoming stream 
of atoms is provided by a atomic beam source (where hydrogen gas is dissociated 
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through RF power) followed by sextupole magnets to select electron spin states 
and RF transition units that induce hyperfine transitions to transfer the electron 
spin to the nuclear one. This scheme has been successfully used by the HERMES 
collaboration at the HERA lepton ring. 

2'3. Detector elements. — Again, in this section we can only give a very superficial 
survey of some common detector elements used in high-energy physics. Readers that are 
working as experimentalists in this field will need much more in-depth information on 
the physical principles only touched upon here, and a much more detailed understanding 
of the specific detector elements used in “their” experiment. A good starting point is the 
book by Leo [12], which lays out both the Physics principles and some of the analysis 
methods used in Nuclear and High-Energy Physics experiments. Beyond this, hopefully 
there will be NIM articles, manuals, web pages and other sources of information (experts!) 
to consult. 

2'3.1. Magnets. Most spectrometers contain magnetic fields that have two functions: 
Deflecting or “screening out” unwanted background (in particular low-energy electrons 
from Moller scattering and photons as well as their conversion products) and bending 
particle tracks to allow a measurement of their momenta. One can roughly distinguish 
two different spectrometer types: 

1) High-resolution, high-luminosity spectrometers employ a series of quadrupoles (for 
focussing and thereby increasing the accepted phase space) and dipoles which bend 
the scattered particles (according to their momenta) by a substantial amount into 
a well-shielded “detector hut”, where tracks can be measured precisely and ex¬ 
tended backwards to the interaction vertex. These types of spectrometer typically 
can reach momentum resolution of ICE 4 and, with well-defined (and modest) aper¬ 
tures, are well suited for absolute cross-section measurements. For coincidence 
experiments (like SIDIS and DVCS), these spectrometers must be augmented by 
additional detectors for secondary particles. 

2) Large acceptance spectrometers are built to simultaneously collect scattered beam 
particles over a wide kinematic range, as well as other particles produced in the 
interaction. They are characterized by wide open geometry combined with large 
particle detectors. While there are some special cases of large acceptance detectors 
without magnetic fields (employing some other method of shielding and particle 
identification), most spectrometers of this type use large, open magnets. If the 
reaction products are distributed over a large angular range ( e.g ., in the case of 
colliding beams), large solenoidal magnets (usually with iron return yokes) are 
employed. If scattered and produced particles are typically produced in the forward 
direction (fixed target experiments), large forward dipoles (e.g., HERMES) can be 
used, perhaps augmented by large-angle recoil detectors. A third configuration 
(used by CLAS in Jefferson Lab’s Hall B) employs a set of large “pancake” coils 
to create a toroidal field circling the beam, which itself is in a field-free region. 
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Such a toroid can produce large transverse fields in the forward direction (where 
high-momentum scattered particles tend to go) while extending to larger angles for 
lower-energy particles. The new CLAS12 detector for the energy upgraded beam in 
Hall B will combine both a toroidal field (in the forward direction) and a solenoidal 
field in the region of large angles. 

2'3.2. Wire chambers. There are several methods to measure the trajectories of charged 
particles (bent by a magnetic field) which are based on the principle of the wire chamber. 
The basic ingredients of this detector type include a gaseous volume in which the travers¬ 
ing particles create electron-ion pairs through collisions with gas atoms. An electric field 
is set up between an anode plane (at negative high voltage), which can be either a foil 
or a grid of wires, and a cathode wire. The latter is typically thin, yielding a very strong 
electric field (proportional to 1/r where r is the distance from the wire). The electrons 
drift to the cathode wire in this field and accelerate in its vicinity to high enough energy 
to knock out additional electrons, yielding an avalanche which amplifies the original sig¬ 
nal by several orders of magnitude. In the simplest version of this device, the electronic 
readout of a given wire then signals the approximate location of the particle track. 

This scheme can be augmented by measuring the arrival time of the electron avalanche 
at the cathode wire, provided a reliable “start time” can be calculated for the moment 
when the particle track ionizes the gas (see below). If the relationship between drift time 
and distance from the wire is known, the track can be localized to much better precision 
than the distance between wires. These drift chambers are usually made of several layers 
of “sense” (cathode) wires interspersed with foils or three-dimensional grids of anode 
wires. By combining the information from several layers and groups of layers (at various 
angles relative to each other) a full three-dimensional reconstruction of the track can be 
achieved. However, a very large number of wires and corresponding readout electronics 
may be needed for a large acceptance device. This can be circumvented by using instead 
a time projection chamber (TPC), where the anode plane is at one end of the ionization 
volume, very far from the cathode plane, and a complete “ionization image” of a track is 
drifted towards the cathode plane where a set of crossed wires or other devices can recon¬ 
struct the track in three dimensions (using drift time for the distance from the plane). 

Recently, alternative methods have been developed for the amplification step in these 
ionization drift detectors, e.g., thin foils with small holes punched into them and with a 
large voltage across the thickness of the foil (gaseous electron multipliers, GEMs) or fine 
wire meshes suspended a few mm above a readout plane (micro-mega’s). Other related 
detector types include straw tubes (where each wire is surrounded by its own separate 
gas volume). 

2'3.3. Vertex trackers. In addition to gaseous ionization detectors, other detector types 
are used to reconstruct particle tracks. In particular for applications that require very 
high spatial resolution (e.g., to differentiate between particles originating from the origi¬ 
nal interaction point along the beam line and secondary particles from decays of relatively 
long-lived reaction products, like strange mesons and baryons) silicon vertex trackers play 
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a big role. Their operating principle is somewhat similar to that of a wire chamber, but 
instead of knocking electrons out of gas molecules, the initial “ionization” is provided by 
the creation of electron-hole pairs in a pn junction in a semiconductor, which is depleted 
from charge carriers by an applied high voltage. The advantage is that because of the 
much higher material density and the lower energy required (a few eV), a much higher 
number of charge carriers per track length can be generated. The signal can be read 
out directly by drifting the electrons and holes in the applied HV field to a grid of strip 
electrodes, yielding a 2-dimensional location for the track. Adding several layers (again 
with varying orientation) allows a 3-dimensional reconstruction. With a “pitch” on the 
order of 100 /jm between strips, very high resolution in space can be achieved. In addi¬ 
tion, the magnitude of the signal reflects the energy loss (and therefore the velocity) of 
the particles traversing the detector. 

2'3.4. Scintillators. Detectors that convert the collisional energy loss of traversing 
charged particles into scintillation light are the ideal complements to tracking devices 
like wire chambers. While their spatial resolution is modest, they often have excellent 
timing characteristics (allowing the determination of “arrival time” to within 100 ps un¬ 
certainty or less) and the ability to measure particle energy loss. Two basic categories of 
scintillating materials in use are doped organic (plastic) materials and crystals. Examples 
for the latter are Nal (sodium iodide), BaF 2 , germanium oxides, etc. (the boundaries to 
electromagnetic calorimeters are not well defined in this case). 

In organic scintillators, charged particles passing through transfer energy through 
collisions with atomic electrons that are then excited into a higher energy level. These 
electrons return to the ground state by emitting light. A small admixture of “foreign” 
atoms (dopants) is used to shift the frequency of this light to a lower value for which 
the scintillator is transparent. The light is transported through total internal reflection 
towards a photon detector (see below). This type of scintillator exists in both liquid and 
solid (plastic) form and can achieve extremely short response and relaxation times, mak¬ 
ing them ideal for demanding timing applications. For this reason, plastic scintillators are 
often used to measure the time of flight (ToF) for a particle over a known distance (using 
either two scintillators spaced some distance apart or some independent determination of 
the “start time” at the vertex). Such ToF measurements yield the velocity of the particle 
which, in conjunction with its momentum (measured with magnetic fields and tracking 
devices) reveals its mass and therefore its identity. They also supply the “start time” 
information to extract track position from drift time measurements in drift chambers. At 
the same time, the amount of light output is roughly proportional to the energy loss of 
the detected particle, which allows a second, direct measurement of its velocity v through 
the Bethe-Bloch formula for collisional energy loss (see, e.g., the book by Leo [12]). In 
particular, one can distinguish between particles that move non-relativistically and lose 
energy at a rate approximately proportional to 1/v 2 and moderately relativistic particles 
(y/3 « 1) which have the smallest linear energy loss of approximately 2MeV per material 
density of lg/cm 2 traversed (“minimum ionizing”). At even more relativistic energies, 
the energy loss rises again, but only slowly (logarithmically with 7/3). 
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Crystalline detectors are typically used to completely convert the energy of incom¬ 
ing particles (in particular photons and electrons) into light output, by a combination 
of Compton scattering, pair production and photo-excitation of atoms. For this rea¬ 
son, high -Z and high density materials like Nal salt are preferred, as long as they are 
transparent to the produced scintillation light. 

For both types of scintillating materials, photon detectors are needed to convert the 
light into an electric signal. This is most often accomplished by phototubes (PMT = 
photon multiplier tube), which can detect even single photons (with some efficiency). In¬ 
coming photons knock out electrons from an alkali electrode ( e.g ., Cs). A sequence of HV 
acceleration gaps with secondary electrodes (“dynodes”) multiply the number of electrons 
with each step, leading to an amplified signal for further electronic signal processing. Al¬ 
ternative readout schemes include avalanche photo diodes, Silicon Photomultipliers and 
several others. 

2'3.5. Cherenkov counters and transition radiation detectors. For particles moving very 
close to the speed of light, ToF measurements are no longer able to discriminate between 
different velocities (and therefore particle masses), and alternative methods to measure 
their velocity are needed. This is the domain of Cherenkov counters which are particularly 
well suited for speeds in this range. The basic principle of a Cherenkov counter is similar 
to the sound signal generated when an object exceeds the local speed of sound within 
a medium (“sonic boom”). Electromagnetic waves created from atoms disturbed by a 
passing charged particle add up coherently in a cone of opening angle a around the flight 
path, where cos a = ( c/n)/v p , with n being the index of refraction of the medium that 
the particle with velocity v p is passing through. Implicit in this relationship is the fact 
that particles with v p < c/n do not emit any such Cherenkov light. 

Accordingly, Cherenkov detectors can be operated in two different modes: As thresh¬ 
old Cherenkov counters or by measuring the angle a in some fashion. The former type 
is more simple to build and operate—all that is required is a vessel containing a medium 
(usually a gas) with index of refraction n chosen such that only one of two particle types 
that one wants to distinguish from each other will exceed the threshold velocity c/n. As 
an example, electrons with momentum lOMeV/c have a velocity already within 0.1% of 
c, yielding a signal in a gas with n > 1.001. On the other hand, a negatively charged pion 
(which otherwise may be hard to distinguish from such an electron) will have to have a 
momentum of 2.8 GeV/c before reaching the same threshold, making such a threshold 
Cherenkov counter a very good discriminator between electrons and pions in medium- 
energy applications. The Cherenkov light produced by fast particles must be collected 
(using optical mirrors) and guided unto a photon detector, such as a phototube. Of 
course, one has to be careful choosing the proper gas, to avoid background from scin¬ 
tillation. Another background comes from material in the way of the outgoing particles 
(e.g., previous detectors or the entrance windows to the gas volume itself), where passing 
charged particles (even if they are too slow to trigger the Cherenkov response) may knock 
out atomic electrons with enough speed to “masquerade” as a primary electron. 

Detectors that can determine the cone angle a (within some precision) are much more 
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versatile. While threshold Cherenkov counters have no discriminating power against par¬ 
ticles once they reach the velocity threshold, such angle-sensitive detectors can distinguish 
several different particle types over a range of momenta and do not have to be fine-tuned 
to a specific “one-trick” job. The main method of measuring a in use today involves a 
complete “imaging” of the ring of photons produced along the cone—this detector type 
is called “Ring Imaging Cherenkov” (RICH). It typically involves a somewhat denser 
medium (in particular artificially produced materials like aerogel with indices of refrac¬ 
tion n that can be tuned within a few % of 1) to guarantee a sufficient number of photons 
and a larger opening angle. The whole cone is than imaged onto an array of (possibly 
position sensitive) phototubes and the radius of the ring of photon signals determines a 
and therefore v p . A somewhat simpler incarnation (called “DIRC”) uses denser medium 
(large a) together with total internal reflection to bring the direction signal out of a tight 
detector package into an “expansion volume” where the angle can be measured, again 
by photodetectors. 

Further approaches towards measuring very high velocities use the (modest) depen¬ 
dence of collisional energy loss on velocity of highly relativistic particles (Bethe-Bloch 
equation, see above) or the electromagnetic field produced when high-speed particles go 
from one medium into another one with different n (Transition Radiation Detector— 
TRD). This radiation stems from the requirement of matching the electromagnetic field 
on both sides of the boundary according to Maxwell’s equations. 

2'3.6. Electromagnetic calorimeters. Another detector type that is particularly sensitive 
to light-mass particles as well as electromagnetic radiation (photons) is the electromag¬ 
netic shower calorimeter. This detector is also used to reconstruct neutral pions from 
their two decay photons and thus play an important role even for hadron identification. 

An electromagnetic calorimeter makes use of the fact that fast, light particles be¬ 
ing slowed down in the field of high-.Z nuclei tend to give off bremsstrahlung photons 
(due to their high deceleration) while photons can pair-produce light particle-antiparticle 
pairs (in particular electron-positron). This leads to a chain or cascade of energy being 
transferred to an ever increasing number of photons, electrons and positrons (an electro¬ 
magnetic shower), whose total energy can ultimately be measured by scintillation light 
generated through atomic collisions. (Additional mechanisms for this electromagnetic 
shower development include photoeffect and Compton scattering as well as positron an¬ 
nihilation.) By either collecting all of this collisional energy loss in form of photons (using 
high -Z transparent materials like Csl salt or lead glass) or by sampling the energy loss 
with scintillators interspersed with lead sheets, the total energy carried by the incoming 
primary particle (lepton or photon) can be reconstructed with some resolution (typically 
A E/E oc ^/ijE). On the other hand, ( semi-)relativistic but heavier particles (like pions, 
muons, etc.) will lose only a fraction of their energy, primarily through collisional losses 
(which are smallest for minimum ionizing particles) and can therefore be discriminated 
from electrons and photons by their much smaller signals in the calorimeter (relative to 
their momenta). Some background may come from negative pions being absorbed by 
protons within atomic nuclei, leading to electromagnetic energy ( e.g ., from 7r° decay), 
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Further discrimination power can be achieved by looking both at the longitudinal and 
vertical profile of the electromagnetic shower. Photons and electrons will tend to loose 
most of their energies (and produce the largest signals) early on (within the first layers 
of the calorimeter), while particles losing energy primarily through collisions will deposit 
energy throughout the length of their path. Similarly, the electromagnetic shower will 
broaden with distance traveled, leading to a wider transverse profile than hadron-induced 
showers. 

2'3.7. Hadronic calorimeters and other detector types. While electromagnetic calorime¬ 
ters maximize the number of radiation lengths of their active material (using high -Z 
elements), hadronic calorimeters instead rely on overall material (measured in terms of 
interaction lengths) in the path of outgoing particles to generate hadronic “showers”. 
These showers consist of cascades of strongly interacting particles (pions, kaons and oth¬ 
ers) that are produced or knocked out when a high-energy hadron interacts with the 
detector material. By sampling the energy deposited by all these particles (through scin¬ 
tillators), the total energy of the hadron (or a jet of hadrons) can be inferred. This is also 
the preferred method to detect and identify neutrons, which do not interact with most 
of the detector types discussed so far. Electromagnetic calorimeters as well as simple 
scintillator detector usually have some efficiency for the detection of neutrons through 
the protons they can knock out of the detector material. 

This cursory overview could not include all types of detectors presently in use or 
considered for experiments in high energy physics; there are many other, specialized 
types like muon counters, pad counters, and numerous others. 

2'4. Experimental facilities. - The history of measurements of the parton structure of 
the nucleon began with SLAC, which measured deep inelastic structure functions for un¬ 
polarized beam and target for the first time in the 60’s of last century [13], and polarized 
structure functions beginning in the late 70’s [14]. These pioneering efforts were later 
followed by a string of inclusive spin structure function experiments (E142-E155) during 
the 1990’s. This program used high energy (10-50 GeV) polarized electrons scattering 
off polarized nucleon targets ( 3 He gas, solid ammonia and LiD) and has been completed 
for a while. The spectrometers used had relatively small acceptance, and the low duty 
factor (of order 10 -4 ) of the beam did not allow any coincidence measurements of SIDIS. 
However, the high luminosity available provided data with very good statistical precision. 

A second set of measurements began in the 1980’s at CERN and evolved over a 
sequence of experiments (EMC, NMC, SMC) to the COMPASS experiment, which is 
still actively taking data and has a promising future as COMPASS II. COMPASS uses 
“naturally polarized” decay muons from pions produced with the CERN high-energy 
proton beam and very large solid polarized targets to study inclusive and semi-inclusive 
DIS, including tagged structure functions and TMDs. In the future, DVCS and Drell- 
Yan measurements are also planned. Reaction products are detected with the 60 m long 
forward COMPASS spectrometer, which will be augmented for COMPASS II. A detailed 
description of the COMPASS program is given elsewhere in these proceedings. 
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The HERMES experiment at DESY used the 27 GeV internal circulating electron 
or positron beam in the HERA electron-proton collider (polarized through the Sokolov- 
Ternov effect and a combination of spin rotators) and a very thin internal target of atomic 
(polarized) hydrogen, deuterium and 3 He to measure DIS, SIDIS and DVCS under a 
large variety of target and beam configurations. A large acceptance spectrometer in 
the forward direction (augmented by a recoil detector) was used to detect and identify 
scattered leptons and produced hadrons like pions and kaons. HERMES is no longer 
taking data, but some results are still under analysis. Its program is again extensively 
discussed in these proceedings. 

A very different approach to access partons in nucleons is employed by the PHENIX 
and STAR Collaborations, which use colliding polarized proton beams at the RHIC 
accelerator complex. Large acceptance detectors measure single hadrons (pions, etas, 
kaons), jets, and photons to gain information on the underlying hard interaction in the 
collision. The RHIC experiments have unique access to the polarized (integrated) gluon 
distribution, and, through W production, have also begun to probe the polarization of 
the quark sea, separated by flavor. Using transversely polarized protons, TMDs can by 
studied, as well, and in the future, Drell-Yan experiments are planned also (including 
a new experiment, AnDY, at RHIC). See elsewhere in these proceedings for a more 
comprehensive overview of the RHIC program. 

At Jefferson Lab, first measurements of both DIS and SIDIS reactions have been com¬ 
pleted using the existing 6 GeV highly polarized electron beam and fixed proton, deuteron 
and 3 He targets. In Hall B, scattered electrons and produced secondary particles are de¬ 
tected in the CEBAF Large Acceptance Spectrometer (CLAS) which surrounds the target 
with a nearly 47 r acceptance. Experiments on both proton (NH 3 ) and deuteron (ND 3 ) 
targets have mapped out inclusive structure functions over a wide kinematic range, from 
very low to moderate momentum transfer (0.01 < Q 2 < 5 GeV 2 ) and from the nucleon 
resonance region into the DIS region. First results on SIDIS measurements have been 
published, and additional ones are under analysis. More data have been taken on NH 3 
and ND 3 targets in Hall C, where both existing small-acceptance spectrometers (HMS, 
SOS) and dedicated devices (BETA) with larger acceptance have been used. The unique 
advantage of these experiments was the use of a transversely polarized hydrogen target 
(not yet available in Hall B). SIDIS results exist mostly for unpolarized targets. Experi¬ 
ments in Hall A concentrated on polarized 3 He targets, which are a good approximation 
to free polarized neutrons. Again, both the standard high-resolution spectrometers in 
that Hall and more dedicated, larger acceptance devices (Big Bite) were used. In addition 
to a wide range of polarized inclusive structure functions, Hall A has recently published 
the first direct measurement of Collins and Sivers asymmetries on the neutron. Hall A 
also has the world record for the highest luminosity polarized target. Both Halls A and 
B have also collected high precision data on DVCS. 

The experimental program at Jefferson Lab will undergo a brief hiatus starting next 
year, when the facility and all three halls are upgraded for the future 11-12 GeV beam 
operation. The availability of nearly double the beam energy in all three halls will sig¬ 
nificantly expand the kinematic range accessible within DIS kinematics. All three halls 
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will receive substantial upgrades: Hall C with a new Super-High Momentum Spectrom¬ 
eter (SHMS), Hall B with the largely new CLAS12 spectrometer (discussed elsewhere in 
these proceedings) and Hall A with Super Big Bite and SoLID (assuming funding will be 
made available). Correspondingly, a complete program of measurements in DIS, SIDIS 
and DVCS has been proposed and approved that will map all TMDs and GPDs over the 
kinematic region 0.1 < x < 0.8 with unprecedented precision. 

Looking further into the future, hadron facilities already online (JPARC, FNAL) and 
under construction (FAIR) will make important contributions, in particular by studying 
Drell-Yan processes. For a complete picture of the nucleon parton structure, down to 
very low x where gluons and sea quarks dominate, a polarized electron-ion collider is 
indispensable. Such a collider can reach much higher center-of-mass energies than existing 
fixed-target experiments. Plans for such a collider (EIC) are underway both at RHIC 
and at Jefferson Lab, as well as in other countries. The technical challenges of achieving 
high luminosity (combined with full-acceptance detector systems) are formidable, but 
possible solutions have been demonstrated. It is hoped that a decision for such an EIC 
will be made soon, which could allow the start of experiments in the mid 2020’s. 

3. — Methods and challenges in the analysis of DIS and SIDIS experiments 

3'1. Calibration. - All detector elements discussed in subsect. 2'3 and making up a 
particular experimental apparatus have a few features in common: They convert a signal 
amplitude ( e.g ., number of photo-electrons) or timing information into an electric signal 
and ultimately, via electronic devices like ADCs and TDCs, into numerical information. 
Part of the challenge in analyzing experimental data is to properly correlate these num¬ 
bers to physical properties (like charge, energy, momentum, and velocity) of observed 
particles. This requires proper calibration of all detector elements (how does a given 
energy deposit in a scintillator or the distance of a particle track from the wire of a 
drift chamber translate into ADC and TDC values), as well as proper matching of tracks 
(which signals belong to each unique particle detected in the event, and what can we 
infer about that particle’s properties) and event reconstruction (which particles belong 
to the same event, and what is the overall event structure). 

These tasks often require a substantial commitment of time and expertise, and are 
handled somewhat differently by different experimental collaborations. Often, a full¬ 
blown simulation (using event generators like Pythia, Lepto, ... and general-purpose 
simulation codes like GEANT4) is the first step to understanding the detector response 
to specific particle properties. Equally important are corrections of measured quantities 
for known effects (energy loss, radiation) and detector-specific properties (inefficiencies, 
acceptance limits). All of these tasks make up a major part of an experimental analysis, 
but there is little value in attempting a generic description at this place. 

Instead, in the following we assume that both detector calibration and the first level 
of data reconstruction (conversion from “raw” numerical data to collections of events 
with identified particle tracks) has already been accomplished, and look at a few of the 
remaining steps one has to follow to extract meaningful physics results. 
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3'2. Observables. - Once we define what we call the “target” (either a solid piece of 
material, or a defined volume of liquid or gas, or, in the case of colliding beams, a bunch of 
particles in one of the counterrotating beams), we can talk about the probability P(A/q) 
for a single beam particle traversing the target to initiate an “event” with a number of 
particles ending up in specified kinematic bins (designated by Afcj). This number will 
in general depend on the conditions we require for counting an event within a specific 
signature (for example, “one scattered beam particle within limits Aki = E[... E' 2 in 
final energy and angular range Afc 2 = 9[ ... 0' 2 , Afc 3 = ()>[ ... —inclusive scattering; or 
“3 final state particles together carrying the full initial-state four-momentum and within 
certain kinematic bins A/q each”—fully exclusive events). In any case, this probability 
will be directly proportional to the density ut of the target (in number of target nucleons 
per unit volume) and to the target length L. Since the product utL has dimension 1 /area, 
it follows that the proportionality constant must have dimension area: 

(11) P(Afcj) = titL ■ Aa(Aki). 

(Note that nr = p{ g/crn 3 ) • A J 4 (atoms/mol)/^ 4 (amu) for fixed targets of known mass 
density p.) An alternative (and maybe more familiar) way to define the cross-section 
Act (implicitly) follows if you multiply eq. ( 11 ) with the rate of incoming beam particles 
h i n = /beam/e (where e is the charge of each beam particle and / is the charge current). 
This yields the total event rate on the l.lr.s., and the right-hand side becomes £ • Act 
with the luminosity £ = nTLfi ln . In the limit where the size of each kinematic bin Aki 
becomes infinitely small, we can define the differential cross-section as the asymptotic 
limit 

(IT dfT = lim Aa ( Aki ^ 

d/cid/c 2 • ■ ■ d k n UAh 

In practical experiments with relatively large acceptance and finite kinematic bins, one 
can only extract the mean cross-section averaged over a kinematic bin, or, if one assumes 
a certain kinematic dependence, an overall scale if one includes a parametrization of the 
acceptance of the detector: 

(13) N counts = ct 0 j £ df J dki J d k 2 ■ ■■ J d k n ^ ^ Acc(fci, fc 2 , • • •, k n ), 

where cto is the overall scale to be extracted from the data. Alternatively, if it is known 
that the cross-section is proportional to cos(</>) or, more generally, the first few terms in a 
Fourier series, one can form moments with sine’s and cosine’s to extract the corresponding 
Fourier components. 

In a typical inclusive DIS experiment, the kinematic variables used to describe the 
scattering of a lepton with incoming beam energy E off a target nucleon of mass M can be 
the final energy E' and direction 9 ei <p e of the lepton in the lab, or, more useful for physics 
analysis, the four-vector momenta fc ,J , k'^ and P M of the incoming and scattered lepton 
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Fig. 7. - Definition of typical kinematical variables for SIDIS. 


as well as the target nucleon before the scattering (with P^P^ = M 2 and 4-momentum 
transfer = k 11 — From these, the following relativistic invariants can be formed: 

v = q^PJM = E-E', 

Q 2 = «4PP'sin 2 (0 e /2), 

Q 2 = _Q^_ 

X 2 q^Pf, 2 Mu’ 

_ q^P^ _ v 
V ~ k^P^ ~ E' 

W = y/(P^ + q^) 2 = VM 2 +2Mi/- Q 2 , 

where the last expressions in the definitions of u, Q 2 and y are the (approximate) formulae 
in the target rest frame. Converting the differential cross-section from one set of variables 
to another requires proper evaluation of the Jacobian describing the new variables in 
terms of the old ones. 

Adding a final-state hadron with 4-momentum P£ in the case of SIDIS, some typical 
variables used are the energy fraction 2 = P °/v (in the target rest frame), the transverse 
momentum P^t or, equivalently, the Feynman variable xp = q ■ P™/P/i(max) and the 
rapidity (often approximated with the pseudo-rapidity 77 = — log[tan 0 ft,/ 2 ]). in either 
case, one also needs the angle $ between the hadronic and leptonic plane, see fig. 7. 
Finally, in the case of a polarized target, one describes the quantization axis of the 
polarization by its direction angles 9s, 4>S relative to the leptonic plane. In principle, 
the cross-section can be expressed as a function of any suitable combination of these 
variables. 

Speaking about polarized targets (and beams), it is important to realize that the 
polarization P (for a spin-1/2 target) or the beam helicity h are statistical quantities 
describing a whole ensemble of particles, and are closely related to the concept of the 
density matrix in quantum mechanics. While the interpretation of P appears rather 
intuitive, one should keep the following in mind: 
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A single spin-1/2 particle is “always 100% polarized” along some direction, but it 
makes little sense to talk about its polarization (since it is usually unmeasurable due 
to the uncertainty relation); on the other hand, it also makes no sense to say that 
the polarization is the “fraction of polarized target nucleons” or that accounting for 
the polarization is the same thing as “subtracting the unpolarized contribution”. 

Any measurement on an ensemble of polarized spin-1/2 particles can be expressed 
in terms of the polarization vector P (with length 0 < |P| < 1)—there is no 
further information available. For instance, an ensemble of nucleons with totally 
random orientation of their spins in all possible directions has the same P as an 
ensemble where exactly 1/2 of all spins point in +z direction and the other 1/2 in 
—z direction (namely, zero)—and no conceivable measurement can distinguish these 
two cases. It is only for our convenience that we often describe the polarization 
along a preferred quantization axis ( e.g ., the magnetic holding field of a polarized 
target) by the equation P, = ( N + — N~)/(N + + N~), where N + ,N~ are the 
number of nucleons with spin “up” vs. “down”. 

Any observable that depends on the target spin has to be proportional to P; e.g., 
the cross-section difference between two different target spin orientations can al¬ 
ways be written as Act-, — Aer 2 = a 0 A ■ (P 1 — P 2 ). Here, cr 0 is an overall scale, and 
the analyzing power A contains the information on the spin dependence of the re¬ 
action. By using rotational invariance, once can also relate the analyzing power to 
azimuthal angles, yielding the familiar sin cj> dependence of most single-spin asym¬ 
metries. 

- These properties of polarization and analyzing power can be generalized to both 
the case of higher spin (e.g., the spin-1 deuteron nucleus can be described by a 
set of 5 more—tensor—polarization components) and to reactions involving more 
than one spin (e.g., double-spin asymmetries). Interested readers are referred to 
the Madison convention [15] for additional details( 2 ). 

As an example, consider the double-spin asymmetry typically measured in DIS 
polarized scattering. The cross-section in this case depends on both the helicity of the 
lepton beam and the target nucleon polarization. Since the helicity is a pseudo-scalar, 
only the component of the target polarization P z along the ^-direction and the sideways 
component P x in the lepton scattering plane can combine with it to form a measurable 


( 2 ) One should emphasize that the Madison convention needs to be modified somewhat to 
account for relativity; e.g., the simple three-vector behavior of A and P has to be replaced 
by a separate treatment of longitudinal (high momentum) degrees of freedom (helicities h, H) 
and transverse ones (where the non-relativistic approximation works fine); see the Introduction. 
However, keeping the vector character of A and P in mind can be a great heuristic tool to derive 
the possible angle-dependence of single- and double-spin asymmetries, for example. 
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scalar. The measured cross-section then becomes 

(14) der = <7o (l + h ■ [yl||P z + Aj_P x ]) . 

The connection between the “analyzing powers” , A± and the physics quantities A ly A 2 
as well as the spin structure functions g\, g 2 for DIS can be found in a recent compre¬ 
hensive review of the longitudinal spin structure of the nucleon [16]. 

3'3. Raw asymmetries. - The first step in any analysis of spin-dependent DIS or SIDIS 
is typically to form the raw asymmetry 

(15) A raw - U+ ~ n , 

n + + n 

where n + , n~ are the total number of counts for two different spin states, properly 
normalized to the time-integrated luminosity for each spin state. Typically, care must 
be taken to also take the data acquisition- DAQ “life time” into account, e.g., by 
integrating the luminosity C only over those time intervals where the DAQ is not “busy” 
after an event trigger, etc. At very high event rates, it is also important to properly treat 
nonlinearities due to event truncation, pile-up, etc. There are, of course, other avenues 
towards extracting physics results from spin-dependent measurements, e.g., by directly 
extracting cross-section differences as in eq. (14), or properly weighted moments of such 
cross-section differences. The details depend a lot on the experimental details which may 
make one method more advantageous than another. 

In the inclusive case, it is usually sufficient to reverse only one of the two spin degrees 
of freedom, either the beam liclicity h or the target polarization (P x , P z ){ 3 ). The former 
is preferred for electron DIS experiments since the beam helicity can be “flipped” rapidly, 
yielding a strong suppression of any systematic changes of the target density or detector 
acceptance times efficiency. This is important to minimize false asymmetries due to 
such possible effects. For further reduction and to study such systematic errors, one 
can combine measurements with opposite target polarization (yielding opposite signs 
of the helicity asymmetry). In the case of the CEBAF electron beam, one can also 
insert the half-wave plate to reverse the correlation between true beam helicity and all 
possible beam fluctuations correlated with the laser polarization at the injector. In the 
case of single-target spin asymmetries, much more care must be taken to avoid false 
asymmetries—see below for a full discussion. 

3’4. Dilution. - The dilution factor ( DF ) for an asymmetry measurement is the ratio 
of counts from the target material one wants to study {e.g., protons, cleuterons or 3 He 

( 3 ) To be precise, in that case one does get a contribution from parity-violating asymmetries due 
to the interference between weak and electromagnetic interaction. However, these asymmetries 
are usually much smaller than the sought-after parity-allowed spin asymmetries, at least for 
fixed-target experiments, and are further suppressed by the steps outlined below. 
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nuclei) divided by the total number of counts. It is typically defined for the case of 
no polarization. The necessity to determine this factor is the major drawback of the 
asymmetry method described here; if one measures cross-section differences directly, one 
does not need to account for DF, but instead has to reach a complete understanding 
of the (absolute!) target density, beam intensity, detector acceptance and efficiency of 
all detector elements (including the trigger). Needless to say, neither colliding beam 
experiments nor experiments like HERMES that use an open atomic beam source target 
have to worry (much) about dilution. 

To determine the dilution factor (which of course depends on all kinematic variables 
of interest), one needs to know the dimensions and densities of any material traversed by 
the beam in the vicinity of the target (unless one can remove its contribution by using 
a vertex cut). This includes vacuum entrance and exit windows, heat shielding foils, 
liquid coolant, target foils and the actual target material ( e.g ., NH 3 ) in the case of a 
cryogenic solid target, or quench gas admixtures (N 2 ) and entrance and exit windows 
for a gaseous ( 3 He) target. Even HD-Ice targets contain some “foreign” material in the 
form of windows and embedded A1 wires to remove excess heat. However, typical solid 
state (e.g., ammonia) targets tend to have the worst (smallest) dilution factors, because 
the “carrier atoms” (e.g., the nitrogen in the ammonia molecule) contain many more 
nucleons than the polarizable hydrogen or deuterium. 

If all necessary information can be obtained with sufficient precision, and a reliable 
model describing the (radiated) cross-section from all target components exists, one can 
simply calculate DF directly. However, often there are quantities that are not easy 
to determine by direct measurements. One example is the total density and length of 
ammonia in the target cell for NH 3 /ND 3 targets, the so-called packing fraction PF. This 
quantity is usually quite uncertain, both because the frozen ammonia “beads” making up 
the target are quite irregular in shape, size and packing, and because it is very difficult 
to make reliable measurements of dimensions and densities at a few Kelvin temperature. 
Such quantities are therefore typically extracted from auxiliary measurements, e.g., by 
comparing the rate from the ammonia target with that from a dedicated carbon slab (in 
an otherwise identical environment) with well-known thickness. Again, the cross-section 
model (where it exists) can then be used to determine DF. For an example of dilution 
factors extracted with this method, see fig. 8 and ref. [17]. 

While the model-based approach is clearly preferred (it yields smooth DF s without 
being limited by statistics and systematics of auxiliary measurements), it may not always 
be possible to come up with a realistic enough model for the unpolarized cross-sections 
needed. This is in particular true at present for SIDIS, where one needs such cross- 
sections (including radiative effects) for a 5-dimensional grid of kinematic bins (e.g., 
Q 2 , x, z, PhT > and perhaps even $). In the nuclear case, such cross-sections must ac¬ 
count not only for EMC-effect-like suppression at very large and very small x, but also 
for attenuation and P^-broadening of all different types of hadrons that are produced 
inside the nucleus. While data on these effects are slowly becoming available, there are 
not yet reliable parametrizations for all kinematics of interest. In this (and similar) 
case(s), one has to instead rely on the auxiliary measurements alone, maybe together 
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Fig. 8 . - Example for the dilution factor of a typical polarized deuterium (ND 3 ) target. 


with a parametrization of cross-section ratios as a function of the relevant variables. For 
example, one can use measured rates from carbon and “empty” (liquid helium only) 
targets to model the rates from similar nuclei like nitrogen in ammonia. It becomes 
then extremely important to plan for (and execute) a sufficient number of such auxiliary 
measurements, interspersed evenly throughout the experiment to minimize systematic 
drifts in detector performance. 

In either case, one has to divide the measured raw asymmetry introduced in the pre¬ 
vious section by the dilution factor for each kinematic bin to get the desired “nucleon 
asymmetry”. This works well for double-spin asymmetries, but potentially becomes more 
difficult in the case of single target spin asymmetry measurements where the dilution fac¬ 
tor may vary significantly over the time span between two opposite target polarizations. 

A final complication comes form the fact that some of the unwanted target material 
( e.g ., nitrogen atoms) can themselves be slightly polarized, leading to a contribution to 
not only the denominator but also the numerator of the asymmetry. This can be even 
an intended effect, e.g., in the case of cryogenic 6 LiD as a deuteron target, where the Li 
atom can be considered to be an effective polarized deuteron target with an inert 4 He 
core in some approximation. In this case, the Li polarization and its contribution to the 
asymmetry must be carefully evaluated; in most other cases, some relatively simple and 
small correction suffices (for instance, assuming “equal spin temperature” for the nuclear 
and nucleon spins, combined with a simple shell-model evaluation of the bound nucleon 
spin in terms of the nuclear one). 

3'5. Beam and target polarization. - Our previous discussion has clearly shown the im¬ 
portance of correctly measuring the polarization of both beam and target to extract spin 
asymmetries. With experiments collecting larger and larger amounts of data (thereby 
beating down the statistical error on the measured asymmetry, which goes roughly like 
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1/y/Ntot), the uncertainty on the knowledge of these quantities can become an important 
and perhaps limiting factor on the ultimate precision achievable. We have already dis¬ 
cussed in sect. 2 some methods used to determine beam and target polarization directly 
(in conjunction with the discussion of various types of polarized beams and targets). 
Often, these methods will suffice when pushed to the highest possible precision; on the 
other hand, secondary methods can lead to even smaller errors or serve as important 
systematic checks. 

One such method frequently employed at lower-energy accelerators involves the mea¬ 
surement of elastic or quasi-elastic asymmetries, in particular double-spin asymmetries. 
These asymmetries are often very well known, since they only depend (weakly!) on 
the ratio Ge/Gm of elastic electromagnetic form factors of the nucleon. By detecting 
the scattered lepton and the recoil nucleon in coincidence, one can reduce backgrounds 
(dilution) to very low and manageable levels. In particular when the data can be accumu¬ 
lated simultaneously with the main experiment (in the case of large acceptance devices, 
like CLAS), systematic errors are minimized and statistical ones can become reasonably 
small. This leads to a superior determination of, at the least, the product h ■ Prarget, 
from which even Prarget alone can be extracted if the beam helicity h is measured well. 

Once h and Prarget are in hand, one again simply divides the measured double-spin 
asymmetry by their product in the case of DIS or DSAs in SIDIS. However, to disentangle 
both single- and double-spin asymmetries in SIDIS, taking possible long-term changes of 
C, detector acceptance and efficiency, and DF into account, a more complicated equation 
needs to be employed. In the most general case, one gets (assuming rapid reversal of 
beam helicity) for the example of a longitudinally polarized target: 



where Pf, is the beam polarization (helicity), P t the target polarization in z-direction, 
and d refers to common factors entering the luminosity, i.e. total target density times 
length, detector acceptance and efficiency, etc.; single indices +, — refer to the two possi¬ 
ble orientations (signs) of the target polarization, while double indices refer to the beam 
helicity sign first and the target polarization sign second. The second expression for each 
asymmetry assumes that the dilution factor does not vary for the two different target 
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polarizations. For experiments where the target polarization can be flipped more quickly 
(ABS and gaseous targets) or where two or more different targets with opposite polar¬ 
ization compensate for the slow reversal rate of both polarizations (SMC/COMPASS), 
modified but similar equations can be developed to minimize any false asymmetries from 
long-term changes. 

3'6. Backgrounds. - So far, we have assumed that all registered counts for either polar¬ 
ization (combination) come only from the particles and event types we are interested in, 
namely scattered leptons and coincident hadrons of a given type ( 7 r, K , etc.). In practice, 
there are several sources of contamination that one has to correct for. The potential for 
falsely identified particles and for unwanted events contributing to the measured counts 
depends strongly on the quantity measured and the experimental facility/set up, and 
requires in-depth investigation for each experiment. Here, I only give a few examples 
for typical backgrounds for DIS and SIDIS with electron (positron) beams. Note that 
I do not treat background from unpolarized target material here, since this has been 
dealt with in the section on dilution factor. We also mentioned already the background 
asymmetry coming from slightly polarized target nuclei. 

The first type of background comes from particles (typically hadrons) that are 
misidentified as electrons. This background is most severe for inclusive measurements, 
where no cross checks on event type can be applied. In our discussion of Cherenkov coun¬ 
ters and electromagnetic (shower) calorimeters (sect. 2) we already pointed out a few 
possible sources of such misidentifications. Typically, Cherenkov detectors (especially of 
the threshold type) become less and less efficient suppressing light hadron signals (e.g., 
from 7T _ ) as momentum increases (and totally inefficient above their threshold). In ad¬ 
dition, single-photon noise in the phototubes, knock-on electrons, direct hits on optical 
elements and the like can create false positives (electron ID when no electron was present). 
Conversely, shower counters become more efficient at higher energies (where their rela¬ 
tive energy resolution gets better and the total energy deposited by an electromagnetic 
shower is much larger than that of a minimum ionizing particle). Still, there is some 
finite probability for an incoming hadron generating a hadronic or even electromagnetic 
shower that can lead to false positives. Therefore, one usually needs to combine both 
particle detector types (plus additional ones, like time-of-flight, transition radiation or 
even several Cherenkov layers) and study the efficiency as well as background suppression 
of each one in detail, to arrive at an overall electron ID efficiency. For instance, one can 
require a very high energy deposit in a shower counter (which would usually lead to lower 
electron efficiency) to select a more pure electron sample, for which the reaction of the 
corresponding Cherenkov counter can be studied as a function of kinematic variables. 

In the case of SIDS, of course one also has to worry about misidentifying one hadron 
type for another one (e.g., pions or protons for kaons). Similar considerations as for 
electrons apply—one has to study all aspects of particle ID very carefully to minimize 
and properly characterize such backgrounds. 

Another challenge is to account for event topologies that result in the same final states 
but are not of the desired type. For instance, properly identified electrons can neverthe- 
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less be from a source other than scattering of beam particles. The most important source 
of this background is the conversion of photons into e + e” pairs in material making up 
the target or detector, where the photons are either from hadron decay or produced as 
part of the electromagnetic background. Another source is the Dalitz decay ir° —> 'ye + e~ 
of neutral pions (and other hadrons). Fortunately, all of these sources yield positrons as 
well as electrons in equal numbers and kinematic distribution (“charge-symmetric back¬ 
ground”), which allows subtraction from the electron sample by carefully measuring or 
parametrizing the rates and asymmetries of the positrons. 

Similarly, pions and other hadrons can come from exclusive production of vector 
mesons, etc. that then decay into these particles. It can be argued whether this is a true 
background or part of the signal, but it clearly will lead to different rates and asymmetries 
than purely SIDIS events. Of course, any coincident measurements (like SIDIS) also have 
to account for accidental coincidences where the electron and the hadron come from two 
different interactions occurring close in time to each other. These backgrounds can be 
subtracted by studying the distribution in relative timing between the two particles and 
using far-out-of-time events as a representative background sample. 

3'7. Corrections and model inputs. - Corrections that need to be applied to the data 
are of two different varieties: In the first case, one has to account for known and possibly 
unknown deviations of the detector from an ideal one, e.g., by correcting measured 
particle momenta for physical effects like collisional energy loss and multiple scattering 
as well as imperfect knowledge of magnetic fields, detector geometry and response. These 
effects are often parametrized and the parameters determined by a fit to well-constrained 
reactions like elastic scattering. Under the same heading one can also subsume corrections 
for the finite acceptance and efficiency of the various detector elements, and the cuts and 
hardware (trigger) logic that have to be met for proper event identification. Usually, these 
corrections (and some of the others already mentioned) require a detailed simulation of 
the whole experimental apparatus, for instance with a general-purpose code like GEANT. 

The second type of corrections are needed to convert measured quantities (asymme¬ 
tries, cross section differences) into physics observables that can be directly compared 
to theoretical predictions and models. At a minimum, this usually requires corrections 
for higher-order QED processes involving diagrams beyond the simple one-photon ex¬ 
change (Born) diagram. While these corrections could be properly considered the re¬ 
sponsibility of model builders and theorists, they typically require intimate knowledge of 
the experimental apparatus (the materials in the beam that degrade its energy through 
bremsstrahlung photon emission and the detector properties like resolution that deter¬ 
mine what final states with photon emission still contribute to the measurement). There¬ 
fore, they are typically considered part of the experimentalists job, although the rather 
complicated QED equations needed are often provided by or co-developed with theorists. 
In addition to the QED aspect, one also needs to have a model of the hadronic reaction 
over a much wider kinematic range than measured, since events at different kinematics 
but with radiated extra photons can feed into a kinematic bin of interest. In fig. 9 we show 
an example of a measurement of the inclusive double-spin asymmetry (open blue circles) 
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Fig. 9. - (Colour on-line) Radiative corrections for a measurement of the inclusive double-spin 
asymmetry Am . See text for explanations. 


that was corrected for radiative QED effects (resulting in the full, red circles for the final 
data points). As one can see, a model for this asymmetry (solid line) was needed as input 
to these corrections, with the dashed line indicating the calculated radiated asymmetry. 
The corrections become large both close to the elastic peak (W = 0.94 GeV) and at large 
W (low E') due to the dominance of emission of a single high-energy photon (suppressed 
only like 1 /E~) followed by elastic scattering with low energy and momentum transfer 
(and correspondingly large cross-section). These extreme kinematic regions are therefore 
usually removed (through a cut on y) from DIS analyses. Fortunately, radiative correc¬ 
tions for SIDIS are usually smaller since the presence of a hadron carrying some fraction 
of the photon energy suppresses elastic tails. On the other hand, the event topology 
is much more complicated, making the necessary QED calculations and radiative codes 
even more involved. 

At the last step of analysis, one often needs to convert the measured quantity into 
a physics observable of interest by accounting for small, unwanted contributions (like 
the term A±P X in eq. (14)) or by converting asymmetries into spin structure functions. 
This typically requires models of unmeasured quantities, like unpolarized cross-sections or 
structure functions (F\ and R for DIS) and asymmetries like A 2 . If one wants to evaluate 
moments of (spin) structure functions, one may also have to use models to account for 
any unmeasured kinematic range ( e.g ., high v or an angular range not covered by the 
detector). These models have to be developed and readjusted in successive iterations to 
yield the best description of all available data (from the present and other experiments), 
and the systematic uncertainty of the final results coming from model uncertainties has 
to be determined. 
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3'8. Conclusion. - At the end of this long and arduous process, from building and 
commissioning apparatus, planning, executing and monitoring a measurement (often over 
several months), to calibrations, corrections and final results, fame and glory surely awaits 
the experimenter who has gained new or improved information on the still-mysterious 
inner structure of the nucleon and goes forth to publish and represent her results at 
conferences held at exotic and beautiful locales... like Varenna! 
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Summary. In these lectures we study how properties of hadrons like charge 
densities and parton distributions can be described within the framework of quantum 
chromodynamics and how they appear in high-energy scattering cross-sections. For 
the parton distributions, we specifically look at the role of transverse momenta of 
partons. 


1. — Introduction 

The central topic of these lectures is the proton. We want to grasp its structure. On 
the one hand, as part of our quest to understand the heart of the matter, at least the 
visible matter, in our universe. On the other hand, because protons besides electrons 
are basic tools in experiments that probe the fundamental forces in nature. Therefore 
we want to use their properties, global ones like energy, momentum and spin, but also 
other indirect degrees of freedom. The latter is of interest in particular for the proton, 
which is a composite state. Although a number of global variables can be used in the 
characterization of the quantum state, 

|proton) = | M,S]P, M s -...), 
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the full quantum state of a proton is much more complex than the corresponding electron 
state, 


| m e ,s;p,m s ;...) = b\{p,m s ) |0), 

which is created from the vacuum by a creation operator, satisfying elementary (anti¬ 
commutation) relations. The only properties remaining in the ... for the electron are 
charges determining the coupling of the electron to electroweak gauge bosons. Creation 
and annihilation operators appear in the free-held expansion of the electron held. They 
are multiplied with plane-wave solutions including a spinor structure in Dirac space. 
Using these helds a nice description of electrons and their interactions through the cou¬ 
pling to photons is achieved within the framework of the 1 /( 1 ) gauge theory of quantum 
electrodynamics and its embedding in the larger framework of the Standard Model of 
particle physics. 

Within the Standard Model the strong interactions are described by an SU (3) color 
gauge theory, Quantum Chromodynamics (QCD). A basic problem is that the con¬ 
stituents in this theory, quarks and gluons, do not appear as asymptotic states, so the 
starting point in scattering experiments, be it as the objects of study or as the tools, are 
hadrons, the bound states of QCD. 

In these lectures, for which background material can also be found in refs. [1,2], I want 
to discuss a variety of aspects in the study of hadronic structure and focus on the physical 
meaning of form factors, and quark momentum distributions. Focus is on extending 
the concept of collinear quark distributions to transverse-momentum-dependent (TMD) 
parton distribution functions (PDFs), for which we also refer to reviews in refs. [3,4]. 


2. — Basics 

Quantum mechanics. - When looking at the structure of a quantum-mechanical state 
in coordinate or momentum space, it is important to realize that these are conjugate, 
making things quite different from classical phase space in which one can consider coor¬ 
dinates and momenta as independent degrees of freedom. For purpose of illustration con¬ 
sider a state described with a one-dimensional spatial wave function ip(x) = {x\ip) or the 
corresponding momentum space representation ip(p) = (p\p), linked through (x\p) = e zpx , 

( 1 ) ip(x) = J e lpx <p(p) and ip(p) = J dx e~ zpx ip(x). 


In many applications a momentum q is transferred to the system and absorbed, described 
by a (charge) operator 


( 2 ) 



P+\h 



/d,|x)e -( 4 
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One measures an elastic response a{q) oc | 2 , where F(q) is the expectation value of 
the operator Q(q), known as the form factor 

(3) F{q) = (<p\Q{q)\ip) = j ^ <fi* (p+ ^ <f> (p ~ ^ = J dx e lqx \p(x)\ 2 , 

which is the Fourier transform of the charge density p(x) = |<^(;r)| 2 . The form factor at 
q = 0 is just a number, in this case the normalization of the wave function. In other 
applications one knocks out a particle from the system, producing a plane-wave final 
state | q). The inelastic response is now cr(q) oc W{q) 1 which reflects the momentum 
distribution f(p), in the simplest case at q = p. Interchanging the roles of x and p in the 
above equation, this momentum distribution can be written as 

(4) f(p) = \v(p)\ 2 = J dxdy e ipv p* (z - ^ ip (x + ^ . 

It is important to note that the form factors are non-local in momentum space, the 
momentum distribution is non-local in coordinate space. 

A convenient way to incorporate both is the concept of quantum phase-space (Wigner) 
distributions. For a nice introduction in the held of hadron physics we refer to ref. [5]. 
The Wigner functions in quantum mechanics are defined as 

( 5 ) 

( 6 ) 

The densities are obtained after integration over positions or momenta, respectively 


W{x,p) = 


d y e xpv <p 


x ~ 2 y ) V l X+ 2 V 


1 


1 


= f ^ e lqx qr ( p + -q ) (p ( p - -q 


( 7 ) 

f(p) 

= <p*(p)<p(p) = 

J dx W(x,p), 

( 8 ) 

P(x) 

= <p*{x)p(x) = 

/ Z w{x ’ p) 


The Wigner distributions, generalized to appropriate 3-dimensional variables, are useful 
tools in analyzing the 3-dinrensional structure of nucleons. 

Momenta and phase space. - In more dimensions and in relativistic situations we 
will use momentum four vectors with components p ,J . either expressed as time- and 
space-like components p = ( p°,p ) or light-cone components p = [p~,p + ,p T ], with p± = 
(p° ±p 3 )/\^2. We will often use tetrads of vectors n a to formalize components. The 
components of n a are n p = gf. In particular, we may look in a covariant treatment for a 
time-like and space-like set of vectors rig = t p and nff = z p to give a covariant meaning 
to p° = p • no- For light-cone components one needs two liglrt-like vectors n± satisfying 
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n_|_ • n- 
tensors 

(9) 

( 10 ) 


1 and one has p± = p ■ rizf . In the transverse directions one works with the 


9t V = 9^ n} = g^ + n%n v 3 - 

/.LV 1 - flU 03 /IIS 

t T c c , 


where we use e 0123 = e h12 = 1. For light-cone components the scaling of plus- 
component with a and minus-component with 1/a just corresponds to a boost. The 
well-known measure or phase space for momentum states (with p 2 = mr) and positive 
energy (p° > 0 or p + > 0) is given by 


( 11 ) 


dp = 


d4p 


(2n) 5{p 2 — m 2 ) 9(p°) 


cl 3 p 


(27r) 3 2 p° 


I ‘ dp°d 2 p T 

j ‘ dp + d 2 p T 

r dp d 2 p T 

/ (2-7t) 3 2p 3 

J (2tt) 3 2p+ 

J (27r) 3 2p- 


Exercise: Show that for on-shell momenta p 2 = m 2 one has 

(12) p = p + n + + p~n- + p T with p~ = (in 2 + p T )/2p + , 

(13) p = p°no + p with p° = ± \Jp 2 + m 2 . 

Show that for an off-shell momentum p = P — Pr with P 2 = M 2 and P/ = M'/ one can 
write in terms of light-cone components 

P = P + n + + (M 2 /2P + )n- and p = xP + n + + an- + p T 

(x is the light-cone momentum fraction) with 

(14) 2 P+a = 2p ■ P — xM 2 = p 2 — M 2 + (1 - x)M 2 , 

(15) (1 — x)p 2 = x(l — x) M 2 — x Mr — p 2 , 

which is useful for applications to quarks in nucleons. In terms of the usual four vector 
components one can write 

P = Mno and p = Eno + p 


with 

(16) ME =p-P = (M 2 + m 2 - Mr) /2 « Mm - M R B 

(17) p 2 = (M 2 + M 2 r ) - 2M y Jp 2 + M 2 « m 2 - 2mB - {M/M r ) p 2 , 

where we have shown the results also for small binding energies, i.e. for Mr = M — m + B 
with B <C {rn, M , Mr }, e.g., applicable to electrons in atoms or nucleons in nuclei. 
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Quantum field theory. - In quantum field theory space-time dependence is treated in 
a different way, as only momentum operators as generator of space-time translations and 
the corresponding momentum eigenstates remain useful concepts. The fields <j>(x) act as 
operators in Hilbert space with wave functions showing up as modes in the description of 
the space-time dependence multiplied with creation or annihilation operators for these 
modes, which in the standard free-field expansions create or annihilate momentum eigen¬ 
states. Composite operators like the current for fermions, J^(x) = if(x)'y^"if(x), become 
important because they describe the coupling to photons or electromagnetic fields. 

Simplifying our treatment one has operators 0(x) which having in them creation 
and annihilation operators have in essence the same structure as the operator Q(q) 
in our quantum-mechanical discussion. The field operator allows transitions between 
momentum eigenstates, (P'|0(z)|P). In the situation that the operator involves different 
degrees of freedom (say quarks) than the states (say hadrons), these states are like the 
states \tp) in the quantum-mechanical case. One expresses the matrix element as 

(18) (P'|0(x)|P) = e iq x [G^-iq^Gifiq 2 )] , 

where translation invariance now is used and all unknowns are in the form factors de¬ 
pending on the relevant invariants which is t = q 2 with q = P' — P. Realize, actually, 
how much info there is in the vectors. If we use no ~ P + P' (orthogonal to the spacelike 
direction q = q). Thus also G% is spacelike (orthogonal to no). We note the relation of 
form factors at q 2 = 0 to forward matrix elements, 

(19) Gi(0) = (P|0(x)|P) and G%(0) = {P\x>* 0{x)\P). 

This provides covariant definitions of vector or axial charges as well as magnetic moments 
and masses in quantum field theory. See Appendix A for the nucleon form factor. 

Extending our analysis to non-local field combinations, we can look at off-forward 
expectation values of non-local correlators, in essence Wigner functions 

(20) <P'|0 (x - \y, x + ^ | P> = e iA ' x (P'|0 ^ |P), 

where A = P' — P. These types of matrix elements, both off-forward (A ^ 0), as well 
as non-local (y ^ 0) are the topic of generalized parton distribution functions. We limit 
ourselves to forward matrix elements and look at the specific example that the non¬ 
local combination involves a “square” combination of two fields 4>(x), i.e. 0(x 1 , 312 ) = 
(x\) (f{x 2 )■ In that case, one can easily see that the forward matrix element is a 
momentum density given by 

(21) f(p) = j d 4 y e^y(P\^ (-±y) <t> Qy) |P> = J d 4 y P™ <P|^(O)0(y)|P> 

= £/ (27r) 4 5 4 (P A --P + p)|(P A -|().(0)|P)| 2 
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which represents the momentum distribution of 0-particles in the target, summed over 
all final states that remain after removing or adding a 0-particle. 

3. — Electroweak scattering processes 

Electroweak scattering processes are in a sense ideal to study properties of hadrons. 
Only one specific process, namely lepton-hadron scattering will be dealt with in detail. A 
signal for an electroweak process is the presence of leptons which do not feel strong inter¬ 
actions. Characteristic processes are the following three types, the annihilation process, 
t£ —* X, the lepton-hadron scattering process, £H —> i'X, and the lepton-pair produc¬ 
tion process, AB —► MX (Drell-Yan process). All of these processes involve electroweak 
currents, coupling to the leptons in a known way. The advantage of electromagnetic 
processes further lies in the fact that the process is accurately described in terms of the 
exchange of one photon, as the coupling, a = e 2 /47r « 1/137 is weak. The same is true 
for the weak vector bosons. On the hadronic side, the coupling to the quarks is known, 
but the structure of hadrons in terms of quarks and gluons is the unknown part. The 
fact that the coupling to the quarks is known, however, enables the study of quarks and 
(indirectly) gluons. 

First let us consider the variables that are used to describe these scattering processes. 
1) Electron-positron annihilation: i£ —> X or ££ —> h{Ph)X 



In the case of production of hadrons with a timelike (virtual) photon one can consider 
the rest-frame of the virtual photon, in which case it is clear that Q is a measure of the 
excitation energy. 

2) Lepton-hadron scattering: £H(P) —> i'X or £H(P) —► £!h{Ph)X 



The variable xb is the Bjorken scaling variable. In this scattering process a hadron is 
probed with a spacelike (virtual) photon, for which one can consider a frame in which 
the momentum only has a spatial component, from which it is clear that the resolving 
power of the probing photon is of the order A ~ 1 /Q. Roughly speaking one probes 
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a nucleus (1-10 fm) with Q « 10-100 MeV, baryon or meson structure (with sizes in the 
order of 1 fm) with Q « 0.1-1 MeV and one probes deep into the nucleon (< 0.1 fm) with 
Q > 2 GeV. 

Exercise: Rewrite the invariant mass squared of the hadronic final state, W 2 , in 
terms of invariants and use that W 2 > M 2 to show that 0 < Xb < 1, with xb = 1 
corresponding to elastic scattering. 

3) Lepton-pair production or Drell-Yan scattering: A(Pa)B(Pb) —> UX 



(32) 2 


In Drell-Yan scattering one already has two hadrons to start with. Here Q 2 is the 
invariant mass of the lepton pair. The above processes are characteristic for a large 
number of other processes involving particles for which the interactions are fully known 
on the one side and hadrons on the other side. 

Taking inclusive lepton-hadron scattering as an example, the cross-section is given by 


(33) 



1 a 2 T 


2 MW 1 "', 


where L pi/ is the lepton tensor, 


(34) 


X e ) = + 2 Ijp - Q 2 g + 2i\ e e pvpa q p t 


and W pv is the hadron tensor, which depends on exchanged momentum q and target 
momentum P. It contains the information on the hadronic part of the scattering process, 


(35) 


2 MW pv (P,q) = 

^E/ (2n)^2E n mmPn)<Pn\uo)\m«mp +g - p n ). 


Exercise: Show, using S 4 (P + q — P n ) = f d 4 x exp [iP ■ x + iq ■ x — iP n ■ x], shifting the 
argument of the current, J p (x) = exp[iP op -x] J P {0) exp[— iP op -x] and using completeness 
for the intermediate states that the hadron tensor can be written as the expectation value 
of the product of currents J p {x)J u { 0). Then, adding a second term oc J v (0) J / ((0)d 4 (P — 
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Q 2 



Fig. 1. The physical region in deep inelastic scattering in the Q 2 -u plane. The variable 
v — P ■ q/M is the photon energy in the target (momentum P) rest frame. Indicated are lines 
of constant invariant mass squared for the hadronic system, W 2 = (P + q) 2 . The elastic limit 
W 2 = M 2 corresponds with v = Q 2 /2M or xb = 1. 


q — P n ), which in the physical region (v > 0) is zero because of the spectral conditions 
of the intermediate states n (P® > M) one can after a similar procedure combine the 
terms to 

(36) 2MWV = ^ n J d4x Riq ' X (P\[Jl(x),MmP), 

where summation and averaging over spins is understood. 

In the leptoproduction e + H —> e! + X the (unobserved) final state X can be the target 
(elastic scattering) or an excitation thereof. In fig. 1 a plot of the two independent 
variables v and Q 2 is given as well as lines for fixed W 2 or fixed xb- Elastic scattering 
corresponds to W 2 = M 2 or xr = 1. For an elementary fermion that cannot be broken 
up or excited, this line relates v and Q 2 . For nucleons the elastic scattering cross-section 
(on top of the 1/Q 4 of the Mott cross-section) is proportional to a form factor squared, 
measuring the expectation value of the electromagnetic current (P'| J^(x)\P). It is also 
possible to excite the system. This gives rise to inelastic contributions in the cross-section 
at v > Q 2 /2M, starting at the threshold W = M + M n . When Q 2 and the energy 
transfer v are high enough the cross-section will reflect elastic scattering off the pointlike 
constituents of the nucleon and the cross-section will become equal to an incoherent 
sum of the electron-quark cross-section. This is known as the deep inelastic scattering 
region, in which one finds Bjorken scaling. The cross-section, more precisely the structure 
functions, become functions of one (kinematic) variable a.’B, which is identified with the 
momentum fraction of the struck quark in the nucleon, enabling measurement of quark 
distributions. In zeroth-order the cross-section thus becomes constant along lines of fixed 
xb (scaling). 

It is also possible to consider in more detail the space-time correlations that are 
probed. As already indicated q is space-like. But from the kinematics of deep inelastic 
scattering one can see that the process probes the light-cone. Sitting in the nucleon 
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rest-frame we note that both q° = v and q 3 = \JQ 2 + v 2 go to infinity but working 
at finite *b one sees that taking the sum and the difference only one of them goes to 
infinity. Choosing q along the negative z-axis one has q~ = (v + |q|)/\/2 —> oo and 
q + = {v — |g|)/\/2 « —Mj^xb/VZ- This corresponds in the hadronic tensor which 
involves a Fourier transform of the product of currents to |x + | « l/g _ —► 0 and |* _ | « 
1 /|< 7 + | -> 1/Mxb or |*| « |t| rts 1 /Mxb • Thus, depending on the value of Xb the 
distances and times not necessarily are small, but one has x 2 = x + x~ — x 2 ± « — x 2 ^ < 0, 
while, on the other hand, causality requires that x 2 > 0. Therefore, one sees that deep 
inelastic scattering probes the light-cone, x 2 « 0. 


4. — Structure functions and cross-sections 


The simplest thing one can do with the hadron tensor is to express it in standard 
tensors and functions depending on the invariants, the structure functions. Instead of 
the traditional choice using tensors, g IJM , P M P„ and e^ p(J q p P a multiplying structure 
functions W% and W 3 depending on v and Q 2 , we immediately go to a dimensionless 
representation. First we define a Cartesian basis of vectors [6], starting with the natural 
space-like momentum (defined by q). Using the target hadron momentum P M one can 
construct an orthogonal four vector P M = P p -{P-q/q 2 )q fJ ', which is timelike with length 
P 2 = kP ■ q with 


(37) 


M 2 Q 2 4 M 2 xl 

K ~ 1 + Jp^y ~ 1 + —q^~ 


The ciuantity k takes into account mass corrections oc M 2 /Q 2 which will vanish for large 
Q 2 («—►!). Thus we define 


(38) 

(39) 


Z p = -q p , 
q 2 

T p = - — P p = q p + 2x b P>‘ . 

Pq 


For these vectors we have Z 2 = —Q 2 and T 2 = nQ 2 and we will often use the normalized 
vectors z p = —q^ = Z p /Q and t p = T^/Q^fn. With respect to these vectors one can 
use the transverse tensors, = g pv + q p q v — and = e p ' l,p,T ipq CT . To get the 
parametrization of hadronic tensors, such as the one in eq. (36), including for generality 
also an (axial) spin vector S (see Appendix B), we use the general symmetry property, 


(40) 


W ltv {q,P,S)=W vlt (-q,P,S) 


as well as properties following from hermiticity, parity and time-reversal invariance, 


(41) W;„(q,P,S) = W^(q,P,S), 

(42) Wp V (q,P,S) = W V p(q,P, -S) (parity), 

(43) W* v (q, P, S) = W pv (q, P, S) (time reversal), 
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where p = (p°, —p). Finally we use current conservation implying q 1 ' W llv = W^ v q v = 0. 
Note that depending on the situation not all constraints can be applied. For inclusive 
unpolarized leptoproduction one obtains as the most general form for the symmetric 
tensor, 


(44) 


M ( s ) (P, q) 


F^xb^ 2 ) + -j^ F 2 (xb,Q 2 ) 

-gT F 1 (xB,Q 2 ) +iH 1 ' (-F! + ^P 2 ), 

Ft ' s * ■ v ■ 

F l 


where the structure functions F\, F 2 or the transverse and longitudinal structure func¬ 
tions, Ft = Fi and F£, depend only on the for the hadron part relevant invariants 
Q 2 and Xb■ This is the structure for the electromagnic (photon exchange) part of the 
electroweak interaction. For the weak (IF- or Z-exchange) part both vector and axial 
vector currents with different parity behavior come in. In that case also the following 
antisymmetric tensor is allowed, 


(45) MW^WfaP) = tC 7 r P f g F 3 (x B ,Q 2 )=ine^ F 3 (x b ,Q 2 ). 

(P ■ q) 

It appears in the part of the tensor in which one of the currents in the product is a vector 
current and the other an axial vector current. 

The cross-section is obtained from the contraction of lepton and hadron tensors. It is 
convenient to expand also the lepton momenta t and t' = l—q in other vectors. Examples 
using £ and P (and the scaling variables for leptoproduction) are 

(46) £' = x B yP + (1 -y)£ + Q\J 1 - yi±(e,p), 


or using P and q (or linear combinations like P and n or t and z) 


(47) 


%B d , l - y Q , QVi -y 

£ = - P + - X- n H - 

y y 2a; B y 


(^-y)Q i T | Q^ , QV Tzr v i 

2 y 2 y 


Mq,P)> 


where n = (q + XbP)/P- q = (t + z)/\/2 , which is the (approximately) light-like vector 
n 2 « 0, conjugate to P, P-n = 1. The unit vectors £± dehne the transverse directions with 
between brackets following the _L the momenta with respect to which the perpendicular 
directions are being considered. We note that in particular when one considers azimuthal 
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Fig. 2. - Kinematics for lepton-hadron scattering. Transverse directions indicated with a _L 
index are orthogonal to P and q, e.g., the orthogonal component of the momentum of a produced 
hadron has been indicated as example. Similarly one can consider the orthogonal component of 
the spin vector of the target. 


asymmetries one should be careful with the phase space, 


(48) 

(49) 


d(t'-p)d\e mP) \ 2 d<p eP 

(27t) 3 2(£'-P) 

_ d(l'-re) d|lj_(q,p)| 2 dipgp 

(27t) 3 2(1'-n) 


ys 

8tt 2 


dz B d y 


d (pep 

2tt 


s 

8ir 2 y 


dx B dy 


d IfiqP 
27T 


The kinematics in the frame where virtual photon and target are collinear (including 
target rest frame) is illustrated in fig. 2. With the definition of l±, we obtain neglecting 
mass corrections (re = 1) for unpolarized leptons the symmetric leptonic tensor 


(50) 




Q 2 


-2^1-y+^y^ g 1 ^ + 4(1 — y)i ll t L ' 

+4(1 - y) \ + 2(2 - y)V^y i { ^2 


We will need this form when we look at explicit production of particles h in the final 
state. The explicit contraction of lepton and hadron tensors for inclusive scattering gives 
for electromagnetic scattering (only symmetric tensor and re = 1) the result 


(51) 


dcr ep 47 t a 2 Xb s 


dx B dy 


Q 4 

27t a 2 s 

~w~ 


l -y+\y 2 ) F t (x b ,Q 2 ) + (1 - v)F l (xb 1 Q 2 ) 


[(1 - y) F 2 (xb,Q 2 ) + XbV 2 Fi(x Bi Q 2 )} ■ 


We have now used the known photon coupling to the lepton and parametrized our igno¬ 
rance for what happened with the hadron in a hadronic tensor. The fact that we know 
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how the photon interacts with the (quark) constituents of the hadrons will be used later 
to relate the structure functions to quark properties. In the same way one also knows 
for the weak interaction processes leading to antisymmetric part containing F 3 in the 
tensor for unpolarized hadrons, how the Z° and W couple to quarks. To describe weak 
interactions also the antisymmetric part of the lepton tensor is needed, which is also 
encountered when one looks at polarization (see Appendix B). 

5. — Virtual photon cross-sections 

Dressing the hadronic tensor W tlv with photon polarization vectors one obtains the 
total cross-section for -y*H —> everything, where 7 * indicates a virtual photon. For 
a given virtuality Q 2 of the photon this cross-section depends on only one variable, 
W 2 = (P + q) 2 , or equivalently on the variable v = P ■ q/M , 

(52) 

where 4 M K is the photon flux factor. This flux factor only is physical for real photons 
( Q 2 = 0). One convention is to take 4 M K = A^J (P • q ) 2 — P 2 q 2 , i.e. K = ^v 2, + Q 2 . 
Other possibilities are to take the real photon result AM K = 4 P • q or K = v (Hand 
convention). Another convention that has been used is to equate the final-state invariant 
mass squared W 2 = (P + q) 2 , i.e. take the result AM K = 2(TV 2 — M 2 ) for a massless 
photon and equate W 2 to the invariant mass in the case of a virtual photon, W 2 = 
2P ■ q + M 2 - Q 2 or K = v - Q 2 /2M. 

Being a (total) cross-section for (virtual) photoabsorption, the hadronic tensor is 
related to the forward (virtual) Compton amplitude through the optical theorem, 

(53) W„ u = -ImTp, 

7T 

where 

(54) 2 MT^(P,q) = i J d 4 x e i<l x {P\TJ^x) J„(0)|P>. 

For a virtual photon we need three polarization vectors , where a indicates the polar¬ 
ization directions (perpendicular to q 1 '), 

(55) = ^(O^ 1 ,-*, 0 ) = A?^{e x ±ie y ) and = ~^= (q 3 , 0,0, q°). 

One gets two transverse structure functions and one longitudinal structure function, 
F a = MW llu e" y . Because of the fact that they are cross-sections for (virtual) photons, 
the structure functions, F+, F- and iq are positive. We have (as already indicated) 

(56) F t = \{F + +F_) = F 1: F L = p--F u and F 3 =F+-F_. 

2 2 x b 
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6. — Form factors 

In the structure functions the currents J^{x) enter that describe for instance coupling 
to photons or other electroweak bosons. Even if in that case the currents are known to 
be quark-currents( 1 ), 

(57) J^ 7) = : ip(x) Q x ) :, 

(58) J^ z) = : ip(x) (/^ - Q sin 2 9 W ) 7 nL ip(x) : - : ip(x) Q sin 2 9 W 7 pK ip(x) : 

= ■ i>(x) (Iw - 2 Q sin 2 9 w )'Y tl 4>{x) : - : ip(x) 1^ 7^75 tp{x) :, 

(59) jW = : ip(x) I± 7 ^{x) 

where 7 ^r/l = 7^(1 ± 75 ). Although one has known currents of which even the flavor 
decomposition is known, their expectation values are not known. 

In the special case in which the final state is identical to the initial state (elastic 
scattering, which is part of the inclusive scattering) P 1 = P + q and is fixed to be 
(P + q) 2 = M 2 , i.e. £b = 1. We can still use the formalism developed so far, but the 
hadronic tensor becomes becomes 

( 60 ) 2 MW^(q,P) = (P\M0)\P')(P'\M0)\P) 5(l-x B ). 

v '- V— V 

One needs the hadronic current matrix elements, instead of those of the commutator or 
the time-ordered product. The current matrix elements are expressed in form factors, 
which are Fourier transforms of charge and current distributions. We will consider in 
more detail the vector and axial vector currents, V), and A )l . For composite systems the 
expectation values of these currents are in general unknown. One can however write down 
a most general form and use translation invariance. The most general form consistent 
with the requirements of Poincare invariance, gauge invariance and invariance under 
parity and time reversal yields for a spin 0 system ( e.g ., a pion or a 12 C nucleus) the 
form 

( 61 ) (P',S'\V^x)\P,S) = (P^ + P^)F(Q 2 )e^ p '- p > x , 

involving one invariant function ( form factor) depending on the (only) invariant, q 2 = 
— Q 2 , where q = P' — P. For spin-(l/2) systems (such as a nucleon, 3 H or 3 He) the 
most general expression for the expectation value of the current can be written using 


( x ) Note that the factors e,e/2 sin#pp cos 9w and e/2\/2 sin 9w that would be expected for 
the 7 , Z° and IT-couplings to the quarks are omitted here. I 11 writing cross-sections, they will 
be needed (like the e 2 in previous section) and are conventionally included in the fine structure 
constant a and the Fermi coupling Gf/V 2 = e 2 / 8 Myy sin 2 9w- 
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Fig. 3. - Schematic illustration of the contribution of a hard subprocess, parton (pi)+ parton 
(P 2 ) —> parton (fci)+ parton (fe), to the (2-particle inclusive) scattering process hadron (Pi) + 
hadron (P 2 ) —► hadron (A'i) + hadron (A' 2 ) + X, at the level of the amplitude. The process 
being hard implies for the hadronic momenta Pi ■ P 2 ~ Pi • Ah ~ Q 2 , etc. 


free Dirac spinors U (P, S ), 


(62) (P',S'\V^)\P,S) = U(P',S') 


7 fj.Fi(Q 2 ) + 


2 M 


F 2 (Q 2 ) 


U(P,S), 


with = §[7/i,7i/]- The functions Pi and P 2 are the Dirac and Pauli form factors. 

The elastic cross-section then is found by inserting the parametrizations, for instance 
in the case of electromagnetic scattering one obtains the tensor 


(63) 


HfiviP-, P') 


-E 

2 ^ 

S,S' 


(p,s\M0)\p',s'){p',s'\j v mp,s) 

+ M)Y v {f + M) 



Q 2 (Pi + P 2) 2 + 4P m P„ 




— g± in; Q~G 2 m + AM 2 G 2 E 


One thus sees the following elastic contribution in the transverse and longitudinal struc¬ 
ture functions: 


(64) F t {xb, Q 2 ) = G 2 M (Q 2 ) <5(1 - ojb), 

AM 2 

(65) F L (x^Q 2 ) = ^ r G 2 E (Q 2 )5(l^x B ). 

In Appendix A, we have given some basic background information on the nucleon form 
factors. 
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7. — Partons in QCD 

The most intuitive way to discuss hard scattering processes is the parton model. One 
assumes a momentum distribution of quarks in the nucleon and folds it with the cross- 
section of a hard process, schematically shown in fig. 3. In the case of deep inelatic 
scattering one needs the 7 *-quark cross-section, given by 


2MW^(p, q) 


Aiv 2 a 
2 p-q 


e*^W^e, 



Q 2 +4 p^pv 


<5(2 p-q + q 2 ) 


(note that there are in principle ambiguities here because of the flux factor for virtual 
photons). One finds 


(66 ) ctt(7*<?) = 47 r 2 a e 2 q 6{2p ■ q- Q 2 ), 

Arrr^ 

(67) VL^q) = 47r 2 a e 2 S( 2 p ■ q - Q 2 ) < a T - 

These partonic cross-sections are folded with a probability function for finding partons 
in the target. It is convenient to use here light-cone components 


p = xP +p T + (p ■ P — xM 2 )n, 


where n is a (at present) arbitrary light-like vector satisfying P ■ n = 1. This vector plays 
the role of n = n_, while in that case n+ = P — \M 2 n. Within the hard scattering 
process the dominant contraction of P with other vectors are much larger than M 2 , so 
the second term in n+ is irrelevant or in other words P can be considered a light-like 
vector itself. This Sudakov decomposition of the parton model is useful since it separates 
the components of p into a “large” one p ~ xP with x = p ■ n/P ■ n = p + /P + being a 
momentum fraction, a “normal-sized” component p T and a small component involving 
the light-cone energy p~ = p - P — \xM 2 . For the leading-order results one can integrate 
over p~ and usually also over p T and look at the momentum distribution /.; (x) for parton 
i. Although most results are independent of n one can construct it from other vectors in 
the problem, in the case of inclusive deep inelastic scattering the vector n = (q+xP)/P-q 
satisfies the requirements. 

Exercise: Derive the light-cone expansion for the (external) vectors P and q , 


q 2 = -Q 2 
P 2 = M 2 


{ *= 7^ n ~ ~ 7^ n + 

| p = x bM 2 n I_ Q — „ 

{ ^ QV 2 n ~ + x b V2 + 
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or in light-cone components (n+ = [0,A, 0j_] and n_ = [1/^4, 0, 0_l]) 


Q = 


' Q 2 A 
Ay/2' y/2' 


and 


P = 


x B M 2 A 
_ AV2 ’xbv^’ 


0 , 


A 

xb\/2 



What is the effect of a boost? What is A in the nucleon rest-frame. A —> oo is referred 
to as the infinite momentum frame. In particular the first representation with light-like 
vectors shows that when Q 2 becomes large, the nucleon momentum is on the scale Q in 
essence light-like. While the hard momentum has both components proportional to Q, 
this is not the case for P and one has P~ <C (? _ . In deep-inelastic scattering the plus 
components are of the same order with ratio being the scaling variable a’B = —q + /P + . 
Under the assumption that all invariants p ■ P ~ ~ p 2 ~ P 2 = M 2 <C Q 2 one sees 

that for the expansion in terms of n± one has for a quark in a hadron (as one would have 
for an on-shcll quark) that p + ~ P + ~ Q. while p~ c*j M 2 IQ and p 2 ~ M 2 (see eqs. (14) 
and (15). This is sufficient to derive the parton model results. 

Using the cross-section for j*q (elastic scattering) given above, 


( 68 ) 


(JT 


47r 2 a 

~Q 2 ~ 


5(! - x p ). 


where x p = — q + /p + and introducing probabilities fi{x) for finding partons carrying 
momentum fraction x = p + /P + = Xb/x p of the target light-cone momentum, leads to( 2 ) 


(69) 


(7t 


Yl e i j dx fi ( x ) 


47r 2 a 

Q 2 



a(B\ 

x J 


An 2 a 

Q 2 


X] e i fi(x B ). 


Comparing with 

87r 2 a _ 

(70) cr T = ~Q 2 ~ x B Fi, 
we get 

( 71 ) F 1 (x B ) = ^e 2 i fi(xB). 

i 

As a l oc 1/Q 2 —i► 0 one obtains Fl = 0 or the Callan-Gross relation, 


(72) 


F 2 (x b ) = 2x b A’i(^b)- 


( 2 ) We note that the probability involves in fact /;(*) dx/x, but we need to fold conting rates 
which requires that we need the cross-section multiplied by flux factors. The ratio of the flux 
factors for quarks and hadrons is p ■ q/P ■ q « p + /P + = x. Hence we need to weigh the 
cross-section with fi(x) da;. 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 



Copyright©2013. IOS Press. All rights reserved. 


Transverse momenta of partons in high-energy scattering processes 


49 


8. — The diagrammatic approach 

The diagrammatic approach has a different starting point. It realizes the absence of 
wave functions for the quarks and gluons. The situation thus differs from that of QED 
with physical electrons and photons. In the latter case one knows how in the calculation 
of an S-matrix element contraction of annihilation and creation operator in the field and 
particle state lead to the spinor wave function. For positive times £° = t > 0 one has 


(73) (0|V’i(O|Pi s ) = (0|V’i(O fet (Pi s )l°) = < 0 |V’i( 0 )b,s)e ip< = u i {p 1 s)e ip< , 


with p° = +E p = +\/p 2 + to 2 . Such a matrix element is “untruncated” as seen, e.g., 
from 

(74) <0hM«)|p,.)9(t) = m I (0 e-“' 5 V*)‘2E r i\k -p). 



In a process involving composite hadronic states | P), like 
in fig. 3 contractions with one or several of the quark and 
gluon operators may be involved, leading to nonzero ma¬ 
trix elements for a quark between the hadron state and a 
remainder, but also for nonzero matrix elements involving 
multi-parton field combinations, 

(X\M0\P), (X\A p ( v )^)\P),.... 


Correlators, describing parton distributions. - For a particular hadron and a parton 
field combination, one may collect those operators that involve hadron \P) into (distri¬ 
bution) correlators 

(75) $ tf (p; P) = Y,j (2 ^ y W#)l*> <A-|^(0)|P) S\p + P x - P) 

X 

= (2 e ' P< < p l^(°)V’i(OI^) > 

where a summation over color indices is understood. It is often convenient to use mo¬ 
mentum space fields, ip{p) = f d 4 x e lp ' x for a free-field expansion leading to 

( g—iEpt giEpt \ 

Ui{p,s)b{p,s) 2E + Vi(—p, s) d f (—p, 7 

(77) ipi(p) = ^2(ui(p, s) b(p, s) (27 r)S{p 2 - to 2 ) 9(p°) 

S 

+Vi(-p, s) d f (-p, s ) (27 t)6(p 2 - m 2 ) 0(-p 0 )) ■ 
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For the correlator we have 

(78) (2 tt ) 4 6 4 (p-p')$ ij (p-,P) = (P\i>j(p')i)iip)\P)- 

This latter form is convenient for interpretation of the nature of the correlators because 
for a free-held we have 


(X\i(>i(p)\P} = (P x \b(p, s)\P) Ui(p, s) (2? t)S(p 2 — m 2 ) 9(p°) 

+(P x \d\-p, s)\P) Vi(-p, s) (27 t)S(p 2 - m 2 ) 0{-p°). 


One also encounters correlators involving matrix elements including gluon fields, of the 
form 


(79) ^ Aij (p, Pl -,P) = j^j d 4 £d 4 r, e^-^K jv. v ( P |^.(0) A»( V ) M0\P), 
or with momentum space operators (for gluons A^(p) = f d 4 a: e lp ' x A^(x)) one has 

(80) (2Tr) A S 4 (p-p')^ l X ij (p,p 1 ;P) = (P\^j(p') A^ip^xpiip - P i)\P). 

Pictorially one has for the correlators, 



<F(p;P) 



or 


P-Plf 

1 ) 

■ |h |i 

— 



We will not attempt to calculate these, but leave them as the soft parts, requiring nonper- 
turbative QCD methods to calculate them. In particular, although being “untruncated” 
in the quark legs, they will no longer exhibit poles corresponding to free quarks. These 
are fully unintegrated parton correlators for initial state hadrons, in general quite prob¬ 
lematic quantities. For example, they are by themselves not even color gauge-invariant, 
an issue to be discussed below. We will later also discuss similar correlators for final 
state hadrons. When more hadrons are involved, one needs to consider two-hadron cor¬ 
relators, involving two-hadron states (or correlators involving hadronic states in initial 
and final state), etc. If the hadrons are well separated in momentum phase-space with 
Pi ■ Pj ~ Q 2 , one expects on dimensional grounds that incoherent contributions are sup¬ 
pressed by 1 /(Pi — Pj) 2 ~ l/Q 2 . Such a separation in momentum space requires a hard 
inclusive scattering process ( Q 2 ~ s), which then at high energy and/or for large momen¬ 
tum transfer still can be factorized into forward correlators. The inclusive character is 
needed to assure that partons originate from one hadron, leaving a (target) jet. In turn, 
partons decay into a jet in which we limit ourselves to the consideration of an identified 
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hadronic state (which could in principle also be a multi-particle, e.g., two-pion, state). 
In all of the hadronic states mentioned before one can also consider polarized hadronic 
states (see Appendices B and C). The spin of quarks is contained in Dirac structure and 
that of gluons in the Lorentz structure of correlators. 

The basic idea in the diagrammatic approach is to realize that the correlator involves 
hadronic states and quark and gluon operators. The correlators can be studied indepen¬ 
dent of the hard process, provided we have dealt with the issue of color gauge invariance. 
The correlator is the Fourier transform in the space-time arguments of the quark and 
gluon fields. In the correlators, all momenta of hadrons and quarks and gluons (partons) 
inside the hadrons are soft which means that p 2 ~ P-P ~ P 2 = M 2 n < Q 2 ~ s. The off- 
shellness being of hadronic order implies that in the hard process partons are in essence 
on-shell. Consistency of this may be checked by using QCD interactions to give partons 
a large off-shellness of &(Q) and check the behavior as a function of the momenta. In 
these considerations one must also realize that beyond tree-level one has to distinguish 
bare and renormalized fields. 

The simplest expression that is needed in scattering a photon from the target, is the 
correlator and the scattering of the photon from a quark. Restricting us to the quark 
part is 


(81) 2MW ,iV {P, q) = ^^e 2 f dp dp + d 2 p±Tr + j + in)'y 1 ') S((p + q ) 2 — m 2 

q ' 

~ / dp"dp+d 2 p ± Tr ^$(p)7 m ^t7^ S( ' P+ + 

« ~9±\ J dp“d 2 RLTr (t + $(p)) 


=xb P - * - 


where <h(p) is the correlator discussed above. The relevant soft part then is a particular 
Dirac trace of the quantity 


dt 


(82) $y(aO = / clp-d 2 p T $y(p,P,S) = / ^ e^(P,5|^(0)^(?)|P,^) 


£+=£t=0 


depending on the light-cone fraction x = p + / P + . 

Comparing with the general form of the hadronic tensor, we read off (including now 
also the antiquark part) 


(83) 2Pi(x b ) = 2MW 1 (x b ,Q 2 ) =J2 e l [/i(*b) + /?(*b)] , 

Q 

with 


(84) fl{x) = 

(85) fl(x) = 


^ jrt (P,S\mM0\ p ,S) 

d^ • P „- ip< 


£-n=(_ l=0 


= \ Tr 


47T 


e-^(P,5|V’(0)#(0|P,5) 


S-n=( ± = 0 
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often simply denoted as q(x) = /f(x), satisfying q{x) = — q(—x) (Exercise!). The result 
is (as expected) a light-cone correlation function of quark Helds. 

The operator in coordinate space. - The parton result for the structure functions can 
also be derived by inserting free currents in the hadronic tensor for the current commu¬ 
tator and using the expression for the free-fielcl commutator. 

Exercise: Use the anticommutation relations for free quark fields, {V , (O)V’(0)l = 
Y~ $ <5(£ 2 ) e (£°) to derive for the gp, v contribution in the current-current commutator 
for quarks 


(86) [•/„(£)> 'A'(O)] = [= ^(07^(0 b = ^( 0 )^( 0 ) ■} 

= ^ Ma^ 0 )]: mrm -mi p m ■■ • 

An important feature, evident in the free-current commutator, is the light-cone domi¬ 
nance. By sandwiching the commutator between physical states and taking the Fourier 
transform, it is a straightforward calculation to obtain again the hadron tensor and the 
same result as in the diagrammatic approach above. Details can be found in ref. [7]. 

Interpretation as densities. To convince oneself that the above expressions for fi(x) 
and barfi (x) actually can be interpreted as quark momentum density one needs to realize 
that V , (^)t + "0(0) = \/2 V’+(OV , + (0) where ip± = P± ip are projections obtained with 
projection operators P± = |7 =F 7 ± . One then can insert a complete set of states and 
obtain 


(87) 


h(x) = 


dr 


e ip< (P,SW + (0 )tP + (£)\P,S) 


2 nV2 

= ^ E K p «l^+l p )| 2 8 (p+ - (1 - x)P+) , 


{+={t=0 


which represents the probability that a quark is annihilated from | P) giving a state | n) 
with P+ = (1 — x)P + . As a further note, we mention that ip+ fields are actually the 
good fields of the light-cone quantized field theory, so the expansion in plane wave states 
with specified p + and p T components makes sense even in the interacting theory (see 
Appendices D and quantum forms). 

Relation to forward amplitudes. The full hadronic tensor as a squared amplitude 
is also the imaginary part of a forward amplitude (optical theorem). The same relation 
holds for the hard (QCD) amplitude. A similar property also holds for the soft part after 
integration over the light-cone momentum p~ = p-P. All operators in the correlator 
now are evaluated at light-cone time = f-n = 0. This implies that time-ordering 
has become automatic. Thus not only the full hadronic tensor, but also the correlators 
<f >(x,p T ) and <h(x), besides being densities, can be seen as time-ordered products of 
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Fig. 4. - The simplest (parton-level) diagrams for semi-inclusive scattering, of which we consider 
one-particle inclusive leptoproduction. Note that also the diagram with opposite fermion flow 
has to be added. 


fields, which means related to the forward antiquark-hadron scattering amplitudes [8,9]. 
This is important because amplitudes in a field-theoretical setting have various analytic 
properties, e.g ., related to unitarity. That the time-ordering is only evident in light-cone 
time is not a problem, because the ordering as such is covariant. 


9. — Quark correlation functions in 1PI leptoproduction 


We now consider the case in which one particle is detected in coincidence with the 
scattered lepton, one-particle-inclusive or 1PI leptoproduction. The kinematics of this 
process is already in the picture given before (fig. 2). With a target hadron (momentum 
P ) and a detected hadron h in the final state (momentum Ph) one has a situation in 
which two hadrons are involved and the operator product expansion cannot be used. 
Within the framework of QCD and knowing that the photon or Z° current couples to 
the quarks, it is possible to write down a diagrammatic expansion for leptoproduction, 
with in the deep inelastic limit (Q 2 —> oo) as relevant diagrams only the ones given in 
fig. 4 for 1-particle inclusive scattering. 

In analogy with the case of inclusive scattering, we also in 1-particle inclusive scat¬ 
tering parametrize the momenta with the help of two lightlike vectors, which are chosen 
now along the hadron momenta, 


q 2 = ~Q 2 
P 2 = M 2 
Ph=K 
2P■q = — 
2Ph-q = -Zh Q 2 


— z h Q n _|_W_ n 

~ V2 n ~ + z h QV2 U + 


Q Q - 

« = V=2 n ~ ~ V=2 U + + ^ 


P = 


x&M 2 

QV 2 


3 V2 


n+ 


An additional invariant Zh comes in. Note that the expansion is appropriate for the 
so-called current fragmentation, in which case the produced hadron is hard with respect 
to the target momentum, i.e. P ■ Ph ~ Q 2 ■ The minus component p~ is irrelevant in the 
lower soft part, while the plus component k + is irrelevant in the upper soft part. Note 
that after the choice of P and Ph one can no longer omit a transverse component in the 
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other vector, in the consideration above put in the momentum transfer q. One sees that 
one has (up to mass effects) the relation 

DM 

(88) + -s-Qr/i". 

Zh 

This relation allows the experimental determination of the “transverse momentum” effect 
from the external vectors q, P and Ph which are in general not collinear. The vector h 
defines the orientation of the hadronic plane in fig. 2. 

An important consequence in the theoretical approach (fig. 4) is that one can no 
longer simply integrate over the transverse components of the quark momenta. 

Structure functions and cross-sections. - For an unpolarized (or spin-0) hadron in the 
final state the symmetric part of the tensor is given by 

(89) MW^(q, P, P h ) = -<?r U L 

+t {fl h u} Hlt + (2 h»h v +g^} Htt- 

Noteworthy is that also an antisymmetric term in the tensor is allowed, 

(90) MW^(q, P, P h ) = -it I U' LT . 


Clearly the lepton tensor in eq. (50) or (B.3) is able to distinguish all the structures in 
the semi-inclusive hadron tensor. 

The symmetric part gives the cross-section for unpolarized leptons, 


(91) 


dcr 0 o 


47 t a 2 s 


dx B dy dz h d 2 q T 


Q 4 


■ x B z h < 


1 - y + l y 2 ) n T + (1 - y) h l 


- (2 - y )\/1 - y cos (p e h H L t 
+ (1 - y) cos2 (pi H T t\, 


while the antisymmetric part gives the cross-section for a polarized lepton (note the 
target is not polarized!) 


(92) 


dcr LO 


da-edy dz h d 2 q 2 


= Xe 


4:77 or 

~W 


Zh V 1 -y sin< /4 r LT . 


Of course many more structure functions appear for polarized targets or if one con¬ 
siders polarinretry in the final state. In this case the (theoretically) most convenient way 
to describe the spin vector of the target is via an expansion of the form 


(93) 


S* =-S, M?* „_ + S, — 

QV2 Mx b\/2 


n + + S T . 
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One has up to 0{\/Q 2 ) corrections S L « M (S ■ q)/{P • q) and S T w S _l, where the 
subscript T still refers to perpendicular to q and P. For a pure state one has S 2 + S 2 = 1, 
in general this quantity being less or equal than one. 

The parton model approach. - The expression for W ;J1 , can be rewritten as a nonlocal 
product of currents and it is a straightforward exercise to show by inserting the cur¬ 
rents jn(x) =: : that for 1-particle inclusive scattering one obtains in tree 

approximation 

(94) 2 MW^{q\PS\P h S h ) 

= ( 2 W I ^ ^ {PSl : ^ (X)(7 ^ fe '■ £ \ X ’ P hS h ) 

x(X-,P h S h | : ^(0)( 7 „)h<M0) : | PS) 

= (2 Wl d4x el9 ' X 

x(0\Mx)J2\ X ’ P h S h)( X ; p h S h \Mm)(7»)u 

X 

+ ( 2 wf d * x eiq ' x ( ps \M x )M0)\ p s)(j„h 

x(0|^.(*)X; \ x ; p h S h ){X-,P h S h \1>i(P)m'Y l *)jk + ■■■ 

X 

= [ d 4 pd 4 kS 4 {p + q - k) Tr + { 9 ^ 9 

J l p <-> v 

where we encounter not only a correlator describing quark distributions but also a cor¬ 
relator describing the fragmentation process, 

(95) $ y ( p) = j^Jd 4 Z (PS\^{0}MO\ p S), 

(96) A u (k) = ££ J d 4 e e ik < (0\MOT,\ X ’ P h S h)(X;P h S h mom. 

X 

Note that in $ (quark production) a summation over colors is assumed, while in A (quark 
decay) an averaging over colors is assumed. The quantities <f> and A correspond to the 
blobs in fig. 4 and parametrize the soft physics, leading to the definitions of distribution 
and fragmentation functions [10-12]. Soft refers to all invariants of momenta being small 
as compared to the hard scale, i.e. for $(p) one has p 2 ~ p ■ P ~ P 2 = M 2 Q 2 . 

The fact that p-P and k-Ph are soft, allows rewriting of 

5 4 (p + q - k) = P-P h S{p-P h + q-Ph) 5{P-q - k-P) S 2 (p T + q T - k T ) 

= P P h 5{x - x B ) <5(1 /zh - z~ 1 )5 2 (p T +q T - k T ), 
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where we used that £b = Q 2 / 2 P-q ~ —q-Ph/P-Ph and Zh = —2 Ph-q/Q 2 = P-Ph/P-q- 
Thus the semi-inclusive tensor becomes 

(97) 2 MW m „(< 7; PS;P h S h ) = J d 2 p T d 2 k T 5 2 {p T + q T - k T ) Tr (^(x,p T )'y^ l A(z, k T ), 

with convoluted transverse momentum dependent (TMD) correlators for distributions 
and fragmentation [12], 

(98) ^(x,p T -,n)= z ip< {P\^{mmP) 

J ( 27r ) 4 +=0 

(99) A ij (z,k T] n)= £ f ^^^e ik <Tr(0\^)\Ph,X)(P h ,X\xP j (0)\0) 

X J 1 7T> J-=0 

where we have suppressed the hadron momenta. 

In general many more diagrams have to be considered in evaluating the hadron 
tensors, but in the deep inelastic limit they can be neglected or considered as cor¬ 
rections to the soft blobs. We return to this later. One situation we want to 
mention here are target fragmentation parts involving matrix elements of the form 
(PS\il>j(x) \X", PhSh) (X; PhSh\ipi(0)\PS), known as fracture functions. They are 
relevant in the situation where P ■ Ph ~ M 2 (target fragmentation region), which can be 
distinguished experimentally from the region we are interested in, P ■ P^ ~ Q 2 (current 
fragmentation region). 

10. Collinear parton distributions 

The form of $ is constrained by hermiticity, parity and time-reversal invariance. The 
quantity depends besides the quark momentum p on the target momentum P and the 
spin vector S and one must have 

(100) (hermiticity) => $ f (p, P, S) = 70 $(p, P, S) 70, 

(101) (parity) => $(p, P, S) = 70 $(p, P, -S) 70, 

(102) (time reversal) =>■ $*(p, P, S) = (—*75<7) $(p, P, S) (—i'YbC), 

where C = *7 2 7o, —*75(7 = *7 1 7 3 and p = (p°, —p). 

To obtain the leading contribution in inclusive deep inelastic scattering one can inte¬ 
grate over the component p~ and the transverse momenta (see discussion in the section 
where the parton model has been derived). This integration restricts the nonlocality in 
$(p). When one wants to calculate the leading order in 1/Q for a hard process, one 
looks for leading parts in M/P + because P + oc Q. The leading contribution [13] in the 
integrated part turns out to be proportional to (M/P + )°, given by 

(103) $(x) = ^ |/1 (®) + ‘S'z. 57 ( x ) 75 + hi(x) 75 j. 
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The precise expression of the functions fi(x), etc. as integrals over the amplitudes can 
be easily written down after tracing with the appropriate Dirac matrix, 


(104) 

h(x) = 

J 

/' d Z e i P < 

1 4tt 

(105) 

S L gi{x) = 

J 

f dr A P .i 

1 47T 

(106) 

si hi ( X ) = 

J 

/' d r ip .£ 

1 4tt 




s + =£t=0 

£ + =£t=0 

£ + =£t=0 


Including flavor indices, the functions fi(x) = q(x) and g\{x) = A q(x) are precisely the 
functions that we encountered before. 

The third function in the above parametrization is known as transversity or transverse 
spin distribution [14,15]. Including flavor indices one also denotes h\(x) = Sq(x). In the 
same way as we have seen for fi(x) and gi{x), the function hi can be interpreted as 
a density, but one needs instead of the projectors on quark chirality states, Pr/l = 
|(1 ± 75), those on quark transverse spin states, Pyi = |(1 ± 7*75). One has 


(107) 

fi(x) = fw(x) + fi L {x) 

(108) 

9i{x) = fi r(x) - /il(x) 

(109) 

hi{x) = fy(x) - f U {x). 


At 0*0 + fu(x), 


This results in some trivial bounds such as fi{x) > 0 and |(/i(x)| < fi(x). We already 
did discuss the support and charge conjugation properties of fi(x). The analysis for 
all these functions shows that the support is in all cases —1 < x < 1 , while the charge 
conjugation properties of the functions are /( x) = —f(—x) (C-even) for fi and hi and 
f(x) = +f(~x) (C-odd) for g x . 

Exercise: Show that the Dirac structure for hi in terms of chirality states is ipR^L and 
tl> L il>R. Such functions are called chiral-odd. Explain why chiral-odd functions cannot be 
measured in inclusive deep inelastic scattering. 

11. — Bounds on the distribution functions 

The trivial bounds on the distribution functions (\hi(x)\ < fi{x) and |<71 (cc) | < fi(x)) 
can be sharpened. For instance one can look explicitly at the structure in Dirac space of 
the correlation function &ij. Actually, we will look at the correlation functions ($7o)ij, 
which involves at leading-order matrix elements One h as ' n Weyl repre¬ 

sentation (7 0 = p 1 ,7* = — ip 2 a z , 75 = *7°7 1 7 2 7 3 = p 3 ) the matrices 

'1 0 0 0 ' 

0 0 0 0 

+ ~ 0 0 0 0 ’ 

.0 0 0 1 , 
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P+ 75 


' 1 

0 

0 

0 ' 


' 0 

0 

0 

1 ' 

0 

0 

0 

0 

, p+l 1 ^ = 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-1 . 


. 1 

0 

0 

0 . 


The good projector only leaves two (independent) Dirac spinors, one right handed (R), 
one left handed (L). On this basis of good R and L spinors the for hard scattering 
processes relevant matrix (d>^_) is given by 


( 110 ) 




h + S L g\ 0 Sl + iS*)h x ' 

{sl-isDhx fi-s L9l „ 


One can also turn the ^-dependent correlation function <f> into a matrix in the nucleon 
spin space via the standard spin-(l/2) density matrix p(P, S). The relation is $(*; P, S) = 
Tr [d>(:r; P) p(P, 5)]. Writing 

(111) $(z; P, S) = d> 0 + S L d> L + Si <!>)- + Si , 


one has on the basis of spin-(l/2) target states with S L = +1 and S L = —1, respectively, 


( 112 ) 




, $o-$L , 


Exercise: Show by generalizing $(p) to a matrix elements between states (P, s| and 
|P, s') that for the matrix M = (d> fi_) T (transposed in Dirac space) one has v^Mv > 0 
for any direction v in Dirac space. 

On the basis +R, —R, +L and —L the matrix in quark (g> nucleon spin-space becomes 


(113) 


fi +9i 

0 

0 

2 hi ' 


0 

fi ~9i 

0 

0 

R 

0 

0 

fi ~ 9i 

0 

0 

2 hx 

0 

0 

fi+ 9i . 

•*0 

R 



< L : 
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Of this matrix any diagonal matrix element must always be positive, hence the eigenvalues 
must be positive, which gives a bound on the distribution functions stronger than the 
trivial bounds, namely 

(114) Mar)[ < \ (h(x) + 9i(x)) 

known as the Soffer bound [16]. 


Exercise: Show that a change to the transverse quark spin basis gives the quark pro¬ 
duction matrix 


(115) (§(x)i/i_) T 


fi + hi 0 


0 <7i + ^i 


0 fi-hi gi-hi 0 


i> 

t 


0 gi-hi fi-hi 0 


gi + hi 0 


0 fi + hi 


<!) 

9 



12. — Transverse-momentum dependent correlation functions 

For the TMD correlators for distributions in eq. (98) one can write down parametriza- 
tions which for the parts involving unpolarized targets (O), longitudinally polarized tar¬ 
gets (L) and transversely polarized targets (T) up to parts proportional to M/P + take 
the form [17,18] 


(116) 

o(x,p T ) = 

(117) 

®l{x,Pt) = 

(118) 

4* r(x,p T ) = 


1J , , „ , , , ,j, „ 


2 M 


75 [f T ,i+] 
' 2 M 


£^ P aYri , ' + p p T S° 

M 


p T ■ S T L „ J5[^,?t + ] 


M 9iT{x 1 p T )'y5i + +h 1T {x,p T ) 


M 


2 M 
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All functions appearing here have a natural interpretation as densities. This is seen as 

discussed before for the p T -integrated functions. Now it includes densities such as the 

density of longitudinally polarized quarks in a transversely polarized nucleon ((/it) and 

the density of transversely polarized quarks in a longitudinally polarized nucleon (h^ L ). 

Upon integration over p T not all functions survive. We are then left with the collinear 

correlator in eq. (103) with fi(x) = J d 2 p T fi(x,p T ), gi{x) = f cl 2 p T giL{x,p T ) and 

2 

hi(x) = J d 2 p T [h\T{x) + hi T (x,p T )\. The explicit treatment of transverse momenta 
also provides also a way to include the evolution of quark distribution and fragmentation 
functions. The assumption that soft parts vanish sufficiently fast as a function of the 
invariants p ■ P and p 2 , which at constant x implies a sufficiently fast vanishing as a 
function of p 2 , simply turns out not to be true. Assuming that the result for p 2 > p 2 is 
given by the emission of an additional gluon one finds that the extra distribution written 
in terms of p T becomes 


(119) 



1 «s(p 2 ) f 1 dy p (x 

n p 2 27r Jx y 99 \y 


h(y,p 2 ), 


which gives /i(a;;p 2 ) = 7r dp 2 fi(x,p 2 ) a logarithmic-scale dependence. A more 
detailed discussion of problems in matching small and large p T is given in ref. [19]. 

Actually we find that different functions survive when one integrates over p T weighting 
withp“, e.g., 


( 120 ) 


*§(*) = 


d 2 p T Jji>(x,p T ) 


= \ { -Pit ( x ) S t i+ 75 - S L (x) ^ 


— f e“ S p — h. 2 -^ ^ 

JIT 6 ILVpl n -°T ,L 1 9 


involving transverse moments defined as 

( 121 ) Pit ( x ) = j d 2 Pt Pit(^,Pt), 

and similarly for the other functions. The functions h^~ and f^ T are T-odd. As we 
will explain in the section on color gauge invariance they do not to vanish because time 
reversal invariance cannot be used for the transverse moments. Also for fragmentation 
functions they will not vanish. The T-odd functions correspond to unpolarized quarks in 
a transversely polarized nucleon (f^p) or transversely polarized quarks in an unpolarized 
hadron (h^). The easiest way to interpret the functions is by considering their place in 
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the quark production matrix (&(x,p T ) which becomes [20] 


( R ) 

^0 


G0 

^0 

f\ + giL 


\Pt\ - 
M 

-i<j) u± 

ri lL 

2 hi 

\pt\ p -i</> n * 
m e yiT 

h ~ 9 il 

\PT\ 2 p - 
M 2 e 

-2i(j) l_L 

11 IT 

Ipt| lit 

M e n lL 

IptI i(j> L_L* 

M e li 

\pt\ 2 „2 i<j> k_L 
M 2 C IT 

fl- 

- giL 

_ \pt | i(j> * 
m e y\T 

2 h\ 

M pi(f) u± 

M e li lL 

\Pt\ 
M t 

gir 

fi + giL 


In this representation T-odd functions can be incorporated as imaginary parts, f^ T = 
—Im giT and h± = Im h^ L . 


13. — Fragmentation functions 

Just as for the distribution functions one can perform an analysis of the soft part 
describing the quark fragmentation in eq. (99). For the production of unpolarized (or 
spin 0) hadrons h in hard processes one needs to leading order in l/Q the (Mh/Pff)° 
part of the correlation function, 


( 122 ) 


Ao(2,fc T ) 


0 D\{z , k' T )if,_ + z Hi(z, k' T ) 


2M h 


The arguments of the fragmentation functions D i and H -j 1 are z = PP /k~ and 
k’ T = —zk T . The first is the (lightcone) momentum fraction of the produced hadron, the 
second is the transverse momentum of the produced hadron with respect to the quark. 
The fragmentation function D\ is the equivalent of the distribution function f±. It can 
be interpreted as a quark decay function, giving the probability of finding a hadron h in 
a quark. The quantity rih = f dz Pi(z) is the number of hadrons. 


Exercise: Show that the normalization of the fragmentation functions is given by 
z h f dz zDf^ h (z) by relating this quantity to a local operator. One needs to elim¬ 
inate the hadrons in the intermediate state via the momentum operator 

p^=Y / \p h ,x) p i:(p h ,x\. 

h,X 

The function interpretable as the difference between the numbers of unpolarized 
hadrons produced from a transversely polarized quark depending on the hadron’s trans¬ 
verse momentum, is allowed because of the non-applicability of time reversal invari¬ 
ance [21]. This is natural for the fragmentation functions [22,23] because of the appear- 
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ance of out-states \Ph, X) in the definition of A, in contrast to the plane wave states 
appearing in <f>. The function H^~ is of interest because it is chiral odd. This means 
that it can be used to probe the chiral-odd quark distribution function hi, which can be 
achieved, e.g., by measuring a particular azimuthal asymmetry of produced pions in the 
current fragmentation region. 

The spin structure of fragmentation functions is also conveniently summarized by 
explicitly giving it on a R and L chiral quark basis, for which we find for decay into 
spin-zero hadrons, 


(123) 


(A(z,fcr )^ + ) 5 


D i 


: IM 


; |&t| e 


+i4. 


M h Ht 

© 


M h 

A 


Ht 


© 


Examples of azimuthal asymmetries. - Transverse-momentum dependence shows up in 
the azimuthal dependence in the SIDIS cross-section (via h or transverse spin vectors), in 
most cases requiring polarization of beam and/or target or requiring polarimetry [24,25, 
3]. Examples of leading azimuthal asymmetries, appearing for polarized leptoproduction 
are 

(m) (^sin(K-4)) OT = 

©4 S \ S t\ f 1 ~y+ Y^ e a XB flT 1)a ( X B) D l(Zh)- 

(125) {w h An ^ h+4> " s) ) OT = 

47F q 4 ~ I S T \ (1 -V)J^ e a h${x B )Hi il)a (z h ). 

The notation (W) is the g T -integrated cross-section including a weight W. The factor Q T 
is included, because it together with the direction h combines to q Tl allowing a defolding 
of the cross-section in distribution and fragmentation parts (one of them weighted with 
transverse momentum). Note that both of these asymmetries involve T-odd functions, 
which can only appear in single spin asymmetries. The latter can easily be checked from 
the conditions on the hadronic tensor, which are the same as those in eq. (41) to (43). 
They require an odd number of spins vectors entering in the symmetric part and an even 
number of spins entering in the antisymmetric part of the hadron tensor. The results 
of single spin asymmetries in SIDIS measurements on a transversely polarized target 
from HERMES [26] are shown in fig. 5. An extended review of transverse-momentum- 
dependent functions and transversity can be found in refs. [27,4]. 
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x z 


Fig. 5. - Weighted asymmetries for the Collins and Sivers angles (see eqs. (124) and (125)) ob¬ 
tained in semi-inclusive single spin asymmetries measured on a transversely polarized hydrogen 
target by the HERMES Collaboration at DESY [26]. The error bars represent the statistical 
uncertainties. 


14. — Inclusion of subleading contributions 

If one proceeds up to order 1/Q one also needs terms in the parametrization of the 
soft part proportional to M/P + . Limiting ourselves to the p T -integrated correlations 
one needs [13] 


(126) 


$0) = 2} f^ x )i l + + S L gi (x) 75 if, + + hi(x) 


M 


75 \$ T ,t A 


+ 2P+ I e ( x ) + 9 t{x)'j 5 $ t + S L h L (x) 


2 

75 $+,#_] 
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Fig. 6. - Example of a contribution involving a quark-gluon matrix element that must be included 
at subleading order in lepton hadron inclusive scattering. 


We will use inclusive scattering off a transversely polarized nucleon (\S±\ = 1) as an 
example to show how higher twist effects can be incorporated in the cross-section. The 
hadronic tensor for a transversely polarized nucleon is zero in leading order in 1/Q. At 
order 1/Q one obtains a contribution from the handbag diagram, which turns out to 
involve the transverse moments in <f>g in eq. (120). There is a second contribution at 
order 1/Q, however, coming from diagrams as the one shown in fig. 6. For these gluon 
diagrams one needs bilocal matrix elements containing 1/Q one only needs the matrix 
element of the bilocal combinations ^(0) gA“(£) ?/(£) and gA“(0) ip(l ;). The <£(!( x ) 

and <hg(x) contributions sum to ^^(x) involving matrix elements of bilocal combinations 
%/j( 0) /)(/) for which one can Use the QCD equations of motion to relate them to the 

functions appearing in $ [13,28], 


(127) $£(*) 


M 

T 




bb^+bs 

2 


The distribution function gx, e.g., shows up in the corresponding structure function of 
polarized inclusive deep inelastic scattering 

(128) 2 MW^(q,P,S T ) = i^^i^e''2 P S ±p g T (x B ), 

leading for the structure function gx(xB,Q 2 ) defined in eq. (B.9) to the result 

(129) gr(xB, Q 2 ) = \ e 9 (9t( x b) + 9t( x b)) ■ 


15. — Color gauge invariance 

We have sofar disregarded two issues. The first issue is that the correlation function 
$ discussed in previous sections involve two quark fields at different space-time points 
and hence are not color gauge invariant. The second issue are the gluonic diagrams 
similar as the ones we have discussed in the previous section (see fig. 6), among which 
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Fig. 7. - Inclusion of collinear gluons from 3>a...a(p — pi ... — Pn,Pi, ■ ■ ■ ,Pn ) coupling to an 
outgoing (colored) quark line with momentum k results in a Wilson line running from the point 
£ in field ip(£) to the point where = oo. 


also correlation functions appear involving matrix elements with longitudinal (A + ) gluon 
fields, 


^■(O)flc4+(r7)^(0- 

These do not lead to any suppression. The reason is that because of the +-index in 
the gluon field the matrix element is proportional to P + , p + or M S + rather than the 
proportionality to M £>“ or that one gets for a gluonic matrix element with transverse 
gluons. 

A straightforward calculation, however, shows that the gluonic diagrams with 
one or more longitudinal gluons involve matrix elements (soft parts) of operators 
ipi/), ipA + ip, if) A + A + ip , etc. (see fig. 7) can be resummed into a correlation function 


(130) 


= 


dr 

27r 


e^«<P,S|^(0)t/ [0>€] r(C)l P,S) 


f + =fT=0 


where U is a gauge link operator [29,28,30-32] 


(131) 


U lo,t] 


V exp 



dCA+(C) 


(path-ordered exponential with path along the “minus” direction). Et voila , the un¬ 
suppressed gluonic diagrams combine into a color gauge-invariant correlation func¬ 
tion [33,34]. We note that at the level of operators, one expands 

(132) V>(0)V>(£) = ~— n! ~ ^(0)3^1 ■ • ■ ^nV’(O), 

n 

in a set of local operators, but only the expansion of the non-local combination with a 
gauge link 

(133) ro) u { 0i£] v>(o = E — 
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r (b) 



Fig. 8. - The gauge link structure in the quark-quark correlator 4> in SIDIS (a) and DY (b), 
respectively. 


is an expansion in terms of local gauge invariant operators. The latter operators are 
precisely the local (quark) operators that appear in the operator product expansion 
applied to inclusive deep inelastic scattering. 

For the p T -dependent functions, one finds that inclusion of A + gluonic diagrams leads 
to a color gauge-invariant matrix element with links running via £ = = ±cx) [35,36] where 
the direction depends on the coupling of the gluons to a final-state or initial-state color 
line. For instance in lepton-hadron scattering one has a situation like the one in fig. 7 
and one finds 


(134) 


<F [+1 (a :,p T ) = 


d£-d 2 £t 
(270 3 


(p,s\mu^(t;)\p,s) 


[+1 


{+=0 


where the link t/M is shown in fig. 8a. In contrast, for Drell-Yan scattering one finds a 
gauge link that runs via minus infinity, involving the link in fig. 8b. We note that the 
gauge link involves transverse gluons [29,28] showing that one in processes involving more 
hadrons the effects of transverse gluons are not necessarily suppressed, as has also been 
shown in explicit model calculations [37]. Integration over transverse momenta implies 
in the correlator, which is a Fourier transform that = 0 T , in which case the t/W and 
t/H links reduce to a unique collinear link connecting 0 and . 

The transverse-momentum-dependent distribution functions, however, do depend on 
the gauge link structure, which is still tractable in simple processes like DIS or DY with 
a simple color flow, but the color structure of various correlators become entangled if the 
color flow is more complicated [30-32]. 

Even if the color flow is simple, like SIDIS or DY, there are effects. Most notable is 
a sign change in single spin asymmetries going from SIDIS to DY. To understand this 
sign change, one notes that TMDs are no longer constrained by time reversal, as the 
time reversal operation interchanges the t/W and C/H links, leading to the appearance 
of T-odd functions in eqs. (116)-(118) and also occurring in eq. (120). One has, e.g ., 


(135) 


$ 


[ o\x,Pt) = 


fi{x,p T )iji ± hi(x,p T ) 


2 M 


Looking back at our example of an azimuthal asymmetry, we have seen the sin(</>£ — <$>%) 
asymmetry proportional to f^ T D\. The corresponding asymmetry in Drell-Yan propor¬ 
tional to fi T f 1 would get an additional minus sign. Actually for the fragmentation 
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correlator, such as Ao in eq. (122) there is no such dependence on the gauge link [38-40]. 
The function H j 1 , however, is nonzero because the states | Ph,X) in the case of fragmen¬ 
tation are out-states and time reversal (changing out- into in-states) simply cannot be 
used as a constraint. The asymmetry in eq. (125) thus will not change sign going from 
SIDIS to the corresponding DY asymmetry. In general situations in which one has a con¬ 
volution of TMD distribution functions of two hadrons in the initial state, factorization 
is, already at tree-level hampered by the entanglement of Wilson lines [41,42], At the 
level of the weighted asymmetries, it implies more complicated factors than just a sign 
change in the appearance of the weighted functions. 

Gluonic pole matrix elements. - The inclusion of gauge links also allows us to study in 
some more detail the operator structure of the T-odd parts in the correlators. Given the 
full operator structure for a TMD correlator including a gauge links one can explic¬ 
itly calculate the transverse moments $ 3 ( 2 ;) of which we have given the parametrization 
in eq. (120). One finds that they, depending on the gauge links, can be related to color 
gauge invariant quark-quark-gluon matrix elements and $ 2 ), 


«+ = o 


K ] “) i .W = / d 2 PT / e^(P,S\^(0)U^ ±x] U^ ±OOT] 

= J 51^(0)^ *D?^(0I^5) 

-<P,S|^( 0 )^ i±oo] f dr?" U^gG^U^mS) 
J ±00 


LC 


or 

/ oo 

d Pi — -- $g(p + >P + ~Pi)> 

-00 Pi T «e 

where 

(137) $<* Dij (x) = J e i ^<P,5|^.(0)C7p iQ iD“(OV’<(OI^S) ■ 

The difference between correlation functions with links running to ± 00 , respectively, is 
related to a collinear quark-gluon correlator, 

(138) 4 +Ia (z) - $H“(®) = 2 tt $£(*, *), 

the latter being given the name gluonic-pole matrix element since it corresponds to the 
soft-gluon point pf =0. It is a collinear matrix element which has been extensively 
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studied [43-50] as a collinear mechanism to generate single spin asymmetries. With the 
definition 


(139) 


r°° i 

®a(x) = W d pt —$g(p + ’P + ~P i), 

J — oo Pi 


one gets a separation 

(140) 4 ±] » = *£(a) - *30*0 ±**£(*>*)> 

_. - - ^ 


into T-even and T-odcl parts. 

16. — Gluon TMDs 

Except in higher twist matrix elements and in gauge links, gluon fields also appear in 
the gluon distribution functions. To better understand the treatment of gluon fields, we 
also make for gluon fiels A p (p) a Sudakov expansion, 

(141) A M (r?) = A n {rj) P ** + A£(ri) + (A p {p) - A n (p) M 2 ) n". 

A similar expansion can be written down for A 11 (p ). It will be convenient to look at the 
(collinear) gluon field component along parton momentum hence we write 

(142) A p (p) = J d 4 7y e ipv A p (p) 

A n {rj) u + (p-n) A p (r))-pZ A n jp) 
p-n p-n 

, (P-n) A p (rf) - (p-P) A n ('rj) ^ 

—r iv 

p-n 



In the correlator the momentum p M —> id M (77), so 


(143) A p (p) = — [ dS e ip v 
p-n J 


(144) 


1 

p-n 


A n (ii)p p + id n (rj) A p (p) - id£(rj) A n (p) 
+ (id n (p)A p ( 77 ) — id p (rj)A n (rjj) n 
A n (p) p p + i G^(p) + i G nP (p) n M 


Although the latter appears to be only true for the Abelian case, we will find the same 
result in the non-Abelian case, but to complete that proof, we first need to incorporate 
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(c) 

Fig. 9. - The gauge links for gluon TMDs. 


5rj 





r 


(b) 




r 


(d) 


the collinear gluons into the matrix elements as gauge links. For that we need the A n (p ) 
gluons and actually also some boundary terms (shown very explicitly in ref. [42]). Using 
the expansion in eq. (144) rather than the one in eq. (141) streamlines the inclusion of 
collinear gluons, because one can immediately make use of Ward identities. It circumvents 
the explicit treatment of transverse-momentum-dependent parts (as done in ref. [28]). 
The results are of course identical. 

Rather than transverse gluon fields one thus encounters G na field strengths in the 
matrix elements, as we saw explicitly already in the previous section. Transverse- 
momentum-dependent gluon distribution functions are projections of the TMD correlator 
T (often also referred to as <b 9 ) 

(145, F 

x Tr {P,S\ F^(0) U m F™(£) U^ 0] \P,S) J Lp . 

Here the field-operators are written in the color-triplet representation requires the inclu¬ 
sion of two Wilson lines U[ o^] and 0 j. They again arise from the resummation of gluon 
initial- and final-state interactions. In general this will lead to two unrelated Wilson lines 
U and U'. In the particular case that U' = U\ the gluon correlator can also be written 
as the product of two gluon fields with the Wilson line U in the adjoint representation of 
SU(N). This is for instance the case for the gluon correlators which acquire gaugelinks 
as in figs. 9a and b, but not for the gluon correlators in figs. 9c and d. 

In the p T -integrated correlator on the lightcone the process dependence of the TMD 
gluon correlator disappears, 

(146) T» v (x) = j dVr ' 17 ’ 17 ' 1 ^(x,p T ) 

= 5^5/^|T>e‘>K'")'IV(F,s|F”»( 0 )t 7 | ;, £] F”‘-K)t/ [ ;.„ 1 |P.S)J Lo . 
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However, as for the quark correlator, a subprocess-dependence due to the Wilson 
lines in the TMD gluon correlators remains in the transverse moments. The ana¬ 
logue of the process-dependent decomposition in the case of the gluon correlator 
is (with for each diagrammatic contribution d a TMD correlator v' lU - u l(x,p T ) = 
Y\u(d),u'(d)}^ x ^^ =rI D l(a :,p T ) and omitting the gluon field indices p, and v) [51], 

(147) rM a (x) = f%(x) + cW [D] nr% f (x,x) + cg )[D Krz ;d (x,x). 


The matrix elements Tqq and Tqq are the two gluonic pole matrix elements that corre¬ 
spond to the two possible ways to construct color-singlets from three gluon fields [52,51]. 
They involve the antisymmetric / and symmetric d structure constants of SU( 3), re¬ 
spectively. The only process dependence coming from the Wilson lines in the TMD 
correlators is contained in the gluonic pole strengths Cq ^ ^ The 

collinear correlators are 


r D ,a (x) = 


( p-ri) 2 


g ix(Z-P) 

2 tt 


T^ a { x , x ~ x ') 

T^ a {x, x ~ x ') 


x Tr <P,S| F^(0) [iD a ($, 0] ^g ; o] \P,S) J LC , 

_ t f d(T-F) d(77‘-P) ix'(r]-P) p i(x—x')(£-P) 

(p-n) 2 J 27r 2n 

x Tr (P,S\ F" M (0) [U^gF^^U^Ul )^P w (0^,o]] l^)J LC , 

. 1 [ d(£-P) d(rj-P) ix'iv-P) i{x-x’)((,-P) 

(p-ri) 2 J 2n 2 tt 

x Tr (P,S\ F" M (0) |P,S> j LC , 


and 

(148) f a d (x) = Tl(x)~ j Ax' P T% f {x,x-x'). 


For gluon distribution functions we follow the naming convention discussed in ref. [53] 
and use the parameterizations of the TMD gluon correlators in ref. [54] 

r (T-even)^ (a , pT ) = | - ff + A) hf {x&) 


-i(T-odd) pu 
( f/d ) 


+ iejf S L g 9 1L (x,p T ) + ie T 

PtSt 


Pt-Sj 


^ <~^^^^±g 9 T (x,p 2 T ) 


M 


i ( c Pt£>t /rf^nd i St{/i d 

■pt) = rij- - T t 4 (; t Pt hri ,d, (*,r 2 T) 

Pt{p v} Pt{p> c» ^ 

- tAs, - 'fr ft- PT .f T 1 


2 M 2 


2 M 2 M 
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/l + 91L 

— id> 

PTe v * 

M UlT 

e" 2 ^ 

ik T e- 3i * . T(l) 
1 M U IT 

k T e+ i * „ 

M 9it 

fl ~ 9iL 

M 111 

e- 2i * hf W * 

e+ 2 * hf {1) * 

~ik T e +i ' 1, u 

fl - 9lL 

kre* 

M 111 

M 9lT 

. kT e+^ h ±(l) 
i M u 1T 

e + 2i * hf {1) 

fc T e+^ „ 

M 9it 

fl + giL 


Fig. 10. Illustration of the rich structure when one includes spin and transverse-momentum 
dependence for gluon distribution (or fragmentation) functions. Given are matrix elements 
involving gluonic fields with different helicities (two possibilities) between proton states with 
different helicities (two possibilities). On top the basis entities are given, with inside the circle 
the gluon helicity. In this representation T-odd functions appear as imaginary entries, which 
are only allowed in off-diagonal elements, in particular = — Impir and hf L = — Imhf. 
All functions depend on longitudinal momentum fraction ( x ) and absolute value of transverse 
momentum (hr)- The angle 4> is the azimuthal angle of the transverse momentum vector. The 
notation (x, k%) = (iff /2M 2 ) hf (x, h?) is used and hi = h\T + hf^ff A gluon index ( g ) 
used in the text is omitted from all functions. The functions fi.. and gi.. are sum and difference 
of matrix elements of gluon fields with different circular polarization, while the functions hi.. 
involve gluon fields with different polarizations (becoming diagonal elements if one uses linear 
polarization). Finally the subscripts L and T indicate the polarization of the nucleon states 
between which the gluon field operators are evaluated. On the chosen helicity basis matrix 
elements between transversely polarized nucleons are off-diagonal. 


Its spin structure is also illustrated in fig. 10. We note that one has two distinct gluon- 
Sivers distribution functions f^ T 9 ^\x,p 2 ) and corresponding to the two 

ways to construct T-odd gluon correlators. 

17. — Concluding remarks 

The material in these lectures is just a selection from the work that is going on in the 
field of TMDs. We have tried to focus on some basics, which is the structure of the matrix 
elements. We have not addressed the rich phenomenology of azimuthal asymmetries [24, 
25,3,4]. Neither have we addressed aspects going beyond tree-level, which is important 
to get to the full field theoretical treatment of TMDs including evolution [55,56]. 

* * * 

This work is part of research programs of the foundation for Fundamental Research 
of Matter (FOM) and the National Organization for Scientific Research (NWO) as well 
as the FP 7 EU-program Hadron Physics (No. 227431). Most figures were made using 
Jaxodraw [57,58]. 
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Appendix A. 


What information is in the form factors 

We look here specifically at the space-like form factors discussed above, with q = 
P' — P and q 2 = —Q 2 . We have already introduced the time-like vector t^, which in 
this case is proportional to = P M + P' M , thus q ■ t = 0. Any four-vector can be 
expanded as a = (a ■ t) +a and one has specifically q = q. A further specification of the 
spacelike direction (z-clirection or transverse) is at this stage not needed, but may for 
specific applications be useful. The frame in which t = (1,0, 0,0) is known as the Breit 
frame or the Brick-Wall frame. 

Working out the current expression for the nucleon with the above definition of zero 
and space-like components (or if one likes in the Breit frame) with P /0 = P°, P = — q/2, 
P' = +q/ 2, gives 


(A.l) 

(A.2) 


(P', S"| Jg m (0)|P, S) = 2 M 


Pi 


Q 2 

4 M 2 


P 2 


2M Ge(Q 2 ), 


(P / ,P / |J em (0)|P,P) = [Pi +P 2 ] 0 i<TN xq) = Gm(Q 2 ) {i<T N X q), 


where yt,, cr xs = <tjv- These expressions show the relevance of the Sachs form factors 
Ge and Gm- The quantity eG^fO) is the charge Q of the nucleon, cGm(0)/M is the 
magnetic moment of the nucleon. The quantity k = Gm{ 0) — Q = Gm{ 0) — Ge(0) is the 
anomalous magnetic moment. Following eqs. (19) one has the forward matrix elements 


(A.3) (P,S"|Jo m (0)|P,P) = 2AfPi(0) = 2 MG e (0 ), 

(A.4) (P, S'\(r x J em )(0)|P, S) = [Pr(0) +P 2 (0)] a N = G m $)<t N . 


For an elementary fermion one has Pl(Q 2 ) = 1 and P 2 (Q 2 ) = 0. For the nucleon 
one has for the proton Pf(0) = Q p = 1 and P|(0) = k p = 1.793 and for the neutron 
P"(0) = Q n = 1 and 0) = n n = —1.913. Roughly one has for nucleons the dipole-like 
behavior 


(A.5) 


g p e (Q 2 ) 


r<v 


G n 
M 

[J-n 


1 

(1 + Q 2 /A 2 ) 2 ’ 


with A 2 « 0.71 GeV 2 and jiN = Gj^-(O) = Qn + k n is the nucleon magnetic moment. 

We note that for the (diagonal) vector currents for the quarks, V* = the 

quantities Pf(0) are (by definition) the quark numbers P®(0) = n q . The matrix element 
of the electromagnetic current J® m in eq. (57) then indeed satisfying P 1 em (0) = Q (the 
charge of the hadron state). 
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Appendix B. 

Polarized leptoproduction 

For spin-polarized leptons in the initial state we have 

(B.l) = Tr 7 pH' + m)'y v (f + to) 1 

= 2 k p k v -f- 2 k p k p Q g^ A 2i to (pupaQ^ s • 

Note that for light particles or particles at high energies helicity states (s = k) be¬ 
come chirality eigenstates. For L pv the equivalence is easily seen because for s p = 
(\k\/m, Ek/m) (s 2 = —1 and s ■ p = 0) one obtains in the limit E « |fc| the result 
ms p « k ,J; . Then the leptonic tensor for helicity states (A e = ±) becomes 

(B.2) L^r ±1,2) » 4p /L) = L $, 

where the antisymmetric lepton tensor is given by 

(B.3) L ( fi\k,k') = Tr 7 ^ 75 ^ 7 ^ =2ie^ pa q p k a . 

Expanding in the Cartesian set t, z and the vector t in the same way as for the symmetric 
part, we have for the antisymmetric part of the leptonic tensor( 3 ) the result 

(B.4) ZA" (A) = J -iy( 2 - y) - 2iy^l^j t^e v }_% . 

One can use polarized leptons in deep inelastic ep —» X to probe the antisymmetric 
tensor for unpolarized hadrons, containing the F$ structure function. This contribution 
comes in via the interference between the 7 and Z interference term. 

In the situation where the target is polarized, one has several more structure functions 
as compared to the case of an unpolarized target. For a spin-(l/2) particle the initial 
state is described by a 2 -dimensional spin density matrix p = ^2 a \a)p a {a\ describing 
the probabilities p a for a variety of spin possibilities. This density matrix is Hermitean 

( 3 ) A useful relation is 

Cfii'pcr Qol( 3 tazi/pcr 9uP + tpLOcpcr 9 v(3 H - vctcr 9 pP + ^-pLispa. 9 ct(3 

or for a vector ox orthogonal to t and q, 

d lvpa z p ai_ a = t [M e^ ]p axp, 
e pvp %a ± „ = -z lp e^ p a± p . 
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with Tip = 1. It can in the target rest frame be expanded in terms of the unit matrix 
and the Pauli matrices, 


(B.5) pss' = * (1 + S • ow),j 

where S is the spin vector. When |S| = 1 one has a pure state (only one state |a) and 
p 2 = p), when \S\ < 1 one has an ensemble of states. For the case IS 1 ) = 0 one has 
simply an averaging over spins, corresponding to an unpolarized ensemble. To include 
spin one could generalize the hadron tensor to a matrix in spin space, W£”(q,P) oc 
( P , s'\J IJ ’\X)(X\J u \P, s > depending only on the momenta or one can look at the tensor 
Y< a PcxWgZ(q,P). The latter is given by 

(B.6) W^(q, P, S) = Tr (p(P, S)W^(q, P)) , 


with the spacclike spin vector S appearing linearly and in an arbitrary frame satisfying 
P • S = 0. It has invariant length — 1 < S 2 < 0. It is convenient to write 


(B.7) 


CM — L 

M 


pr — 


M 2 
P ■ q 


si. 


with 


(B.8) 


, _ M (S ■ q) 
L ~ (P-Q) 


For a pure state one has S“l + = 1. Parity requires that the polarized part of the 

tensor, i.e. the part containing the spin vector, enters in an antisymmetric tensor of the 
form 


(B.9) M ( A ) (q, P, S) = St 


A !ivpa n p yr 

(p q \ a 91 + jr- ie^q P S ±<7 ( 9l + g 2 ) 

(■ P-q) p ■ q 

2 -^ 


= -iS L e^ gi S± P x B {gi + 52 )- 


It contains two structure functions gi(x B , Q 2 ) and g 2 (x B , Q 2 ). One also uses gr = 31 + 52 - 
The resulting cross-section is 


(B.10) 


dA (ill 47ra 2 


dxe d y Q 2 


S L (2 -y)gi- |5j.| cos 4>% ^ y/l -yx B (gi + 32 ) 


(Note that in all of the above formulas mass corrections proportional to M 2 /Q 2 have 
been neglected.) 
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Polarized parton densities 

Analogously to the unpolarized structure functions one can obtain for the polarized 
structure functions 

(C.l) 2 gi(xB) = \3i( x b) + 9i{xb)], 

Q 


where 


(C.2) 


S L gi{x) = — / d£ 


tf+f 


(p,s\m7 + j 5 m\p,s) 


i+=U=o 


often denoted as A q(x) = gi(x). This correlation exists in a hadron with the light-cone 
component of the spin vector S L yf 0. It represents the difference of chiral even and odd 
quarks (in infinite momentum frame quarks parallel or antiparallel to proton spin). The 
corresponding quark fields are projected out by 

(C.3) P R/L = ^(1 ± 75 ), 


which commute with the projectors P±. In this way one obtains distributions q R {x) and 
qL(x) for which q(x) = q R {x) + qL(x) and Aq(x) = q R (x) - qL(x). 

Exercise: Show that the antiquark distributions are given by q(x ) = —q{—x) and 
A q{x) = A q(—x). To do this start with the “proper” definition of antiquark distri¬ 
butions, 


(c. 4 ) <*>?» = (2^54 / d4 ? eipC (ps\^mm\ps), 

with ip c (£,) = Cip (^). Show that one finds <&(p) = — C($ C ) T C'. One also needs to use 
the anticommutation relations for fermions, to obtain 'IVy (p) = — ^ij(— p), which leads 
to the crossing relations for quark and antiquark distributions. 


Appendix D. 

Forms of quantization 

As discussed by Dirac in his seminal paper (P.A.M. Dirac, Forms of Relativistic Dy¬ 
namics, Rev. Mod. Phys., 21 (1949) 392) there are more forms of quantization. One 
can for instance start on a hypersurface x° = const., known as instant form or on a hy¬ 
persurface x + = (a; 0 + ai 3 )/v / 2 = const., known as front form. Depending on the choice, 
there are different sets of dynamical generators out of the ten Poincare generators that 
leave the hypersurface invariant. These so-called kinematical generators can be chosen 
to be free of interactions. 
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In instant form there are six kinematical generators, three translations P 1 and three 
rotations J l = | ejjfc AP . Quantization in instant form starts with (interaction inde¬ 
pendent) canonical commutation relations \x l ,pp\ = iS u and [s*,s J ] = ze* J ' fc s k , with on 
the x° = t hypersurface the kinematical generators given by 

(D.l) P = p , 

(D.2) J = rxp + s. 

In front form there are seven kinematical generators, three translations P + and Pf 1 and 
furthermore J 3 = M 12 , M h , M 1+ , M 2+ . Quantization in front form starts with 
(interaction-independent) canonical commutation relations [ x + ,p~] = i, [x 1 ,^] = i8t 
( i = 1,2), with on the x + = r hypersurface the (simple) kinematical generators given by 


(D.3) 

P+ 

= P + , 


(D.4) 

Pt 

= Pt, 


(D.5) 

J 3 

= M 12 = x 1 p 2 

- x 2 p 1 + A, 

(D.6) 

M~+ 

II 

1 

+ 

1 

1 


(D.7) 

M i+ 

= x l p + — rp l 

(* = 1,2) 


Spin s and light-cone helicity A are allowed extensions with vanishing commutators with 
the x and p operators. 

Exercise: Check that the kinematical operators satisfy the commutation relations of 
the Poincare group, 

(D.8) [pM,p^] =0 , 

(D.9) [M^, P p ] = -i ( gP p P " - g up pP) , 

(D.10) [APQ M pa ] = -i {gP p M VG - g^M^) - i {g^M pv - g v °M p P). 


Appendix E. 


Field quantization in front form 

In order to discuss the quantization of the QCD field-theoretical Lagrangian we need 
the “momenta” 


(E.l) 

(E.2) 

(E.3) 


TT /X — 

Ai ^ — 


Sd^ 2 77 ’ 


K = -^= = -- 7 ^, 
^ sd^ 2 

m = ^ = - f ^ 

A " 8 d^A v 


In instant form fields are quantized by imposing equal time commutation relations 
with the conjugate momenta. These momenta can be obtained from the above general 
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momenta. We find for the fermion field Ily, = SC/Sdoif = | V’ • The canonical mo¬ 
mentum of the A M fields and the remaining components of the field tensor are given 

by 

(E.4) F 0i = - E i = A i + diA° - ig[A°, A 1 } = A i + D t A°, 

(E.5) F ij = -di AJ + d 0 A i - i g [A\ A j ] = -e ijk B k , 

where A M = 8qA^. The absence of a canonical momentum for A 0 implies a constraint 
(E.6) j^ = -D i E i +f = 0, 

where DiE 1 = [Di,E l ] = diE 1 + ig[A\E l ] and j° = ip^if. This equation is the non- 
abelian Gauss’ law. The other equations of motion are 


(E.7) 

(i 7 °£>o + i 7 * A -m)tp = 0, 

(E.8) 

D 0 F 0i + /I, / '" = j\ 

Rewriting slightly, 

we have as equations of motion 

(E-9) 

i D^ip — —70 ( i 7 J Dj — m) if = (i 7 J A + m ) 7o ^ 

(E.10) 

D 0 E l = e ikl D k B l - f, 

(E-11) 

D jE j =j°. 


Note that the last of these equations is just the constraint implied by the absence of a 
canonical momentum for A°. The constraint involves interactions, in this case through 
A 1 in E l . To proceed, one still can make a gauge choice. We just want to mention 
that the (obvious) choice A 0 = 0 in combination with df A M = 0 has problems (Gribov 
ambiguity). 

(The classical reference on constraints in quantum mechanics is P.A.M. Dirac, Lectures 
on Quantum Mechanics, (Belfer graduate school of Science), 1964.) 

In front form quantization, fields are quatized by imposing equal time commutation 
relations with the conjugate momenta using the light-cone time x + , i.e. if = d+ip = d~ip, 
etc. In terms of the light-cone coordinates one has for the fermion field 11^ = SC/8 D+ip = 
where the good/bad fields if>± = P±ip are introduced with the projectors P± = 

| 7 =f 7 ± . We note that there is no canonical momentum for the bad field For the 
gluon fields one has (using i,j ,... for transverse indices!) 

(E.12) F~+ =A+- d-A~ + ig [A+, A~] = A + - D_A~, 

(E.13) F~ i = A i + diA~ + ig [A T , A~] = A l T + D Ti A~ = -E l T , 

(E.14) F +i = d-A 1 + d l A+ - ig [.A T , A+] = d-A‘ r + D t A+ = B l T , 

(E.15) F ij = d j A i T - diAl - ig [A l T , A T \ = -e” B, 
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the first two being canonical momenta. Note that there is no canonical momentum for 
A~. We can simplify by going to the light-cone gauge A + = 0. In that case the first and 
third expressions simplify 

(E.16) F~+ = -d-A~, 

(E.17) F +i = B*. = d-A*.. 

These equations actually also indicate that choosing A + = 0 not removes all gauge free¬ 
dom. Inverting the equations shows that one also needs to specify a boundary condition 
at infinity. To be precise one needs a prescription for (<9_) _1 , for which we use 

(E.18) (d_)~ 1 f{x~)=^ J dy~e(x~ -y~)f(y~), 


i.e. one imposes an antisymmetric boundary condition /(—oo) = —/(oo). The equations 
of motion made explicit in light-cone coordinates and using the gauge A + = 0 are 

(i^ + D + + *7 - U_ + iYDi — to) tjj — 0, 

D_F~+ + DiF i+ = <9_F“+ + diF i+ + ig [A0 F i+ ] = j + , 

D+F+- + D t F l ~ = F+~ - ig [A~, F+~) + <9,F i_ + ig [A0 F l ~] = j~, 

D+F +i + D-F~* + DjF ji = F +i - ig [A~, F +i ] + d-F+ i), /•'" + ig [A{, F ji } = j\ 


Using the fields ip±, the equations of motion become 


(E.19) 

(E.20) 

(E-21) 

(E.22) 

(E.23) 


2 iD + ip + = (i0 T + m) (j~ ip-), 
id-(j~ip-) = (i0 T - to) ip + , 
-{d-)' 2 A~ - D t - B t = j + = gV2ip\ip + , 


D + (d_A ) + D T ■ E T = j = -^=( 7 ^-) T (7 0-), 
d+b i t - d.E\ + 4d 3 B = f = [( 7 -^_) t 7 V+ + t-'t.V(7 u .) 


The second equation is a constraint not involving interactions, which can be solved as 
tp-[A T ,ip + ], since there are no time-derivatives involved. The same is true for the third 
equation, which can be solved as A~ [A T , 0+]. To be precise 


(E.24) 

(E.25) 


(7 0-) = (id-) 1 (i0 T -m)ip+, 
A~ = {id-0 2 \gip\ip + + D t ■ B t 


One is left with two (independent) equations governing the time dependence of a minimal 
set of fields, ip+ and A‘ T . For these (dynamical) fields canonical commutation relations 
can be imposed independent of the interactions (J.B. Kogut and D.E. Soper, Quantum 
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electrodynamics in the infinite-momentum frame, Phys. Rev. D , 1 (1970) 2901). The 
lagrangian left after gauge fixing can also be written as 

(E.26) - ^ F+-p-+ -|_ I p+ip-i _ I 

E t ■ B t - - B 2 . 

2 

The fermionic part (including the quark-gluon interaction terms) is 


-5 <«-*->-5 


(E.27) C F = ~^= - V>+'0+) + gV2ip\_A ip + + ~^j= (7 V’-) t d- (7 V>-) 


+ 


a/2 L 


2y/2 

( 7 _ ' 0 _) t ( 0 T - m) + to) (7 ip-) 


The nice thing of the front form quantization is the fact that the fields 1 p + and A T are 
dynamical fields, for which canonical equal (light-cone) time commutation relations can 
be imposed, of which the right-hand side is interaction independent. That means that a 
free-field expansion for ip + is a sensible thing, even if the quanta are confined. This is 
the basis behind the successful parton model in deep inelastic scattering. 
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Summary. — These lectures give an introduction to the theory of generalized par- 
ton distributions, starting from the underlying concepts, highlighting their physical 
interest, and discussing the possibilities to study them experimentally. 


1. — Introduction 

These lectures give an introduction to the theory of generalized parton distributions 
(GPDs). We first review the general ideas of factorization, highlighting the similarities 
and differences between generalized and usual parton distributions. We then discuss 
which specific information about hadron structure is contained in GPDs, focusing on 
the nucleon spin structure and on spatial imaging of partons. We explain the relation 
between GPDs and transverse-momentum dependent distributions (TMDs). Finally, we 
give some information about the exclusive scattering processes that allow us to study 
GPDs in experiments. One of the attractive features of GPDs is that they are related 
with many other aspects of QCD. This also means that it is impossible to give a full 
account of the field in these lectures. We will mostly focus on basics. 

The literature on GPDs is vast, and we will only occasionally cite the original papers 
that have brought the held forward over the last one and a half decade. Instead, we 
point the reader to several reviews [1-5] that provide a fairly comprehensive overview, 
each giving slightly different emphasis to the many facets of the held. 

© Societa Italiana di Fisica 81 
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Fig. 1. - (Colour on-line) Representation of deep inelastic scattering (left) and of the Drell-Yan 
process (right) in the parton model. The blue arrows represent the incoming protons. 


2. — Factorization in QCD 

The way we think about quarks and gluons is strongly shaped by the parton model, 
which states that in a high-energy collision a fast-moving proton behaves like a set of free 
partons with low transverse momenta. The cross-section of a collision is then calculated 
from the cross-section of a parton-level process ( e.g ., iq —> iq or iq —> iq in deep inelastic 
scattering, or qq —> £ + £~ in the Drell-Yan process) times the distribution function(s) to 
find the corresponding parton(s) in the hadron(s). The underlying physical picture is 
sketched in fig. 1 . 

The concept of factorization implements the ideas of the parton model (which is a 
model) into QCD (which is the quantum field theory of strong interactions) and corrects 
these ideas when necessary: 

- it specifies the conditions (process, kinematics, observables) under which a descrip¬ 
tion in terms of parton-level cross-sections and parton distributions is valid; 

- it provides a systematic procedure for calculating corrections to the parton-model 
assumption that partons are free, using the perturbative expansion in a s for the 
interactions between partons; 

- it provides a definition of parton densities that allows one to study their properties 
in a systematic way and, in principle, to compute them using non-perturbative 
methods in QCD. 

2'1. Examples for factorization: DIS and DVCS. - In this subsection we sketch the 
main steps in establishing a factorized description of a process. We will gloss over many 
technical details and refer the reader to [ 6 - 8 ] for a more careful treatment. The discussion 
will proceed in parallel for two example processes: 

1) deep inelastic scattering (DIS), i.e. 7 *(q) + p{p) —> X, where q and p denote 
four-momenta. This is a fully inclusive process, to be summed over all hadronic 
systems X. According to the optical theorem, the cross-section for this process 
is proportional to the imaginary part of the amplitude for Compton scattering, 
7*{q) + p{p) —► 7 *(q) + p(p)- We will discuss this amplitude and only convert it 
into a total inclusive cross-section at the very end. 
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2) Deeply virtual Compton scattering (DVCS), i.e. 7 *(q) + p(p) —> 7 (q') + p(p'). This 
is a fully exclusive process with two specified particles in the final state, and we need 
to calculate its amplitude. Note that in this case we have a momentum transfer 
between the incoming and the outgoing proton in the Compton amplitude. For 
DIS this transfer is zero, according to the prescription of the optical theorem. 

In both cases, we are concentrating on the strong-interaction part of the physical process 
and have taken away the QED part, which is the radiation of a virtual photon 7 *(q) from 
a lepton. 

2T.1. Kinematics. Factorization can be established for a specified kinematical limit, 
which is called the Bjorken limit in DIS: Q 2 = — q 2 —► 00 at fixed Bjorken scaling variable 
xb = Q 2 /(2pq) = Q 2 / (Q 2 + W 2 — m 2 ) , where W 2 = ( p+q ) 2 is the square of the hadronic 
center-of-mass energy and m denotes the proton mass. For DVCS we extend this limit 
by specifying that t = (p — p') 2 should remain finite as Q 2 —> 00 ; this is understood 
when we refer to the Bjorken limit in the following. In an experiment Q 2 is of course 
not infinite, and the above limit translates into the requirements that Q 2 and W 2 should 
be large compared with all other relevant scales (including the scale of non-perturbative 
QCD dynamics, which may be represented by the proton mass), and that for DVCS they 
should in particular be large compared with \t\. 

To derive factorization it is convenient to work with light-cone coordinates. For any 
given four-vector v these are given by 

(1) v + = (v° + v 3 )/y/2 , v~ = (v° — v 3 )/V2 , 

and the transverse components are collected in a two-dimensional vector v = ( v 1 ,v 2 ). It 
is easy to sliow( 1 ) that under a boost along the 2 axis v + is multiplied by a number and 
v~ by the inverse of that number. In particular, the ratio w + /v + of two plus-components 
is invariant under such a boost. It is also easy to derive the rules of calculation 

( 2 ) vw = v + w~ + v~w + — vw , cl 4 u = du + du - d 2 v . 

Returning to our two processes, we now choose a reference frame in which the incoming 
proton moves fast to the right, so that p + is large (of order Q) 1 p~ is very small (of order 
m 2 /Q) and p = 0. We also require that q~ and q + are of order Q and that q = 0. One 
reason why such a frame is useful is that in later stages it will allow us to neglect small 
momentum components compared with large ones. (A frame in which a hadron moves 
fast is also convenient for making contact with the physical picture of the parton model.) 
It is easy to see that the 7 *p center of mass is an example of such a frame if the 2 -axis is 
chosen along the proton momentum p. With a little more work, one also finds that the 


( x ) Whenever we state that something is easy, the reader is encouraged to check the corre¬ 
sponding statement as an exercise. 
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requirement of small t for DVCS translates into p l+ ~ q'~ ~ Q, p'~ ~ q' + ~ m 2 /Q and 
|p'| = |g'| ~ m, be. the outgoing proton moves fast to the right and the produced real 
photon fast to the left. 

2T.2. Dominant momentum regions. The next step is to consider all possible graphs for 
the process under study, be. for Compton scattering in our case. For simplicity we restrict 
ourselves to the light quarks (it, d, s) in the following; the inclusion of heavy quarks into 
the factorization formalism is possible but involves a number of complications. According 
to a general analysis by Libby and Sterman [9], which uses rather advanced methods of 
quantum held theory, the dominant contribution to any graph in the kinematic limit we 
are taking comes from a limited set of regions for the loop momenta: 

1) hard momenta with k + ~ k~ ~ |fc| ~ Q, which are far off shell, \k 2 \ ~ Q 2 , 

2 ) momenta that are approximately collinear to one of the external hadrons and are 
weakly off shell, |fc 2 | ~ m 2 . In DIS this means that the corresponding lines move 
fast to the right, k + ~ Q, k~ ~ m 2 /Q and |fc| ~ m. For DVCS there is an 
additional complication: since the final-state photon is real it can split into almost 
collinear partons (thus acting quite like a hadron), so that loop momenta may also 
correspond to particles moving fast to the left. 

3) Momenta that are soft , having momentum components k + , k~ and |fc| much smaller 
than Q. How small exactly these components are requires more discussion, and we 
shall gloss over this issue here. 

According to these criteria, one can organize any graph into hard, collinear and soft 
subgraphs in the region where it gives the dominant contribution to the amplitude we 
want to calculate. Note that for a given graph there may be several possibilities to 
organize it into subgraphs, corresponding to distinct regions of the loop momenta. Some 
examples for this are shown in fig. 2. 

2T.3. Power counting. Not all of the graphs selected by the Libby-Sterman criterion 
actually give dominant contributions to the amplitude, and a further selection is possible 
using power counting. This means that one determines how a given graph scales with m 
and Q, which can be done in a very general manner. 

1) By construction, a hard subgraph involves only the large scale Q and not the small 
scale m. It therefore behaves like Q raised to a power that is given by the mass 
dimension of the subgraph. Note the elegance of this argument: it allows us to 
make a statement about an infinite number of subgraphs with specified external 
lines (which is enough to fix the mass dimension) without calculating them, and 
the actual mass dimension can be determined by choosing a conveniently simple 
graph. Figure 3 shows a few examples. 

2) A somewhat more involved (but still very general) argument allows one to determine 
the power behavior of collinear subgraphs. One finds that for each external quark 
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Fig. 2. - Examples of graphs that can give leading contributions to DIS (top row) and to DVCS 
(bottom row) according to the Libby-Sterman analysis. A + (—) next to a line indicates that 
it has a plus (minus) momentum of order Q. Hard subgraphs are denoted by H, soft subgraphs 
by S, and subgraphs collinear to the proton by A. In the case of DVCS one can also have a 
subgraph B collinear to the outgoing photon. 


or antiquark a collinear subgraph can give at most a power Q 1 / 2 . For each right- 
moving external gluon one gets a power Q if the gluon polarization vector points 
in the plus-direction, no power of Q if the gluon polarization is transverse, and a 
power of 1/Q if it points in the minus-direction. For left-moving gluons one has an 
analogous statement. 

3) The integration measure for a collinear line is easily found to scale as d 4 fc = 

d k + d k~ d 2 k ~ ?n 4 . 

4) The scaling behavior of soft subgraphs and of their integration measure can also 
be determined. It depends on the exact scaling of the soft momentum components 
but can never give a positive power of Q. 



Fig. 3. - Examples of hard subgraphs (corresponding to those in fig. 2) and their power behavior 
in Q. The 1/Q and 1/Q 2 factors correspond to the different mass dimensions of fermion and 
boson propagators. Note that propagators for external lines are not included in a hard graph. 
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From points 1) and 2) we can deduce the important rule that the dominant graphs are 
those that have the smallest possible number of external partons in the hard subgraph: 
additional external partons lead to a suppression from more hard propagators that cannot 
be counterbalanced by the extra powers of Q from the collinear subgraphs. In fig. 2 this 
selection leaves us with graphs a and d. 

The only exception to the rule just stated is that one can add an arbitrary number 
of right-moving gluons with polarization in the plus-direction (and of left-moving gluons 
with polarization in the minus-direction if the process involves a left-moving hadron). To 
have such an infinity of graphs sounds like disaster for practical calculations. Luckily, a 
Ward identity (which reflects the gauge invariance of QCD) allows one to cast all those 
graphs into a form with no extra gluons in the hard subgraph and a Wilson line operator 
multiplying the collinear subgraph. In these lectures I will not further discuss this issue 
(which is of much greater importance for TMDs than for GPDs). 

The leading graphs for Compton scattering do not involve any soft subgraphs. Let 
me mention that soft subgraphs can appear in the leading result for processes with 
more than one hadron in either the initial or the final state, such as senri-inclusive DIS 
(SIDIS) or Drell-Yan lepton pair production. The treatment of soft subgraphs in such 
situations is quite nontrivial and often constitutes the most difficult part in establishing 
a factorization formula for the process. 

2T.4. Collinear expansion. We have achieved a significant simplification by identifying a 
relatively small subset of graphs that are relevant in the kinematic limit we are interested 
in. For DIS and DVCS these are respectively graphs a and d in fig. 2, plus corresponding 
graphs where gluons instead of quarks are exchanged between the collinear and hard 
subgraphs. We can simplify even more by neglecting small momentum components 
compared with large ones when evaluating the hard subgraph H(k), where k denotes 
the momentum of one of the incoming partons (the other one being fixed by momentum 
conservation). More precisely, we make a Taylor expansion 


( 3 ) 


H(k+,k~,k) = H{k + , 0,0) + fc 


dk 


H(k+,0,k) 


+ 0(m 2 ). 


J fc=0 


From the discussion in the previous subsection we can deduce that the first term in 
this expansion is dominant, whereas the second one comes with a relative suppression 
by \k\/Q ~ m/Q. Retaining only the leading term, the loop integral for the complete 
amplitude can be simplified as 


( 4 ) 


J d 4 kH{k)A(k) 


dk + H(k + 0,0) 


dk d 2 kA(k) 


We also neglect the light quark masses in H(k). In words, the hard subgraph is now 
evaluated in approximate kinematics, with the incoming and outgoing partons being on 
shell and strictly collinear to the proton. One therefore also speaks of the “collinear 
approximation”. By contrast, the collinear subgraph A{k) is integrated over the small 
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minus and transverse components of the parton momentum; the corresponding integral 
is described by “collinear” or “integrated” parton distributions. It is very important to 
note that in the parton distributions we do not put the partons on shell and do not set 
their transverse momentum to zero. In the hard scattering, these quantities are small 
compared with the scale Q and can be neglected, but in the collinear factor they are as 
large as other relevant scales (in particular the scale of nonperturbative interactions) and 
are integrated over rather than set to zero. 

Keeping the second term in the Taylor expansion (3), one can also calculate the 1/Q 
corrections to the amplitude, i.e. terms that vanish in the Bjorken limit. In the selection 
described in subsubsect. 2'1.3 one then needs to keep more graphs, in particular graph 
e in fig. 2 with a transversely polarized gluon. For reasons explained in [10], the leading 
contribution in the 1/Q expansion is referred to as “twist two”, the first subleading one 
as “twist three” and the 1 /Q 2 suppressed one as “twist four”. Yet higher corrections are 
hardly ever discussed. 


2'2. Parton distributions and hard-scattering kernels. The discussion so far was 
done in terms of Feynman graphs, which are the graphical representation for the rules 
of perturbation theory. For the hard subgraphs this is fine: they describe dynamics at 
a high scale Q, where the running coupling a s (Q) is small and allows computation in 
successive orders of perturbation theory. However, the collinear subgraph is dominated 
by virtualities of order m 2 and describes nonperturbative dynamics. We therefore need 
a definition for the collinear subgraph that makes sense beyond perturbation theory. 
This is achieved by writing f dk~ cl 2 kA{k) as a matrix element of quark or gluon field 
operators sandwiched between proton states. Since fields live in position rather than 
momentum space, it is useful to introduce the Fourier transform A(z) of A(k). We then 
have 


(5) 


dk d 2 kA(k) = / d k d 2 k 


d 4 z 

(2tt) 


Akz 


A(z) 




z+-0,z-0 


An explicit example for an operator definition is 


(6) fi{x) = \ [%- e ixp+z ~ (P\V [ A z ) ^ +W 

q{x), for x > 0, 

—q(—x), for x < 0. 


11 

— ~z, —z 
2 ’ 2 


d{^ z )\p) 


z+=0,z—0 


Remember that a quark field operator q contains the annihilation operator b for a quark 
and the creation operator for an antiquark. The quark density q(x) thus corresponds 
to the term b^b in the product q...q of fields, whereas the antiquark density q{—x) 
comes from the term dd^ = —d'd, with an overall minus sign reflecting that fermion 
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Fig. 4. - Handbag graphs for DIS and DVCS. 


fields anticommute. W is the Wilson line operator announced in subsubsect. 2'1.3 and 
will not be further discussed here. 

A generalized parton distribution is defined in the same way as in (6), with the only 
difference that the proton states in the bra and the ket are not identical and have different 
momenta (and possibly different spin orientations). 

Consider now the hard subgraphs for DIS and DVCS at leading order in the strong 
coupling. The Compton amplitude is then given by the so-called “handbag diagrams” 
shown in fig. 4. Let me not calculate these graphs in detail but rather give the answer 
and discuss some of its most important features. 

For both DIS and DVCS the expression of the hard-scattering graph is, up to global 
factors, given by the propagator of the horizontal quark or antiquark line in the figure. 
For the graph on the left, the denominator of this propagator is (k + q ) 2 + ie, where ie is 
Feynman’s prescription for treating the propagator pole. Using the collinear approxima¬ 
tion (4) we have ( k + q ) 2 + ie ~ 2 (k + + q + )q~ + ie. One easily finds that q + /p + = — x B 
in the Bjorken limit. Defining the plus-momentum fraction x = k + /p + of the quark line, 
we obtain a hard-scattering kernel proportional to 

(7) -— = PV- inS(x — Xb) 

x — xb + x — xb 

for the graph on the left in fig. 4, where PV denotes Cauchy’s principal value prescription. 
Putting together all global factors, we obtain the DIS cross-section 

(8) 0tot(7 *P~+X) oc Im A( 7 *p -> 7 *p) = tt ^(ee 9 ) 2 [q(x B ) + q(x B )] , 

9 


where e is the positron charge and ee q the charge of the quark. The term with q(x B ) 
comes from the graph on the left and the term with q{x B ) from the graph on the right in 
fig. 4. For DVCS we are interested in both the real and imaginary part of the amplitude 
and schematically have 


(9) -A(7*p -> t p) = ^2(ee q ) 2 PV J dz 


GPD(a;, xb, t) 
Xb — x 


+ J7r GPD(a 'B,x Bl t) 


where the contribution from the graph on the right is denoted by an ellipsis. Note that 
we have glossed over the spin degrees of freedom in (8) and (9). For DVCS this will be 
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Fig. 5. - A higher-order graph for the hard scattering subprocess in DIS and DVCS. 


repaired in subsect. 4'2. For DIS on an unpolarized proton (8) is the complete answer 
at leading order in a s . 

2'3. Loop corrections and evolution. - When one calculates hard subgraphs at higher 
order in a s , a complication arises which we will briefly discuss now. Take the graph in 
fig. 5 as an example. When the momentum £ becomes collinear to k the transverse part 
of the loop integral diverges like f A£ 2 /£ 2 at its lower end. A naive calculation of the 
hard subgraph would thus give an infinite result. But at this point we should realize that 
the hard subgraph is not meant to include the momentum configuration where £ (and 
hence k +£) is collinear to k: this configuration should be part of the collinear subgraph 
and not of the hard one. 

To obtain a proper factorization formula, we must thus associate the graph at the top 
of fig. 6 with two different configurations: if the gluon with momentum i is collinear to 
k, then it belongs into the collinear subgraph, otherwise it goes into the hard subgraph. 
To implement this, one needs a so-called factorization scale /i, which is used to separate 
the two regions. One could then calculate the hard subgraph with £ 2 > p 2 (avoiding 
the collinear divergence mentioned above) and, at the same time, require that in the 
collinear subgraph this gluon should have £ 2 < p 2 (which avoids an ultraviolet divergence 
that would otherwise appear). In this way, both the hard-scattering amplitude and the 



Fig. 6. - Factorization at higher order for DIS or DVCS. Depending on its momentum, the 
gluon in the top graph belongs either to the hard subgraph (bottom left) or to the collinear one 
(bottom right). 
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Fig. 7. - Graphs showing the interplay of quark and gluon distributions under scale evolution. 


parton distribution become /t dependent. In practice one does not calculate with a 
cutoff, which has undesirable properties such as breaking Lorentz and gauge invariance, 
resorting instead to a mathematical trick called dimensional regularization, which we 
will not further explain here. In physical terms, one may say that we use the scale /i 
to separate the “structure” of the proton in terms of partons (described by the parton 
distribution) and the “interaction” of a parton (described by the hard scattering). One 
can also think of 1 //j, as the scale in transverse configuration space at which the target 
structure is resolved by the hard-scattering process. 

The p dependence of the parton distribution can be described by a differential equa¬ 
tion, which goes under the name of DGLAP evolution equation for the case of ordinary 
parton distributions. In the overall cross-section, the dependence on the arbitrary separa¬ 
tion scale p should cancel, and indeed it would if one could compute the hard scattering 
to all orders in a s . This one can unfortunately not do, and one finds that when the 
perturbative series for the hard scattering is calculated to some order a" one retains a 
residual p dependence in the physical cross-section of order a” +1 , i.e. at an order that 
is beyond the accuracy of the calculation. One often uses this effect and varies n by 
some factor, say between 1/2 and 2, to estimate the size of uncalculated higher-order 
corrections. Within such a factor, p should be taken of order Q; otherwise the pertur¬ 
bative expansion of the hard scattering has a poor convergence due to large logarithms 
of fi/Q. From a physics point of view this is not surprising: a hard scattering process 
at momentum scale Q is able to resolve the proton structure with a spatial resolution of 
order 1/p ~ l/Q- 

Figure 6 describes the radiation of a gluon from a quark that subsequently undergoes 
a hard scattering. Similarly, a gluon can split into a qq pair as shown in fig. 7. This 
implies that as one changes the scale p., quark and gluon distributions communicate with 
each other; one says that they “mix” under evolution. 


3. — Properties and physics of GPDs 

We have seen how generalized parton distributions arise in the description of hard 
exclusive scattering processes on the proton. Let us now take a closer look at these 
distributions themselves. In close analogy to the forward matrix element (6), which 
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Fig. 8. - Kinematical variables describing a GPD. In the left graph plus-momentum fractions 
refer to p and in the right graph they refer to P = |(p + p'). In DVCS one has £ = xb and 
f = xb /{2 — xb) in terms of the Bjorken variable. 


describes the usual quark and antiquark densities, we have 


(10) F q = 


1 I" dz~ 

2 I ~2tT 


rP + z~ 




1 1 


G \ , 

lf h 2 ) 

7 + W 

— -Z, -z 

2 2 

«( 

77 M 


2 += 0 )Z =0 


= H q (x,U) 


u(p',s')'y + u(p,s) 
2 P+ 


+ E q (x, £, t) ^ u(p', s') a 2p ^ a u(p, s) ■ 


where A = p' — p is the momentum transfer to the proton. 

Note that there are two common choices of kinematical variables for GPDs in the lit¬ 
erature, as shown in fig. 8. The one on the left-hand side (going back to Radyushkin [11]) 
defines plus-momentum fractions w.r.t. the incoming proton and is the one we used in 
subsect. 2'2. The one on the right (due to Ji [1]) is used in (10) and treats the two 
protons and the two quark lines in a symmetric way: x is the average plus-momentum 
of the two quark lines with respect to the average proton momentum P = \{p + p') 1 and 
the so-called skewness variable £ = (p — p') + /(p + p') + quantifies the plus-momentum 
loss of the proton. In both parameterizations one has the squared invariant momentum 
transfer t = A 2 as a third variable. Note that the GPDs H q and E q additionally depend 
on the factorization scale p as discussed in the previous section; this dependence will not 
be explicitly written in the following. 

We have already seen that the forward matrix element (6) describes either a quark 
or an antiquark distribution, depending on the sign of x, which determines the relevant 
combination of creation and annihilation operators of the field product q ... q. Repeating 
the same argument for (10) one finds that there are three distinct regions, as illustrated 
in fig. 9. The regions £ < x < 1 and — 1 < x < — £ are the respective analogs to the 
regions of positive and negative x for the parton densities. They are also called DGLAP 
regions, because the evolution equation for the p dependence in these regions is very 
similar to the usual DGLAP evolution equation for parton densities. The central region 
—£ < x < £ has no analog in parton densities and describes the coherent emission of a 
qq pair. It has been baptized ERBL region, since the evolution equation in this case is 
a generalization of the ERBL evolution equation, which describes the scale dependence 
of a meson distribution amplitude (i.e. of the amplitude for a meson to fluctuate into 
a qq pair and nothing else). The realization that the apparently so different DGLAP 
and ERBL equations are closely connected was one of several aspects that led to the 
discovery of the GPD concept [12]. 
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Fig. 9. Partonic interpretation of a GPD in different regions of x. For \x\ > 1 the matrix 
element in (10) is zero. 


It is instructive to represent the GPDs in terms of the wave functions for the two 
proton states (p'\ and |p). In the DGLAP region with x > £ one then obtains a product 
ip*_ j_£ ip x _t of wave functions for different momentum fractions x+£ and x— £ of the quark, 
which may be regarded as an interference term between different parton configurations 
of the proton. In the usual parton densities one has instead a squared wave function 
|i p x \ 2 and can hence interpret the distribution as the probability density to find a quark 
with momentum fraction x. 

Given the finite momentum transfer to the proton (and thus also to the parton) 
GPDs depend on more kinematic variables than usual parton densities. They also have 
a richer spin structure, because the spin orientations s' and s of the two proton states 
in (10) need not be the same, which reflects that in an exclusive scattering process the 
polarization of the outgoing proton may differ from the one of the incoming proton. 
In (10) the spin dependence of the matrix element is parameterized by two GPDs H q 
and E q , which are multiplied by suitable products involving the proton spinors u(p', s') 
and u(p, s). 

It is easy to see that if we set p = p' in (10), then the factor multiplying H q reduces 
to unity, whereas E q is multiplied by zero. This means that H q becomes equal to fi{x) 
for £ = 0 and t = 0, so that the usual quark and antiquark densities are boundary values 
of the GPD H q . By contrast, no information on E q can be obtained from usual parton 
densities. Evaluating the spinor products in (10) for nonzero £ and t and for definite 
helicities A, A' = ±1 of the proton states, one obtains 

(11) F^ x ,cxH q - Y ^E q , 

where tp is the azimuthal angle of the transverse momentum transfer A. From ordinary 
quantum mechanics we recall that the operator for orbital angular momentum L z along 
the 2 -axis is —id/dp. The exponential e Xilp thus indicates that the proton helicity flip 
matrix element F^,y involves one unit of orbital angular momentum, as is necessary 
for conserving the total angular momentum J z along 2 . More explicitly, one can write 
this matrix element as the interference of wave functions with different orbital angular 
momentum [13]. This one of several ways to see that E q is intimately related with orbital 
angular momentum. 
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The operator q(— \z) j + q(^z) in (10) projects onto unpolarized quarks. For longitu¬ 
dinal quark polarization one defines 


1 [ dz~ 

2 / ~ 2 ^~ 


cP + 2 - , 


1 / 1 \ , TIr 

11' 

(1 \ | . 

\q zj 7 + 7 5 kF 

2 2 

q \2 Z ) 


z+=0,z=0 


fra, , ^u{p',s')'y+'y 5 u(p,s) ~ 1 , , 7 5 A+ 

= H q (x,i,t) -^- +E q (x,Z,t) — u(p ,s ) Yj5V u ( p ’ s ) ■ 


For p = p’ the distribution H q reduces to the distribution A q(x) of polarized quarks 
if x > 0 and to the distribution A q(—x) of polarized antiquarks if x < 0. Since E q is 
multiplied by A + /(2P + ) = — £ in (12), it becomes invisible in the forward limit, just as 
E q . Similar matrix elements and GPDs can be written down for transversely polarized 
quarks, and for unpolarized or polarized gluons. 

3'1. Sum rules. - We have emphasized several times the close connection between 
GPDs and ordinary parton densities. Let us now investigate another important connec¬ 
tion: the one between GPDs and form factors. We easily see that, if we integrate the ma¬ 
trix element in (10) over x, the exponential turns into a <5 function, f da: e lxP z oc <5(z _ ). 
This means that we go from the nonlocal operator q{— ^z) 7 + W[—^z, \z\ q(^z) to a lo¬ 
cal operator g(0) 7 + g(0), which gives the plus-component of the electromagnetic current 
when multiplied by the quark charge and summed over flavors. The proton matrix el¬ 
ement of this current is parameterized by the Dirac and Pauli form factors Fi(t) and 
and we can thus identify 


(13) 


^2 e q J dxH q (x,t,t) = Fi(t), 


^2 e q J dxE q (x,£,t) = F 2 (t). 


The transition from a nonlocal to a local operator in the matrix elements corresponds 
to different ways in which the proton is probed in DVCS and in elastic scattering, as 
sketched in fig. 10 . 

Something remarkable has happened in (13): after integration over x, the dependence 
on £ has disappeared. This is a consequence of Lorentz invariance and can be shown in 
a little calculation, which I will however not give here. Roughly speaking, by integrating 
over x we have removed the dependence of the matrix element on the particular space- 
time direction that was used when we defined plus and minus components in (1). The 
result can then no longer depend on £, whose definition refers to the plus-direction; only 
a dependence on the Lorentz invariant t is allowed. 

If we take Mellin moments, i.e. integrate the matrix element in (10) over x with 
a weight x n , then the exponential factor e lxP z turns into the n-th derivative of a 
(5-function. Letting this act on q(—^z)... W[— \z, \z] q(\z) gives local operators with 
covariant derivatives d + + ?'gA + (0) between the quark fields g(0) and q{ 0). For the 
derivative part d + this is easy to see, and with a bit more work one finds that the gluon 
potential part comes from taking the derivative of the Wilson line operator W[—^z, \z ]. 
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Fig. 10. - DVCS (left) probes the proton with a preferred direction, given by the 7 * momentum 
in the 7 *p center-of-mass. In elastic scattering (right) the photon with its pointlike coupling to 
quarks is a local probe that does not single out any space-time direction. 


One also finds that Lorentz invariance restricts the possible dependence on £ of the result 
to be a polynomial of a specific order, 

n 

= £(2 O k A\ k {t), 

k—0 
n 

= Y,W k B q n , k (t), 

k =0 

where k is even because the GPDs are even functions of £ due to time reversal invariance. 
The constraint in (14) is called polynomiality , and the absence of £ dependence in (13) is 
a special case of it (with polynomials of degree zero). Note that this property requires a 
delicate interplay between the DGLAP and ERBL regions under the integral: although 
the physical interpretation of these regions is very different, Lorentz invariance ties them 
together in a way that is not easy to grasp for our intuition. On a more practical side, 
ensuring polynomiality (and hence Lorenz invariance) is an important criterion to fulfill 
when one writes down models for GPDs. Two of the most widely used approaches satisfy 
this criterion by construction, namely the ansatz using double distributions described 
in [14,2] and the ansatz using conformal moments in [15,16]. 

The Mellin moments with n = 2 in (14) play a particular role. The are matrix 
elements of the quark part of the energy-momentum tensor. For the sum H q + E q one 
finds the celebrated sum rule of Ji [17]: 

(15) i j ^dxx[H q (x,^,t) + E q (x,^t)\ = l[A q 20 (t) + B q 0 {t)\ =J q (t), 

where J q (0) gives the total angular momentum carried by quarks and antiquarks of flavor 
q in the proton, including both their helicity and their orbital motion. Whereas a wealth 
of inclusive processes with polarized targets allows us to measure the helicity of partons, 
probing their orbital angular momentum is much more difficult, and Ji’s sum rule offers 
a rare chance to do this. A relation analogous to (15) exists for gluon GPDs and J 9 (t). 
The attentive reader will have noticed that there is no term going with £ 2 in (15), unlike 


(14) 


/ dxx n 1 H q (x,t;,t) 

J dxx n ~ 1 E q (x,t;,t) 
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in the general formula (14). The reason is that for the highest coefficients there one has 
A q n>n (t) + B^ n (t) = 0. 

Notice finally that matrix elements of local operators are suitable for evaluation in 
Euclidean space-time. For n up to 2 the form factors in (14) have been calculated on 
the lattice, which provides a valuable opportunity to study aspects of GPDs in a fully 
nonperturbative fashion. More details on this can be found in Philipp Hagler’s lectures 
at this school, and in the review [18]. 

3'2. Impact parameter. Among the most interesting aspects of GPDs is that they 
contain information about the spatial distribution of partons inside the proton. To 
quantify where the partons are, we first need to localize the proton. We do this by 
forming wave packets 

(!6) \p + ,b) = J (4^ e_lbP b + ’P) 

centered at position b in the transverse plane, while keeping the plus-momentum of the 
state fixed. This allows us to discuss the localization of partons while keeping infor¬ 
mation about their longitudinal momentum. This can in particular be done in a frame 
where the proton moves fast, so that we can keep a parton model picture. Remarkably, 
the localization in two dimensions is possible even in a relativistic theory, where an ob¬ 
ject cannot be localized in all three space dimensions with an accuracy better than its 
Compton wavelength. 

The proton is an extended object itself, and closer analysis shows that the position 
b of the state (16) can be understood as the center of plus-momentum of the proton 
constituents, 


(17) 


, E iPif b , 

' £* pt 


where the i quarks or gluons have plus-momenta pf and positions bi. This may be seen 
as a relativistic analog of the center of mass in nonrelativistic physics, where the weights 
are given by the masses nii instead of the plus-momenta of the constituents. 

Let us now consider the operator 


(18) 




7 + W 





2 + = 0 , 2—0 


in (10), which describes partons localized at transverse position z = 0 , and take its 
matrix element between localized proton states, setting p' + = p + for simplicity. We have 


(19) 


(p + ,-b'\0\p + , 



d 2 p' d 2 p 
(2t rp (2 t rp 
d 2 P d 2 A 

(Ep (E) 2 


e -i( b 'p'-hp) ( p +, p >\0\p+,p) 
e - i{b '-b)P-i(b' + b) A/2 (p+.p'jOjp+.p) 
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Fig. 11. - Impact parameter interpretation of a GPD in the DGLAP region (left) and in the 
ERBL region (right). 


where in the last step we have changed variables from p' ,p to P = \ {p+p') 1 A = p' —p. 
On the r.h.s. we recognize the matrix element that appears in the definition (10) of GPDs. 
Using Lorentz invariance one can show that this matrix element depends on the difference 
A of transverse momenta of two proton states but not on their average. We can hence 
carry out the integration over P and get 

(20) {p + i-b'\0\p + ,-b) = d (2) (b' - 6) J e _!bA (p + ,p'\0\p + ,p) . 

Taking equal helicities for the proton states in (20) and using (10) we can identify 

(21) q(x , b 2 ) = j ^ e-‘ bA H q (x, £ = 0, t = -A 2 ) 

as the probability density to find a quark with momentum fraction x at a transverse 
distance b from the center of the proton [19]. One easily finds that integrating (21) over 
b gives back the usual quark density q{x). 

For nonzero skewness £ the picture is slightly more complicated since we have no 
probability interpretation. Nevertheless, one finds that the Fourier transform of the GPD 
w.r.t. A gives information about the position of the parton in the transverse plane [20]. 
This is shown in fig. 11. The transverse shift of the proton position is a consequence of 
the finite plus-momentum transfer, which changes the center of plus-momentum. Since 
in an exclusive process A is a observable quantity, we can rather directly obtain spatial 
information from experiment. 

3'2.1. Transverse deformation and spin-orbit correlations. We will now see what happens 
with the localization of partons in the proton in the presence of polarization. For sim¬ 
plicity we set £ = 0 again; but a similar discussion can be given for nonzero £. As we see 
in (11), the distribution E q describes proton helicity flip. We may change basis from he- 
licity eigenstates 11), | J.) to states |±) x = (11) ± 11))/x/2, which correspond to definite 
spin along the positive or negative x direction. We then easily find that the helicity-flip 
matrix elements correspond to a polarization difference in the transverse plane: 

(22) x(+P\+) x - x{~P\~)x = (Tic’ll) + (l|0|T) 
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for any operator O. Using this for the helicity-flip matrix element in (11) and taking 
the Fourier transform w.r.t. A, we find that the density of quarks in a proton polarized 
along the positive x direction is 

uy 

(23) qx{x,b) = q{x,b 2 ) - — e q (x,b 2 ), 

m ob A 

where the Fourier transform e q (x,b 2 ) of E q (x ,£ = 0 ,t = —A 2 ) is defined in analogy 
to (21). The transverse distribution of partons is hence shifted sideways if the proton has 
transverse polarization. This shift is described by E q , which thus quantifies a particular 
spin-orbit correlation in the proton. We know that this correlation must be sizeable at 
least for some values of x because the first moment of E q is related with the Pauli form 
factor, which is known experimentally. For t = 0 one finds 

(24) J dxE u {x,£,0)ttl.67, j da; E d (x, £, 0) « -2.03. 

How big the corresponding effects are for sea quarks and for gluons is an intriguing 
question and currently unknown. Let me remark that an analogous transverse shift in the 
spatial distribution is also obtained if the quark instead of the proton carries transverse 
polarization. This is quantified by transversity GPDs, which are not discussed in these 
lectures for reasons of space. 

3'3. Transverse momentum vs. transverse position of partons. - We have seen that 
GPDs describe the partonic structure of hadrons in transverse configuration space. Quite 
different information is contained in transverse-momentum-dependent parton distribu¬ 
tions (TMDs), which can be measured in semi-inclusive DIS or in Drell-Yan production. 
Let us take a closer look at the relation between these two types of distributions. 

From ordinary quantum mechanics we are accustomed to the fact that transverse 
position and transverse momentum are Fourier conjugate variables. This remains true 
in quantum field theory, as we have already used when constructing a spatially localized 
proton state in (16). Likewise, we can write down a quark field operator associated with 
partons of definite transverse momentum. Namely, 



annihilates quarks with transverse momentum k and creates antiquarks with transverse 
momentum —k. In the matrix elements defining GPDs (as well as in those defining 
TMDs) we have bilinear operators. Simple algebra gives 

(26) q(k') q(k) = J dV d 2 z e d z ' k '~ zk ) q{z') q{z) , 

tit i ii . k k z' + z , 
z k — zk — (z — z) —--1--— (k — k ), 
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where we have omitted the arguments for plus- and minus-components. We thus see that 

- the average transverse momentum is Fourier conjugate to the transverse position 
difference and 

- the transverse momentum difference is Fourier conjugate to the average transverse 
momentum, 

where the “average” and “difference” refer to the two operators, and hence to the two 
parton legs in the corresponding matrix elements. Note that the average transverse mo¬ 
mentum and position are independent variables and not related by a Fourier transform. 

After this little exercise we can contrast the impact parameter distributions discussed 
in the previous subsections with TMDs. For simplicity we set £ = 0 in the following 
and do not display longitudinal variables in the field operators and proton states. Fur¬ 
thermore, we use fields depending on transverse position and proton states with definite 
transverse momentum. In an impact parameter distribution 

(27) q(x,b) oc J d 2 Ae- tA q(0)...q(0) ~A^ 

we have quarks at position 0 and proton states at position b (so that b is the distance of 

the quarks from the proton center). For a TMD we have instead quarks with transverse 
momentum k in a proton with transverse momentum 0, 

(28) q(x,k) oc Jd 2 ze- izk (0\q^ z y.-q(^ z ^ |0> . 

The two functions carry different information about the proton and cannot be obtained 
from each other. We can however introduce GPDs that are not integrated over transverse 
momentum: 

(29) H(x, k, A) oc J d 2 z e~ izk (l A q (-^ . .. q Qz) ~A^ , 

still keeping £ = 0 for simplicity. At x > 0 these distributions correspond to a quark 

leaving the proton with transverse momentum k — f A and returning with transverse 
momentum k + |A. Fourier transforming this w.r.t. A as we did with transverse- 
momentum integrated GPDs, we obtain a distribution 

(30) W(x,k,b) cx J d 2 A d 2 z e ~ ibA -~ izk ^A q ... q Qz) 

associated with transverse momentum k and transverse position b of the quark, where we 
must now keep in mind that both quantities are averaged over the quark legs that leave 
the proton and return to it. Distributions with this structure are well known in other 
parts of physics and go under the name of Wigner distributions. They contain at the 
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H(x,z, A) --< 

FTzofe 


g(x,z) -- 

FT z k 


FT A b 

H(x, k, A) -- - W{x,k,b) 





Fig. 12. - Different types of distributions and their connection with each other. GPDs and 
related quantities are all taken at £ = 0. The form factor F n corresponds to A Ut o in (14). 


same time the information of impact parameter distributions and of TMDs. They can, 
e.g., be calculated in quark models, but unfortunately we do not know how to determine 
them from an observable process in a model independent way. 

Figure 12 gives an overview of the different types of distributions and form factors we 
have seen. Let me mention that the distributions on the very left depend on the relative 
transverse position between the two quark fields in the operator definition and are for in¬ 
stance useful for the resummation of Sudakov logarithms; an aspect I will not discuss here. 

4. — Studying GPDs in exclusive reactions 

In sect. 2 we have used the process of deeply virtual Compton scattering, y*p —> yp, 
to introduce the concept of GPDs. There are, however, more processes where the same 
distributions can be measured. As a “mirror process” of DVCS one may regard timelike 
Compton scattering (TCS), yp —> y*p, where the initial photon is real and the final one 
has a timelike virtuality, whereas in DVCS the final photon is real and the initial one 
has a spacelike virtuality. The timelike photon in TCS decays into a lepton pair (just as 
in the Drell-Yan process) and the physically observed process is yp —> £ + £~ p. It turns 
out that at leading order in a s DVCS and TCS involve exactly the same integrals over 
GPDs, whereas at higher orders the integrals differ [21]. Already different integrals at 
lowest order are involved in the description of double DVCS, y *p —> y*p, where the initial 
photon has a spacelike and the final photon a timelike virtuality. In the following we 
collectively refer to DVCS, TCS and double DVCS as “Compton scattering”. 
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M = p, cf), 71, 



Fig. 13. - Example graphs for hard exclusive meson production, involving quark GPDs (left) or, 
for vector mesons, gluon GPDs (right). 


A large class of processes involving GPDs is the exclusive production of mesons from 
a virtual photon, 7 *p — > Mp , where M can be a light meson such as a pion, kaon, p, cf> 
etc. If the produced meson is made from two heavy quarks, such as a J/'F or an T, 
the quark mass provides a hard scale and the initial photon may also be real. Figure 13 
shows example graphs for these processes. If the meson has negative charge conjugation 
parity C = —1, as is the case of vector mesons, both quark and gluon GPDs appear at 
lowest order in the strong coupling. These channels are therefore particularly sensitive 
to gluons in the proton, whereas in Compton scattering gluon GPDs only appear at the 
level of a s corrections and through the scale evolution of the quark GPDs (in the same 
way in which the ordinary gluon distribution appears in DIS). Especially good “gluon 
filters” are J/H/ and T production, since GPDs for heavy quarks only become relevant 
at very high virtualities Q of the photon (much higher than the heavy quark mass). 

Using parity invariance of the hard-scattering subprocess one can show that (in the 
Bjorken limit) vector meson production involves the distributions H q , E q , H 9 , E 9 for un¬ 
polarized partons, whereas the production of pseudoscalar mesons is sensitive to longitu¬ 
dinal quark polarization in the form of H q , E q (gluons do not contribute in this case be¬ 
cause pseudoscalar mesons have C = +1). By contrast, one finds that Compton scatter¬ 
ing involves H q : E q , H q , E q at tree level and additionally the corresponding gluon GPDs 
at higher order. Furthermore, Compton scattering and the different meson production 
channels involve different linear combinations of GPDs for the various quark flavors. It is 
thus the combination of many processes that will ultimately be necessary to disentangle 
the many GPDs, a situation well-known from the study of ordinary parton distributions. 

The theory description of meson production is, however, more complicated than the 
one for Compton scattering. The most obvious complication is that meson production 
involves two types of collinear subgraphs, one for the proton and one for the meson, 
and correspondingly depends on two types of nonperturbative functions: GPDs for the 
proton and the distribution amplitude of the produced meson. Moreover, various studies 
find that meson production is more sensitive to corrections, both to higher orders in a s 
and to power corrections in 1 /Q, see, e.g ., [22] and [23,24]. A reliable theory description 
therefore requires larger values of Q for meson production; how large depends on the 
channel and is often subject of debate among theorists. 

Another important difference between Compton scattering and meson production is 
the selection of helicities in the hard-scattering subprocess. One finds that the leading 
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amplitude for DVCS and TCS is Q independent at fixed £ (up to logarithmic scaling 
violation effects) and involves transverse photon polarization. (For double DVCS one 
has an additional leading amplitude with longitudinal photons, starting however only 
at order a s .) By contrast, the leading amplitude for light meson production at given £ 
scales like 1/Q up to logarithms and involves longitudinal photon and meson production. 
Only for J/’F and T electroproduction with Q comparable to the meson mass do we have 
amplitudes of similar magnitude for transverse and for longitudinal polarization of the 
photon and the meson. 

4'1. From process amplitudes to GPDs. - In subsect. 2'2 we have already seen that 
the amplitude for DVCS is given by an integral over GPDs times a factor describing the 
hard-scattering process (commonly called a hard-scattering kernel). We will now take a 
closer look at this. Let us first take a closer look at the spin structure. For the leading 
amplitudes of DVCS one can write a general decomposition 


/qi \ -2 A ( * x n,u(p',s')'y + u{p,s) i , , <T+“A a 

(31) e A(j p —> yp) = 77- 2 P+- + £ 2m ^ ’ ' 9 p+ u ^ p ' s > 


t L 


- a(p , ,s , )7 + 75M(p,s) 1 , ,, , , 

n - — - & — u{p ,s)'y 5 u(p,s) 


where /i = ±1 is the helicity of the initial and final state photon. 77, £, 77 and £ depend 
on £, t, Q 2 and are called Compton form factors. The prefactors and proton spinor 
products in (31) have been chosen to match the GPD definitions (10) and (12). To 
leading order in a s one has 


(32) 


?7(£,f,Q 2 ) = 


E e « 


d.x 


H q {x, g, t\Q 2 ) - H q (-x, g, t; Q 2 ) 
£ — x — is 


where the last argument of H q is the factorization scale, set equal to Q 2 here. Analogous 
relations hold for the other three GPDs. Note that the decomposition (31) remains valid 
at higher orders in a s . Furthermore, one can write down similar decompositions for 
exclusive meson production. Using the relation (7) with xb replaced by £, we see that at 
leading order in a s the imaginary parts of the Compton form factors are given by GPDs 
at the points x = £ and x = — £, i.e. at the boundaries between the DGLAP and ERBL 
regions. The real parts of the form factors are given by principal value integrals over 
the full x interval from —1 to 1 and thus seem to depend on more details of the GPDs. 
However, one can prove a dispersion relation, which at leading order in a s reads [25] 


(33) 


Re 77(£, t,Q 2 ) = PV J dx 



H q (x,£,t, Q 2 ) - H q (-x,(,t; Q 2 ) 

€~x 

H q (x,x,t',Q 2 ) — H q (—x,x,t'iQ 2 ) 

Z-x 


+ C(t; Q 2 ) 
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Fig. 14. - The two subprocesses contributing to the process ip —► Cyp: virtual Compton scat¬ 
tering (left) and the Bethe-Heitler process (right). 


where C(t;Q 2 ) is independent of £ and can be computed in terms of H q (x,t;,t;Q 2 ). 
More precisely, C{t]Q 2 ) is an integral over the so-called D term first introduced in [26]. 
A relation analogous to (33) holds for £ and involves —C(t;Q 2 ) instead of C(t;Q 2 ) on 
the r.h.s., and analogous relations for H and £ do not have such a term at all [27]. Up 
to the quantity C(t; Q 2 ) the Compton form factors thus involve only GPDs at x = ±£. 

An important consequence of this is that a leading order analysis of Compton scat¬ 
tering (and likewise of any meson production channel) cannot reconstruct the full x 
dependence of GPDs at given £. Only the effects incorporated in Q 2 evolution and in 
the explicit higher-order corrections contain information about the GPDs away from 
x = ±£. To which extent a reconstruction of the full x dependence using such effects can 
be achieved in realistic situations is currently not clear. 

4'2. A closer look at DVCS. There is another aspect that singles out Compton 
scattering compared with meson production. In the following we concentrate on the 
DVCS process; a similar discussion can be given for TCS and for double DVCS. 

Recall that DVCS is observed in elastic lepton-proton scattering, ip —> ijp. The 
same reaction can take place by emitting the photon from the lepton line, as shown 
in fig. 14. This is the Bethe-Heitler process, where the scattering on the proton is 
mediated by a single photon of momentum A. The necessary information on the proton 
structure is hence described by the electromagnetic form factors Fi(t) and F 2 (t) we 
already encountered in (13); since these are well measured at low t one can calculate the 
Bethe-Heitler process to good precision. 

The relative importance of DVCS and the Bethe-Heitler process strongly depends on 
kinematics, with their relative strength roughly going like 


(34) 


da c da BH 1 1 1 

dxBdQ 2 dtd4> dxBdQ 2 dtd(j) y 2 Q 2 |t| ’ 


where the superscripts C and BH respectively stand for Compton and Bethe-Heitler. 
y = Q 2 /{xb si p ) is the usual inelasticity variable in lepton-proton scattering, with se p 
being the squared ip center-of-mass energy, and <fi is the azimuthal angle between the 
plane determined by the leptons and the plane determined by the hadrons in the proton 
rest frame (see [28] for a precise definition). The factors 1 /Q 2 and 1/t in (34) respec¬ 
tively come from the propagators of the virtual photons in DVCS and the Bethe-Heitler 
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process, and the factor 1/y 2 comes from the lepton-photon vertex in DVCS. The two 
subprocesses interfere at the amplitude level, and the size of their interference term 
da 1 /(dxB dQ 2 dt d(j>) is typically in-between the two contributions in (34). 

Since the validity of factorization for DVCS requires |f| to be small compared with 
Q 2 , the Bethe-Heitler process is typically more important, except for small y. However, 
even if y is not small, one can extract information about Compton scattering from the 
DVCS-Bethe-Heitler interference. This actually provides a unique chance: since the 
Bethe-Heitler process amplitude can be computed, the interference term allows one to 
measure not only size of the DVCS amplitude but also its phase. In other words, it gives 
separate information about the real and imaginary parts of the Compton form factors. 

To “filter out” the interference term in the dp cross-section one can make use of sev¬ 
eral asymmetries. As is evident from fig. 14 the DVCS contribution to the dp amplitude 
contains a single lepton-photon vertex and thus changes sign if one switches from a neg¬ 
ative to a positive lepton beam. By contrast, the Bethe-Heitler amplitude contains two 
lepton-photon vertices and is independent of the lepton charge et = ±1. The interfer¬ 
ence term is therefore linear in et and can be separated by measuring the beam charge 
asymmetry. 

A different way of separating the different contributions makes use of the polarization 
of the initial lepton or the initial proton. Using the invariance of strong and electro¬ 
magnetic interactions under parity and time reversal, one can show that a single-spin 
asymmetry (either w.r.t. the lepton or to the proton) does not receive any contribution 
from the Bethe-Heitler process by itself, leaving one with the interference term and the 
pure DVCS contribution. In full glory one has 

(35) da(dp -> Ijp) ~ da§§ +ecda I uu + d a% v 

+ PtS L duff + e e P e S L da[ L + P e S L d a^ L 

+ PtSr + ^cPiSt dcr+ P(St d &tt 

+ etPtdaBu +PcdaBu 
+ etS L dcj I UL +S L da% L 

+ etSr d(TuT T St dcr^-j. , 

where the first subscript U, L in dcr indicates an unpolarized or longitudinally polarized 
lepton beam and the second subscript U, L 1 T an unpolarized, longitudinally or trans¬ 
versely polarized proton target. Pt is the lepton beam polarization, and Sl, St denote 
the longitudinal and transverse proton polarizations. For a transversely polarized pro¬ 
ton, one has in addition a dependence on the azimuthal angle <j)g between the lepton 
plane and the target spin in the proton rest frame (see [28]). As announced, there is 
no Bethe-Heitler contribution to the single spin terms LU, UL and UT in (35). Using 
parity invariance, one can further show that the single spin terms are odd under the 
simultaneous replacement </> —> — <j> and <ps —» — </>s, whereas the unpolarized or double 
spin terms UU , LL and LT are even under that replacement. 
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Table I. - Linear combinations of Compton form factors in the DVCS-Bethe-Heitler interference 
terms. The electromagnetic form factors Fi and F 2 are to be evaluated at momentum transfer t. 
An ellipsis indicates terms that come with one or more powers of f, and thus are suppressed in 
a wide range of kinematics. Complete expressions can be found in [29,30]. 


Target polarization 

GPD combination 

Unpolarized 

Longitudinal 

Transverse oc 

Transverse oc 

sin(0 - </>s) 

cos(0 - fis) 

FiH+aFi+F 2 )H- ^F 2 £ 

F 1 n + aFi + F 2 )n-l^F 1 + I ^F 2 }^ + ... 
F 2 H -F 1 £ + ... 

F-TH-F! (,£+... 

Table II. - Combinations of meson production form factors for the leading terms in the cross- 
section at large Q 2 . 

Meson 

Target polarization 

GPD combination 

Vector 

Unpolarized 

Transverse oc sin(^l) — 4>s) 

\nM\ 2 -^\£M?-e\n M F£M? 

Im (£*mHm) 

Pseudoscalar 

Unpolarized 

Transverse oc sin — (f>s) 

(1 - e) \Hm\ 2 - ^ \(£ m \ 2 - 2ZRe((£* M H M ) 
Im (££* M H M ) 


The interference terms contain information about the phase of the Compton amplitude 
in a very simple manner: the single-spin terms da{j T , d ajj L and d ajj T are linear in 
the imaginary parts of the Compton form factors, i.e. to Im7Y, Im£, Im7Y and Im£, 
whereas the unpolarized or double-spin terms da[ ru , da ! LL and d a : LT are linear in their 
real parts. Even better, one finds that in the interference terms one has four independent 
observables that allow one to separate the four Compton form factors. This is because for 
transverse polarization one can separate two terms that depend either on sin(</> — <f>s ) or 
on cos(</> —</>s), which, respectively, are maximal when the target spin is perpendicular to 
the hadron plane or in this plane. The different linear combinations are shown in table I. 

We see that DVCS contains a multitude of observables that permit rather detailed 
access to the different GPDs. For meson production, the number of observables that can 
be computed in the Bjorken limit using collinear factorization is more limited: in fact one 
only has the unpolarized cross-section and the single-spin asymmetry for transverse 
proton polarization. Table II shows the corresponding bilinear combinations of meson 
production form factors, which are integrals over GPDs defined in a similar way as for 
Compton scattering [30]. Note that the relevant phase between form factors is important 
here: the term is for instance small if and H M are individually large but 

have nearly equal complex phases. 
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* * * 

It is a pleasure to thank the students of the school for the many good questions they 
asked, and M. Anselmino and his team for organizing such a wonderful school. 
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Summary. The following lecture notes are an introduction to some aspects 
of transverse-momentum-dependent parton distribution functions (TMDs). Some 
parts of the present notes were not actually covered during the school, but are given 
here for reference. 


1. Introduction 

We are still profoundly far from fully understanding QCD and nucleons. If we take a 
look at the list of nucleons properties in the Particle Data Group tables, we can read what 
is the nucleons mass, spin, quark content, charge, magnetic moment, charge radius... 
It is fair to say that, with the partial exception of the mass, we cannot explain any 
single one of these quantities from first principles. The fundamental reason is that we 
are unable to explain confinement (see, e.g., [1]). 

One of the ways we can follow to better understand QCD and confinement is to 
study the inner structure of the nucleon in higher and higher details. In these years, 
thanks to the contributions of HERMES, COMPASS and the JLab experiments, we are 
reaching the opportunity to reconstruct multi-dimensional pictures of the nucleon. The 
knowledge of the nrulti-dimensional structure allows the analysis of properties otherwise 
inaccessible: quark-gluon correlations, effects of final-state interactions, spin-orbit and 
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GTMD(i,JfcjL. A) 



Fig. 1. Representation of the projections of the GTMDs into parton distributions and form 
factors (picture from ref. [4]). 

spin-spin correlations, and much more. The situation may be compared to protein stud¬ 
ies: our present knowledge of the proton structure is limited to one dimension and can 
be compared to knowing the sequence of amino acids of proteins. It is an extremely 
important piece of information, but insufficient to understand them. Starting from the 
1960s, it has become possible to reconstruct their 3D structure. These advances literally 
revolutionized our understanding of protein chemistry. Hopefully, we can expect to do 
the same in hadronic physics. 

Partons inside the proton can have a specific momentum and a specific position (with 
respect to some definition of the center of the proton). Their state can be described 
by Wigner distributions in six-dimensions (three position and three momentum coordi¬ 
nates) [2,3]. Wigner distributions are the quantum-mechanical constructions that are 
closest to a classical probability density in phase-space. Strictly speaking, due to the 
Heisenberg uncertainty principle, they cannot be considered as probability densities and 
are not positive definite. For this reason, they are often defined as quasi-probability dis¬ 
tributions. However, they can be used to compute the expectation value of any physical 
observable. In this sense, they represent the maximal knowledge of the partonic structure. 
They are equivalent to knowing the complete wave function of partons inside the nucleon. 

Projections of Wigner distributions on some of the available dimensions do have a 
probabilistic interpretation (see fig. 1). Of these, we will take into consideration in these 
lectures only Transverse-Momentum-dependent parton distribution functions (TMDs). 
In order to be able to define them, we need to distinguish a longitudinal direction from 
two transverse directions. To observe the internal structure of the proton we need a 
hard probe (j.e. with high four-momentum). This requirement allows us to define a 
longitudinal direction: it could be defined as the direction of the probe in the rest-frame 
of the nucleon, or the direction of the nucleon in the center-of-mass frame of nucleon 
and probe (or in any other frame where proton and probe are collinear). The transverse 
plane is the one orthogonal to the longitudinal direction. 
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If we integrate over all coordinates and the two transverse components of momentum 
we obtain a projection of the Wigner distributions on the longitudinal momentum only. 
These projections are well studied and have a name: they correspond to the standard 
Parton Distribution Functions (PDFs). They represent the probability of finding a parton 
inside a nucleon with a given fraction of the nucleons longitudinal momentum. In this 
sense, they are pictures of the partonic structure of the nucleon in only one dimension 
in momentum space. At this point, it is worthwhile remarking that this interpretation 
is valid at the parton-model level, i.e. when the nucleon constituents can be treated 
approximately as free for the purpose of calculating the interaction with the probe. In 
the formal QCD treatment, this interpretation is modified and corresponds to the parton- 
model concept only in the lowest order of perturbation theory [5,6]. In this sense, we 
can say that parton distributions are approximate images of the partonic structure. 

If we integrate Wigner distributions over all coordinates, we obtain the so-called 
transverse-momentum distributions (TMDs). They represent pictures of three-dimensio¬ 
nal densities in momentum space. 

In these lectures I will discuss some aspects related to the theory and phenomenology 
of TMDs. Historically, partonic transverse momentum has been discussed as early as in 
the Seventies (see, e.g., [7,8]), few years after the birth of the parton model [9,10]. Trans¬ 
verse momentum can be generated also by the radiation of gluons: the first analysis of this 
contribution was done in 1979 [11], few years after the birth of QCD. The first study that 
put together the nonperturbative and perturbative components of TMDs in a formally 
solid way was an article of Collins and Soper in 1981 [12]: we could probably identify the 
birth of TMDs in this work. We started using the name TMDs only very recently. For a 
while we have been talking about transverse-momentum-dependent parton distribution 
functions (TMD PDFs), then simplified it to TMDs (see, e.g., ref. [13]). Especially in 
the field of low-a; physics, the name “unintegrated parton distribution functions” is also 
commonly used (see, e.g., [14]). 

In spite of this relatively long history, TMDs represent still a largely unexplored field. 
There are many nontrivial questions that do not have an answer yet. For instance, we 
still do not have a clear understanding of the detailed shape of the proton (in momentum 
space). At present, we know that experimental data are consistent with a Gaussian 
distribution with a width {i.e. an average transverse momentum) of about 0.6 GeV at 
an energy scale of 2 GeV. Roughly speaking, half of it is coming from the primordial 
transverse momentum of the quark and half is acquired through perturbative gluon 
radiation. There are indications that the transverse-momentum distribution becomes 
larger at lower longitudinal momentum. We also do not know if there is a difference in 
the distribution of partons with different flavors: is one flavor more concentrated in the 
center and the other in the sides? Or are the flavors uniformly mixed? There are first 
feeble indications from experimental measurements and from lattice-QCD computations 
that the down quark distribution is larger than the up [15,16]. 

The above considerations apply when we average over the nucleons spin direction. 
There is even more fun when spin is taken into account. For instance, suppose the spin 
of the nucleon is moving toward us and its spin is pointing upwards: it turns out that we 
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Fig. 2. - The up- and down-quark density distortion in transverse-momentum space, obtained 
by studies of the Sivers function [17]. 


see up quarks moving preferentially to the right and down quarks to the left. In terms of 
images in momentum space, the distributions are not cylindrically symmetric anymore, 
but distorted in opposite ways for up and down quarks (see fig. 2). 

It is worthwhile describing the progress made in understanding this kind of effect. 
It was first proposed by Sivers in 1990 as a way to explain large left-right asymmetries 
observed in pion-nucleus collisions [18]. For this reason we nowadays normally speak 
about the Sivers effect, and the Sivers function describes the left-right distortion in the 
distribution of partons. For more than a decade, this effect was thought to vanish due 
to time-reversal symmetry. Starting from a model calculation in 2002, theory studies 
made clear that the Sivers function could be nonzero [19]. In 2004, the first experimental 
evidence of a nonzero Sivers effect was reported by the HERMES Collaboration [20], 
recently confirmed by the COMPASS Collaboration [21]. These breakthroughs forced 
a profound revision of the QCD treatment of transverse-momentum distributions, still 
partially underway [6]. For instance, one of the consequences is that the Sivers function 
in deep inelastic scattering (where an electron strikes a quark inside the nucleon) has an 
opposite sign compared to the Sivers function in Drell-Yan processes (where an antiquark 
annihilates a quark inside the nucleon). In other words, an antiquark probe should see 
a distortion exactly opposite to fig. 5. This striking prediction, due to John Collins [22], 
should be confirmed (of falsified!) in the next few years by planned experiments ( e.g ., 
COMPASS at CERN, AnDY at Brookhaven National Lab). 

In order to study all these interesting issues, we need first of all to get acquinted with 
the underlying formalism. 

2. Notation 

These notes are written using the so-called “Amsterdam notation,” as done in Piet 
Mulders’s lectures. In the recent paper [23] a slightly different notation was adopted. 
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Notation differences are a common source of headaches, but it would be too difficult in 
these lecture notes to abandon the Amsterdam notation. Here, however, a correspon¬ 
dence table is provided: 


Amsterdam 

[23] 

Description 

P 

k 

momentum of parton in distribution function 

Pt 

k± 

parton transverse momentum in distribution function 

k 

P 

momentum of fragmenting parton 


P± 

trans. momentum of fragmenting parton w.r.t. final hadron 

K, 

P± 

trans. momentum of final hadron w.r.t. fragmenting parton 

Ph± 

PhT 

transverse momentum of final hadron w.r.t. virtual photon 

3. — Inclusive DIS 


Inclusive DIS has been discussed in depth in the lectures of Piet Mulders. I will not 
repeat here all the discussion and summarize only some of the relevant results, adding 
some details here and there. 

We consider the process 


(1) 


£(l) + N{P) -> £{l') + X, 


where l denotes the beam lepton, N the nucleon target, and where four-momenta are 
given in parentheses. We neglect the lepton mass. We denote by M the mass of the 
nucleon. As usual we define q = l — V and Q 2 = — q 2 and introduce the variables 


( 2 ) 


x B = 


Qr 


2 P ■ q ’ 


y = 


Pq 

PI' 


In these lectures, we will systematically neglect all correction of order M/Q , unless 
otherwise specified. 

The spin vector of the target is denoted by S. Our definition of the azimuthal angle 
< f>s of the outgoing hadron and the target spin is shown in fig. 7 and consistent with the 
Trento conventions [24]. The helicity of the lepton beam is denoted by A e . S± is the 
transverse parts of S with respect to the photon momentum. S\\ is the component of S in 
the negative ^-direction in fig. 7, i.e. positive S]| corresponds to the target spin pointing 
against the virtual photon. 

The cross-section for polarized electron-nucleon scattering can be written in a general 
way as the contraction between a leptonic and a hadronic tensor 


( 3 ) 


d 3 cr 

&x B d y d(j>s 


2 sx B Q 2 


A e ) 2 MW^(q,P,S), 
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where a = e 2 /47r. The formula above is valid in the so-called “single-photon exchange 
approximation.” Some QED radiative corrections can be included without modifying 
this formula [25], but effects such as double-photon exchange are left out [26]. 

Considering the lepton to be longitudinally polarized, in the massless limit the leptonic 
tensor is given by 

(4) L lil/ = '^2(u{l',X' e )'r li u{l,X e )j 

K 

= ~Q~9p,v + 2 + I'plv) + 2i X e £pvpa l P l' a ■ 


Ex. 1 

Compute the leptonic tensor using Mathematica and the FeynCalc package 
(www.feyncalc.org). The most important instructions are 

<< HighEnergyPhysics'FeynCalc ‘ 

ScalarProduct[1, lp] = Q~2/2; 

AmpO = Contract[ 

Spinor [1].(-1 e GA[\ [Mu]]).((1 + GA[5] \[Lambda])/2).Spinor[lp]] 

AmpObar = ComplexConjugate[AmpO] /. \[Mu] -> \[Nu] 

FermionSpinSum[AmpO AmpObar] 

Lept = FermionSpinSum[AmpO AmpObar] 

/. {DiracTrace -> Tr} /. {\[Lambda] ~2 -> 1} 


The leptonic tensor contains all the information on the leptonic probe, which can be 
described by means of perturbative QED, while the information on the hadronic target 
is contained in the hadronic tensor 

(5) 2 MW^(q, P,S) = ^Y,J (^po ( 2 ^) 4 ^ (« + P ~ P *) H ^( P , S, P X ), 

(6) H^(P, S : P x ) = <P, S\ 0) \X){X\ J v ( 0) | P, S >. 

The state X symbolizes any final state, with total momentum P X - It is integrated over 
since in inclusive processes the final state goes undetected. 
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In general, the structure of the hadronic tensor can be parametrized in terms of 
structure functions. In the case of inclusive DIS, given the constraints of hermiticity 
and elm gauge invariance, we can introduce four structure functions. There are multiple 
definitions of the structure functions. A possible one is 

- 9 TF t (x b , Q 2 ) + i fJ, i u F L (x B ,Q 2 ) 

+ iS L e^2x B ( gi{x B ,Q 2 ) - j 2 g 2 {x B ,Q 2 )) 

+ it [lJ 'e'l P Sp2x B 'y(gi(x B ,Q 2 ) + g 2 {x B ,Q 2 )) , 

where the involved vectors and tensors are defined in the same way as in Piet Mulders’s 
notes. The connection with the standard unpolarized structure functions is 

(8) F T (x B , Q 2 ) = 2x b Fi(x b , Q 2 ), 

(9) F l (x b ,Q 2 ) = (1+7 2 )F 2 (x b ,Q 2 ) - 2x b F 1 (x b ,Q 2 ). 


(7) 2MW^(q,P,S) =— 

x B 


The contraction of the leptonic and hadronic tensors leads to the following expression 
for the inclusive DIS cross-section: 


( 10 ) 


da 


2or 


y 


|+T + sF l + S|jA e \J\-e 1 2 x B (51 - 7 2 g 2 ) 


Ax B Ay Acps x B yQ 2 2 (1 - e) 

- \S±\X e y / 2e(l - e) cos <j> s 2x b j {gi + 52 )|, 


where the structure functions on the r.h.s. depend on x B and Q 2 (i.e. P ■ Q and q 2 ). We 
also introduced the ratio e of longitudinal and transverse photon flux in 


( 11 ) 


£ = 


1 -y 


1 - 2 /+ \y 2 ’ 


and 


2Mxj 


7 = 


Q 


It is often necessary, especially for experimental reasons, to distinguish also the com¬ 
ponent of S parallel or orthogonal to the lepton beam instead of the virtual photon. 
However, the difference between the two quantities is M/Q suppressed. A thorough 
discussion about this point has been presented, e.g., in ref. [27]. 


Ex. 2 

Equation (10) does not yet look as the standard results in the literature, e.g., eq. (2.7) 
in [28]. Check the correspondence by expressing the results with respect to the lepton 
beam direction, making use of the following relations 

S'jj' = cos 9 S| + sin 9 \ Sf \ cos if, 

15X1 cos <j>s = cos 9 |Sj_| cos ip — sind,S| 
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and 


cos 8 = 


1 + 7 2 y/ 2 
V 1 + 7 2 


1 - (l-;/)e 


sm# = 74 


1 -y-7 2 j/ 2 / 4 


1 + 7 2 


ey 

\/2 e(l — £■) 


4. — DIS in the parton model 

For the treatment of inclusive DIS, it is convenient to choose a frame where the proton 
and photon momenta have no transverse components. In terms of light-cone vectors, it 
means 


( 12 ) 

(13) 


= P+n £ 


M 2 

2P+ 


n_ 


= - XBP + n+ + 


Q 2 


+ ' 2 x B P+ 

The spin vector of the target can then be decomposed as 

(.P ■ n_) n+ — (P • n+) n*L 


(14) 


S^ = S L 


M 


+ S£. 


It is particularly convenient to work in a reference frame where 


(15) 


xP+ = Q/y/2. 


Ex. 3 

Derive the following expressions of the involved momenta in the frame we are using 


(16a) 

(16b) 

(16c) 

(16d) 


pM _ 

xbM 2 

Q 

o 


. QV 2 

’ xWV 



</ M = 

' 0 

.V? 

Q 

% H 



m — 

\ Q 

"S 

1 

T-1 

QV^-y n 

i - 

lyV 2’ 

yV 2 


? u 

y J 

= 

<o 

<o 

QV 1 - 2 / n ] 

. yV 2 

yv 2 


2/ J 
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The phenomenology of DIS taught us that at sufficiently high Q 2 we can assume that 
the scattering of the electron takes place off a quark of mass m inside the nucleon. The 
final state X can be split in a quark with momentum k plus a state X with momentum 
Px- Considering the electron-quark interaction at tree level only, the hadronic tensor 
can be written as 


(17) 2 MW» v (q,P,S) 


q x u 


' d 3 P x 

(2tt)3 2P°. 


d% 


(27r) 3 2 k° 


(27r) 4 5^ i^P+q-k- 


x(P, S | V’i(O) \X)(X\ ^'(0) |P, S > (* + m) kl 7 £, 



where k is the momentum of the struck quark, the index g denotes the quark flavor and 
e g is the fractional charge of the quark. Note that, for simplicity, we omitted the flavor 
indices on the quark fields. The integration over the phase space of the final-state quark 
can be replaced by a four-dimensional integral with an on-shell condition, 

(is) J ' J d4/c 6 ( fc2 _ 1712 ) 6 ( fe ° ~ m ) > 

so that the hadronic tensor can be rewritten as 

(19) 2 MW^{q,P,S) = Y j e 2 q Y. I 'Sfop® / d 4 k 6 (k 2 - m 2 ) 9 (k° - m) 

x ^(4) (p + q - k - P Y ) <P, 5| U0) \X)(X\ ^(0) |P, 5) (* + m) H 7 y- 

Next, we Fourier transform the Dirac delta function according to 

( 20 ) <5 (4) (P + <7 - k - P x ) —» J e* (P+ 9 -k-^K 

and we introduce the momentum p = k — q to obtain 

(21) 2MW^(q,P,S) = J2e 2 Y^ j (2 ^^2po / d 4 p 5 ((p+g) 2 -m 2 ) 6»(p° + g°-?n) 

eH P- P - Px)< ^ S | ^. (0) |x)(X| ^-(0) |P, 5) 7 & (V + 4 + m) w 7&. 

Finally, we use part of the exponential to perform a translation of the field operators and 
we use completeness to eliminate the unobserved X states, so that 

(22) 2 MW^(q,P,S) =^2e 2 q J d 4 p 5 ((p + q ) 2 - m 2 ') 9 (p° + q° - m) J J^4 e ~ lp< 

x ({P, S\ MO i>j (0) | P, S) Mk 0 / + 4 + ™)« 7 ij) ■ 
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Fig. 3. - The handbag diagram, describing the hadronic tensor for inclusive DIS at Born level. 


The hadronic tensor can be written in a more compact way by introducing the quark- 
quark correlation function $ 

(23) 2 MW^{q, P,S) = J2 e q I d 4 p 6 ((p + q) 2 - m 2 ) 9 (p° + q° - m) 

q J 

x TV [$(p, P, S){rf+i + m) 7 "], 


where 


(24) $ JZ (p,P,S) 


^ J d 4 £ e-^<(P, S\ Ut) | P, S) 

E / (2MP0 \ X )( X \M°)\ p ’ s ) ^(p-p-p x ). 

X J K ’ x 


As the quark fields should carry a flavor index that we omitted, also the correlation 
functions are flavor dependent and they should be indicated more appropriately as d 19 . 
A graphical representation of the hadronic tensor at tree level in the parton model is 
given by the so-called handbag diagram , depicted in fig. 3. 

We parametrize the quark momentum p in the following way: 


(25) 


p» = 


'p 2 + \Pt \' 2 
2 xP+ 


xP + , p T 


In our approach, we assume that neither the virtuality of the quark, p 2 , nor its transverse 
momentum squared, |j>t | 2 5 can be large in comparison with the hard scale Q 2 . Under 
these conditions, the quark momentum is soft with respect to the hadron momentum and 
its relevant component is xP + . In eq. (23), neglecting terms which are 1/Q suppressed, 
we can use an approximate expression for the delta function 

(26) S ^(p + q ) 2 — m 2 ^ « 5(p + + q + ) « P + S(x — Xb ) 
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and replace 

(27) d 4 p = d 2 Pt dp - P + da; 
and obtain 

(28) 2 MW^(q, P, S) « ]T e l [ d W d P~ dx 5 (* ~ x b) 

x Tr [$ q {p, P, S) (3/ + i + m) 7"] 

= 5Z e 9b Tr (rf+i + m)Y , 

q l V J 

where we introduced the integrated correlation function 

(29) (x, S)= f d 2 p T dp~ $«. (p, P, S ) 

J p+=xP+ 

= / ^e-^(P,5| ^?(0^(0) 

Here, the subscript and superscript q stands for the quark flavor. 

Finally, from the outgoing quark momentum, p + q, we can select only the minus 
component and obtain the final form for the hadronic tensor at leading twist 

(30) 2 MW^(q, P,S)*J2 e l ^ Tr S) 7 V 7 I • 

A few words to justify the last approximation are in order. The dominance of the minus 
component is most easily seen in the infinite momentum frame, where p~ + q~ is of the 
order of <5, while p + +q + = 0, and pt and m are of the order of 1. However, if we perform 
a 1 IQ expansion of the full expression, including the correlation function (starting 
from eq. (38)), we would be able to check that in any collinear frame the dominant terms 
arise only from the combination of plus component in the correlation function and minus 
components in the outgoing quark momentum. 

At this point, we need to analyze the structure of the correlation function d> 9 (in the 
following, we will omit the flavor superscript q). 

To get more insight into the information contained in the correlation function, which 
is a Dirac matrix, we can decompose it in a general way on a basis of Dirac structures. 
Each term of the decomposition can be a combination of the Lorentz vectors p and P, 
the Lorentz pseudovector S (in case of spin-half hadrons) and the Dirac structures 

1, 75, 7 m , 7 m 75, 1^75, 
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where cr= i[7^, 7"]/2. The spin vector can only appear linearly in the decomposition. 
Moreover, each term of the full expression has to satisfy the conditions of Hermiticity 
and parity invariance 

(31a) Hermiticity: $(p, P, S) = 7 0 <l^(p, P, S) 7 0 , 

(31b) parity: $(p, P, S) = 7° HP, P, -S) 7 ° 


where p v = 5 u ^ 1 p ll and so forth for the other vectors. 

To simplify the discussion, let us first consider an unpolarized target. The most 
general decomposition is 

(32) *(p, P) = M A x 1 + A 2 f + A 3 p+ ^ a^PW, 


where the amplitudes A t are real scalar functions A t = Aj(p ■ P,p 2 ) with dimension 
l/[?n] 4 . The above expression is what we could call the “doubly unintegrated correlation 
function” (see, e.g., ref. [29]). 

In reality, the above expression is incomplete, because on top of the vectors p , P we 
should also take into account the vector n_ which is related to the direction of the gauge 
link (see sect. 10 and Piet Mulder’s notes). Because of this, new structures appear in 
the decomposition of eq. (38) [30]. The full decomposition for a nucleon target has been 
studied in ref. [31]. For an unpolarized target we obtain [32] 


(33) 


$(p, P|n_) = M Hi 1 + A 2 f + A 3 p + o'fivP^p 1 ' 


M 2 


P ■ n_ 

1 

P ■ n- 


i— B 1 + 


iM 


2 P ■ n_ 


p A-]BiP 


iM 


2 P ■ ra _ 


W> i -] B s 


e^^l^PuPpn-a B a , 


where 

(34) e 0123 = +1. 

If we keep only the leading terms in 1 / P + (which in the end will turn out to appear 
in the cross-section with a leading power in 1 /Q, i.e. leading twist), we obtain 

(35) <h(p, P) « P + (A 2 + xAz) rf + + P + [^+,^t] A*- 

For our purposes, we are interested in the calculation of the object entering the 
expression of the hadronic tensor, what we called the integrated correlation function, 
eq. (29). In the unpolarized case it is very simple (now reintroducing also the flavor 
index q ): 

(36) = fl{x)i + /2, 
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where we introduced the integrated parton distribution function 

(37) fi(x) = J d 2 pr dp 2 d( 2 p ■ P) S (p? + x 2 M 2 + p 2 — 2xp ■ P) [A% + xA^\ . 

The function ff(x) is usually referred to as the unpolarized parton distribution, and it 
is often denoted also as simply q(x) (where q stands for the quark flavor). 

If we now extend the analysis to the polarized case, the most general decomposition 
of the correlation function $ imposing Hermiticity and parity invariance is [33,34] 

(38) &(p, P, S) = M Ax 1 + A 2 f + 1 A 5 P • $15 

+ M Aai5+A 7 ^ri5+A 8 ^~ y 75 + iA 9 a^S^P" 

, .4 av, V 1 - A P' S OK V , A e ^l tipV P PS<T 

+ 1 A 10 a^'ysS^p +1 An 2 cr^'y^P^p + Ai 2 - — -, 

where the amplitudes A j real scalar functions A, = A,(p- P,p 2 ) with dimension l/[m] 4 . 
We do not give here the full expression when considering also the vector n_, which can 
be found in ref. [31]. 

The general expression of the integrated correlation function becomes 

(39) ®(x,S) = ^ j/i?4 + S L g 1L j 5 ii + + hi ^ r, ^+] 75 
where we introduced the integrated parton distribution functions 


(40a) fi(x) = J d 2 pr dp 2 d(2 p ■ P) S {jp% + x 2 M 2 + p 2 - 2 xp ■ P) [A 2 + a :A 3 \, 

(40b) 9il{x) = J d 2 Pt dp 2 d(2 p ■ P) 5 ( p §. + x 2 M 2 + p 2 — 2 xp ■ P) 

x -A 6 - ~ x^j (A r + xA 8 ) , 

(40c) hi(x) = J d 2 Pt dp 2 d(2 p ■ P) S ( p^ + x 2 M 2 + p 2 — 2 xp ■ P ) 

P 2 

x — Ag — xAiq + 2]yp J ^ 11 

The function g\ L (after reinserting the quark flavor superscript) is the helicity distribution 
of parton q and it can be denoted also as Ag( 1 ). The function h 7 is known as the parton 


(*) In the Amsterdam literature this function is usually denoted as gi. Here, however, we prefer 
to name it g\L to clearly distinguish it from the structure function defined in eq. (7). 

Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 



Copyright© 2013. IOS Press. All rights reserved. 


120 


A. Bacchetta 


transversity distribution; in the literature it is sometimes denoted as Sq, A ?q, although 
in the original paper of Ralston and Soper [33] it was called hr- 

The individual distribution functions can be isolated by means of the projection 

(41) 4> [r] = ^Tr($r), 

where T stands for a specific Dirac structure. In particular, we see that 


(42a) 

fi(x) = 4> [7+1 (*), 

(42b) 

giL(x) = $h' + '>' 5 ]( ;r ), 

(42c) 

hi(x) = 


Once we have determined the general decomposition of the correlation function, we 
can compute the cross-section using eqs. (30) and (3). 


Ex. 4 

Using the leptonic tensor calculated in Ex. 1, compute the cross-section for polarized 
inclusive DIS in the parton model with Mathematica. The relevant instructions are 

GAp = GS[Momentum[nm]]; 

GAm = GS [Momentum [np] ] ; 

GA5 = DiracGamma [5]; 

ScalarProduct[nm, np] = 1; 

ScalarProduct[1, np] = 1/Sqrt[2] (((2 - y) Q)/(2 y) - Q/2); 

ScalarProduct[1, nm] = 1/Sqrt[2] (((2 - y) Q)/(2 y) + Q/2); 

ScalarProduct[lp, np] = 1/Sqrt[2] (((2 - y) Q)/(2 y) + Q/2); 

ScalarProduct[lp, nm] = 1/Sqrt[2] (((2 - y) Q)/(2 y) - Q/2); 

Phi = (fl + SI gl GA5 + hi GA5 .GS[Momentum[St]]).(GAm/2) 

MW = 1/2 1/2 (Tr[Phi.GA[\[Mu]].GAp .GA[\[Nu]]]) // 

Collect [#, {fl Dl, hlperp Hlperp}, Simplify] & 

(\[Alpha]~2 y)/(2 Q~4) Contract[Lept 2 MW] // Simplify 
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The final result of the cross-section can be obtained from the expressions of the 
structure functions, which is summarized in the following relations: 


(43) 

1 

(44) 

F l = 0, 

(45) 

II 

to I 1-1 

(46) 

9i + 92 = 0. 




9il( x b)i 

9 


A few remarks about the above results. First of all, we see that the transversity 
distribution does not occur in any of the above structure functions. This is due to the 
specific Dirac structure of the transversity term in the correlation function, eq. (39): 
that term contains two Dirac matrices, and it enters a trace with three more Dirac 
matrices in eq. (30). Therefore, the term disappears. Another interesting observation is 
that the structure-function combination g\ + g 2 vanishes. We mention that the function 
becomes nonzero when going to the subleading-twist level in the analysis of the correlation 
function. Finally, the longitudinal structure function Fl vanishes, and it remains zero 
also at the next-to-leading-twist (NLT) level. To obtain a nonzero function we have to 
consider QCD corrections of order as (set to zero at the parton-model level) or go to 
the NNLT level. 

In Piet Mulders’s lecture notes quite a lot of attention has been devoted to analyzing 
the correlation functions and their probabilistic interpretation. Therefore, I will just 
repeat some crucial results here. The leading-twist part of the correlator $ can be 
projected out using the projector 

(47) V+ = \ 7 ” 7+ - 

Before the interaction with the virtual photon, the relevant components of the quark 
fields are the plus components, ip + = V+ ’ll). They are usually referred to as the good 
components. 

The matrix 

(48) F(x,S)= (v + <S>(x,Sh + ) T 

describes a probability to find a (good projection of a) quark with a certain chirality in a 
target with a certain spin vector S. The dependence on S can be replaced by expressing 
F as a matrix in the target helicity space. This matrix must be positive semidefinite 
since it describes a probability density matrix. 

The correlation function is a 4 x 4 Dirac matrix. However, due to the presence of the 
projector on the good components of the quark fields, the leading-twist part spans only 
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a 2 x 2 Dirac subspace. This is evident if we express the Dirac structures of eq. (101) in 
the chiral or Weyl representation (see also the discussion around eq. (105)). 

The resulting matrix is [35,36] 

(49) F(x) A ' lA ; = 


/ h{x) + g 1L (x) 

0 

0 

2 h\(x) 

0 

h(x) - gi l(x) 

0 

0 

0 

0 

h(x) ~ giL(x) 

0 

\ 2hi(x) 

0 

0 

fi(x) + gi L (x) 


where the inner blocks are in the hadron helicity space (indices A^A-J, while the outer 
matrix is in the quark chirality space (indices XiXi)- Note that because of the inversion 
of the quark indices, the lower left block has x'i = R, Xi = F and vice versa for the upper 
right block. Since this matrix must be positive semidefinite, we can readily obtain the 
positivity conditions 


(50a) fi(x) > 0, 

(50b) \giL(x)\ < fi(x), 

(50c) \hi(x)\ < + g 1L (x)). 


The last relation is known as the Soffer bound [37]. 

The probabilistic interpretation of the functions /i and g\L is manifest, since they 
occupy the diagonal elements of the matrix and they are therefore connected to squares 
of probability amplitudes 


(51) 


h( x ) = \ ( f (x)rr + > 



On the other hand, the transversity distribution is off-diagonal in the chirality basis. 
This should make clear that it is chiral odd and that it does not describe the square of 
a probability amplitude, but rather the interference between two different amplitudes 

(52) hx(x) = ^ F (x)y L *. 


The transversity distribution recovers a probability interpretation if we choose the so- 
called transversity basis, instead of the helicity basis, for both quark and hadron [38,39]. 
The transversity basis is formed by the “transversity up” and “transversity down” states. 
They can be expressed in terms of chirality eigenstates 


(53) 


«T = (ur+ u l) , 


H ( Ur - u L ). 


The same relation holds between the hadron transversity and helicity states. 
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In the new basis, the scattering matrix takes the form 
(54) F(x) A ' lA / 1 = 

XiXi 


/ fi(x) + h\{x) 

0 

0 

9 il{x) + hi(x) \ 

0 

h(x) - h\{x) 

9il(x) - hi(x) 

0 

0 

9il(x) - hi(x) 

fi(x) - hi{x) 

0 

\ 9il(x) + hi(x) 

0 

0 

fi{x) + h\(x) / 


and clearly the transversity distribution function can be defined as 
(55) h\{x) = t (f( a;){{ - F(z){||. 

5. — DIS beyond the parton model 

In these short lectures, we did not have time to study much of the QCD corrections to 
the parton-model picture. For what concerns inclusive DIS and collinear PDFs, I refer to 
the excellent lectures of Marco Stratmann. The most recent and authoritative reference 
on this issue is the book by John Collins [6]. 

In very concise and qualitative terms, let me just mention that the inclusion of QCD 
corrections to the parton model leads to the important results of factorization and evo¬ 
lution, the second being almost a direct consequence of the first. QCD factorization 
theorems are central to understanding high energy hadronic scattering cross-sections in 
terms of the fundamentals of perturbative QCD. In addition to providing a practical 
prescription for order-by-order calculations, derivations of factorization provide a solid 
theoretical foundation for concepts like PDFs. 

The parton-model approach relies on the assumption that we can separate a hard 
scattering (in DIS, the scattering of an electron off a quark) from a nonperturbative 
part of the process. When dealing with the hard-scattering side, we can consider the 
parton as being approximately free and on-shell (the parton is in reality off-shell, but its 
off-shellness is small compared to the hard scale involved in the scattering, such as the 
Q 2 of the photon). This situation allows us to compute the hard scattering using purely 
perturbative QED and QCD. The success of this approach gives a heuristic proof of the 
validity of the assumptions. 

However, using the theoretical framework offered by QCD it is possible to give proofs 
of the approximate validity of the parton model approach and improve it. Explicit 
examples are usually given at the so-called “one-loop” level. In DIS, this requires taking 
into consideration the diagrams shown in fig. 4. 

These diagrams contain all sorts of divergences: ultraviolet and infrared (both 
collinear and soft). Ultraviolet divergences can be taken care of using renormalization. 
This requires the use of a regularization scheme ( e.g ., dimensional regularization) and 
implies the introduction of a renormalization scale /i^. Divergences are then “hidden” 
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(rl) 

f 

(vl) (v2) (v3) 

Fig. 4. - Cut diagrams representing real and virtual corrections to the 7 *q —> q process. Some 
Hermitean conjugate diagrams are not shown. 

inside the values of the parameters of the theory, which are fixed by experimental mea¬ 
surements. Physical observables cannot depend on the renormalization scale, leading to 
renormalization-group equations and, e.g ., the running of the coupling constant. 

Infrared divergences are of two types: collinear (when the gluon is emitted collinear 
to the quark) and soft (when the gluon carries vanishing momentum). For DIS, soft 
divergences cancel in the sum of virtual and real diagrams. Collinear divergences require 
the use of a regularization scheme (e.g., dimensional regularization or mass regulariza¬ 
tion) and the introduction of a factorization scale /.ip (often chosen for convenience to 
be equal to /.ir). Divergences are then hidden inside nonperturbative objects involved in 
the process (e.g., collinear parton distribution functions). Physical observables cannot 
depend on the factorization scale, leading to evolution equations of the PDFs. 

Factorization theorems show that the above procedure can be explicitly followed and 
generalized to an arbitrary number of gluon insertions. Eventually, they demonstrate 
that, order by order, the cross-section for, e.g., DIS might be written schematically as 

(56) da ~ \TL\ 2 0 <I)(a;). 

The precise field-theoretic definitions of the correlation function $(x) emerges naturally 
from factorization. In the hard part \H\ 2 , all propagators must be off-shell by order the 
hard scale Q so that asymptotic freedom applies, and small-coupling perturbation theory 
is valid, with non-factorizing contributions suppressed by powers of Q. 

Such theorems have been worked out in detail only for a few processes (DIS, Drell-Yan 
processes, e + e _ annihilation). For instance, there exhist no complete factorization proof 
for hadron-hadron collisions into hadrons (see sect. 14.7 in the book of Collins [ 6 ]). 
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Finally, already at the level of DIS and collinear PDFs there is the question of the 
gauge invariance of parton distribution functions. 

So far we used the following definition for the correlation function: 

(57) <M P, P,S) = j±yj d 4 £ e^(P, s\ MO I P, S), 

or, alternatively, 

(58) S)=[%- e-^(P, S\ m) V’j(O) | P,S) 

J Z7T 5+=$t=0 

with p + = xP + . 

It turns out that something is missing. The reason can be easily understood: the cor¬ 
relator as defined above is not gauge invariant, because the two quark field operators are 
at two different positions. If we perform a local (Abelian for now) gauge transformation 
on the fields 

(59) —> e ia ^ VKO 

the correlator evidently changes. This is something to worry about because the par- 
ton distribution functions composing the correlator can be extracted from experimental 
measurements and they should be gauge invariant. 

To fix the problem, we have to insert a gauge link or Wilson line in between the quark 
fields, with the following gauge transformation properties: 

(60) 6) - e iQ ^) £(&,&) e- ia ^). 

In principle, any gauge link (be. running along any path) can make the definition 
of the correlator gauge-invariant. However, in QCD different gauge links give rise to 
physically different correlators (because a closed QCD gauge link is not equal to unity). 
From the appropriate calculations (which are partially covered in Piet Mulders’s notes) 
it turns out that the proper gauge-invariant definition of the quark-quark correlator is 

(61) <M x,S) =J^~ e- i ^(P,5|^(0)£”; +TO) ^ + - oOi4) ^(0|P^) ^ 
where the gauge links (Wilson lines) are defined as 

(62) £” 0 " +oo ) = V exp —ig ( dr]~A + M, 0,0 T ) «1 - ig f dr]~A + M,0,O T ) 

J oo~ J J oo - 

The graphical representation of the gauge link involved in DIS is given in fig. 5. 
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- O^ » ••••■ 

r 

Fig. 5. - The path of the gague link in inclusive DIS. It could be viewed as formed by two 
infinitely long straight links, which however cancel to give the net result of a finite, straight link 
along the minus light-cone direction. 



The gauge link can be derived by calculating the leading-twist contributions of di¬ 
agrams of the type shown in fig. 6 and their Hermitean conjugates. If we stop at the 
single-gluon level, the situation may be understood already at the level of the diagrams 
in fig. 4. We know that only the sum of all diagrams is gauge invariant. Some diagrams 
vanish in certain gauges. In light-cone gauges, for instance, only the first diagrams on 
the left give a nonzero contribution. The gluon polarization sum in that gauge is 


(63) 


d! u '(l ] n-) = -g? v 


l^n u _ + l v nt 
1 + 


In this gauge, it is easy to operate a kind of separation as the one shown in fig. 6, since 
the starting diagrams are already of the desired form and the other diagrams do not 
contribute. In Feynman gauge, the polarization sum includes only the first term on 
the r.h.s. of eq. (63). However, the contributions corresponding to the second term are 
recovered in the calculation of the other diagrams in fig. 4. 

One final comment at this point: already when considering single-gluon corrections, 
another class of divergences appear, the so-called light-cone or rapidity divergences. It 
is beyond the scope of these lectures to give a detailed explanation of these divergences. 
Let me just say that, when performing the calculation in the light-cone gauge, these 
divergences arise from the second term on the r.h.s. of eq. (63), containing 1 /l + . In 




Fig. 6. - (a) Example of higher-order diagrams that can give rise to the gauge link, (b) Factor¬ 
ization into gauge-link contributions. 
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Fig. 7. - Definition of azimuthal angles for semi-inclusive deep inelastic scattering in the target 
rest frame. Ph± and S± are the transverse parts of Ph and S with respect to the photon 
momentum [24]. 


different gauges, these divergences appear in other diagrams. Similarly to soft infrared 
divergences, these divergences exist already when one defines collinear PDFs in inclusive 
DIS. However, they cancel when summing the contributions corresponding to real and 
virtual diagrams. Graphically, these divergences can be connected to the presence of 
infinitely long gauge links. However, in the case of collinear PDFs the two gauge links 
£"- + oc) and ^ cancel each other, with the net effect of reducing to a finite link 

£" 0 - £)j as depicted in fig. 5. 

6. — Semi-inclusive DIS 

We consider now the process 

(64) t(l) + N(P) -a i(V) + h(P h ) + X, 


where £ denotes the beam lepton, N the nucleon target, and h the produced hadron, and 
where four-momenta are given in parentheses. We neglect the lepton mass. We denote 
by M and M h respective masses of the nucleon and of the hadron h. As usual we define 
q = l — l' and Q 2 = —q 2 and introduce the variables 


(65) 


x B 


Q 2 

2P-q ’ 


y = 


P-q 

p-r 


Zh 


P-Ph 

P-q 


We consider the case where the detected hadron h has spin zero or where its po¬ 
larization is not measured. Ph± is the transverse parts Ph with respect to the photon 
momentum. The vectors and angles involved are depicted in fig. 7. 
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The cross-section for one-particle inclusive electron-nucleon scattering can be written 


as 


( 66 ) 

or, equivalently, as 
(67) 


2 E h dV a 2 


d 3 P/j dxs dy d(j>s 2 sxbQ 


2 L^(l,l',X e )2MW^(q,P,S,P h ), 


d 6 (7 


at 


a L„ v {h V, A e ) 2 MW^(q, P , S, P h ). 


dxs dy dzhdfis a Ph± dz h sx B Q 

To obtain the previous formula, we made use of the relation d 3 Ph/2Eh « dzh d 2 Phi_/‘2zh- 
The hadronic tensor for one-particle inclusive scattering is defined as 


P-P x ,-P } 


(68) 2 MW^(q, P, S,.P h ) = ^ 2^ <f< 4 > (g 

xH^(P,S,P x> ,P h ), 

(69) P^(P, 5, P*,, Ph) = <P, 5| J M (0) | Ph, X')(P h , X'\ J v { 0) |P, 5). 

In semi-inclusive DIS, the hadronic tensor can be parametrized in terms of 18 structure 
functions [40]. We do not give here the explicit formula of the hadronic tensor but only 
give the resulting cross-section after contraction with the leptonic tensor: 


(70) 


d(J 


at 


r 


dxs dy dtps dz dp h d P 2 ± x B y Q 2 2 (1 - e) 
x | Puu,t + sFuu,l + \/2e(l + e) cos ph F^ ^ h 

+ e cos (2p h ) F^ 2<t>h + A e y/2e{l - e) sin p h 


5,i 


\/2e(l +e) sin ph F^" + esin(2 p h ) Fj}™ 20 '* 


+ 5i A e 


+ 1 S ± 


\f\-e 1 F ll + \f2e{\ - e) cos p h F 0 


sin(^>/( - <fo) (P^TY 


(<£/i _|_£*_psin (<f>h~<f>s) 


UT,L 


+ s sm(p h + ps ) F™ (0h - +0s) + £ sin(3</>h. - </>s) F^ 3<t>h 0s) 

+ x/2e(l +e) sin p s F^ 3 + y / 2£(l + e) sin(2<^ - <^s) P™ (20 ' , “ <# ’ s) 
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\s ± \x e 


\/\-e 1 cos {cj) h - (f>s) F c j°^ h 0s) + v / 2e(l - e) cos (p s 


+ y/2e(l-e) cos(2 </> h - <j> s ) F c °^ h 0s) 


The first and second subscript of the above structure functions indicate the respective 
polarization of beam and target, whereas the third subscript in Fjju,t and F\ju,l specifies 
the polarization of the virtual photon. Using definition (11), the depolarization factors 
can be written in terms of the y variable as 


(71) 

(72) 

(73) 

(74) 

(75) 


y 


2(l-e) 


= (1 -y + y 2 /2) , 


2(l-e) 


£ = (i -y), 


2(1 -e) 


\Z\-e 1 = y(l-y/2), 


y 


2(1 ~e) 


2(1 ~e) 


\/2e(l + e) — (2 — y) \/l — \ 
\/2e(l-£r) =ysj\-y. 


Integration of eq. (70) over the transverse momentum Ph± of the outgoing hadron gives 
the semi-inclusive deep inelastic scattering cross-section 


(76) 


dxsdfd^dz = 2(fr { F ' mT + eFuu - L + S < A ' m 

+ |Sj.| y/2e(l + e) sin </> s + |Sx|A e y/2e(l - e) cos <j>s <t>s |, 


where now the structure functions on the r.h.s. are integrated versions of the previous 
ones, i.e. 


(77) 


Fuu,t(xb, Zh,Q 2 ) 


d 2 Ph± Fuu,t{xb, z h ,P% x ,Q 2 ) 


and similarly for the other functions. 

Finally, the connection the result for totally inclusive DIS can be obtained by 


da(£p —> £X) I" ^ da(£p —> IhX) 

d.xs d y dtps J h h dz dx B d y d <j>s 
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where we have summed over all hadrons in the final state. This leads to the result already 
given in eq. (10), once we identify 

(79) y J dzh Zh F uu>t (xb, Zh,Q 2 ) = F t (xb,Q 2 ), 

(80) ^2 J dzhZhF UUtL (x B ,z h ,Q 2 ) = F l (x b ,Q 2 ), 

h 

(81) JZ J dz hZhF LL (x B ,z h ,Q' 2 ) = 2x b (gi(x B ,Q 2 ) - "/ 2 g 2 {x B ,Q 2 )), 

(82) ^2 J dz h z h F™T <l>s (x B ,z hl Q 2 ) = -2x B l (gi(x B ,Q 2 ) + g 2 {x B ,Q 2 ))- 

h 

Time-reversal invariance requires (see, e.g., ref. [27]) 

(83) ^ J dz h ZhF^ s (x B ,z h ,Q 2 ) =0. 

h 


The choice of a convenient frame to deal with semi-inclusive DIS is less straightforward 
than for inclusive DIS, due to the presence of Ph . We have two choices: 

- FRAME 1: Keep the photon and proton to be collinear, give a transverse com¬ 
ponent to Ph- This means to keep the parametrization of the vectors as given in 
eq. (16) and simply adding 


(84) 


P h = 


Zh.Q 


K + 


h-L 


Zh 


QV2 


h± 


FRAME 2: Keep the proton and outgoing hadron to be collinear, give a transverse 
component to q. In terms of light-cone vectors this means choosing 


(85) 

( 86 ) 


P h = P + 7 


ph _ p- n h 

r h ^ r h a - 


M 2 M 
2P+ n ~ 

■ rij 


2 P, 


_ . 


In this frame, the photon momentum has a transverse component. If we further fix 


(87) 


xP + = P^/z = Q/V 2, 
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we can explicitly write the vectors involved as follows: 


( 88 a) 

( 88 b) 

( 88 c) 




r h 


'x b M 2 Q ' 

. Q^2 ’ x B V 2’ J ’ 

'zhQ Ml ‘ 

[ V2 ’ z h QV 2’ J ’ 


Q (Q 2 - !<?t| 2 ) 


' Q Q 

y2’ Q^2 ’ qT 


.y/2’ y/2' QT _ 


The first choice seems to be the most simple one, but in reality from the theoretical 
point of view it is better to stick to the second option, in order to preserve a symmetry 
between P and Ph- 

In any case, it turns out that if we neglect subleading twist corrections, all vectors in 
the two frames are approximately the same, the only difference is the presence of P± in 
FRAME 1 and the presence of qr in FRAME 2, and the two are simply connected by 

(89) q T = - zP h ±. 


Therefore, in this section we are not going to care very much about distinguishing the 
two frames, and every time we have qx we can replace it with — zPh± or vice versa, at 
our convenience. 

In this section, we will also use without distinguishing them S± <-> St and S\\ <-> Sl- 


7. — Semi-inclusive DIS in the parton model 

In the spirit of the parton model, the virtual photon strikes a quark inside the nu¬ 
cleon. In the case of current fragmentation, the tagged final state hadron comes from 
the fragmentation of the struck quark. The scattering process can then be factorized in 
two soft hadronic parts connected by a hard scattering part, as shown in fig. 8 . 

Considering only the Born-level contribution to the hard scattering, the hadronic 
tensor can be written as 

(90) 2MW^{q, P , 5, P h ) = X] e 9 / <5 (4) (p + q - k) 

q ^ 

xTr ($(p, P, S) A(fc, P h ) 7 "), 
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Fig. 8. - The bull diagram, describing the hadronic tensor at tree level. 


where and A are so-called quark-quark correlation functions and are defined as 

(91) <M P, P,S) = ^J d 4 £ e**(P, s\ &(o) MO I P, s) 

= E/ (2^3% ( p ,S\U0)\X)(X\M0) I P,s) 5^(p-p-p x ), 

(92) A kl (k,Ph) = j^y A J d 4 ^ e ifc '^ <0| ipk(0 \Ph)(Ph\ ^Pi{0) |0) 

= £ / ( 2 ^) 3 % \P h ,Y)(P h ,Y\M0 |0) 8^(k-P h -P Y ). 


We need to introduce a parametrization for the vectors 


(93a) 

p» = 

(93b) 

k " = 


p2 „ + !fj |2 , xp +, 


r - 2 + | Pt ' 2 
2 xP+ 

P~ z(k 2 + \k T \ 2 ) 


Pt 


2 p: 



Neglecting terms which are 1/Q suppressed, we can write 

(94) <5 (4) (p + q — k)fa S(p + + q + ) S(q~ - k~) 5 (2) (p T + Qt - 

~ p +p- S ( x ~ x b) 8{l/z - 1 /zh) 6 (2) (pt + qr- for) 
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and replacing 
(95) 


d 4 fc = d 2 fc r d k+ P, 


h z 2 


we obtain the compact expression 

(96) 2MW^(q,P,S,P h ) = 2z h l[Tr($(x B ,PT,S)'y» A(z h ,k T )'y 1 ') 

where, as we shall do very often, we used the shorthand notation 


(97) 


= J d 2 p T d 2 k T <5 (2) (; 
= I d 2 p T d 2 k T <5 (2) 


Pt + Qt — 

P h ± 


Pt 


— kx 


and where we introduced the “unintegrated” or “transverse-momentum-dependent” cor¬ 
relation functions 


(98a) $(x,p r , S) = [ dp <$>(p,P,S) 

J 

(98b) A(z,k T ) = ^ j dk + A(k,P h ) 


While the distribution correlation function $ describes the confinement of partons inside 
hadrons, the fragmentation correlation function A describes the way a virtual parton 
“decays” into a hadron plus something else, i.e. q* —> hY. This process is referred to as 
hadronization. It is a clear manifestation of color confinement: the asymptotic physical 
states detected in experiment must be color neutral, so that quarks have to evolve into 
hadrons( 2 ). 

Integrating the cross-section over Phi. we get 


(99) 

where 


i4 

d a 

dx B d y d z h dfis 




(100a) 

(100b) 

(100c) 


2 MW^(q, P, S) = 2z h Tr($(x B ,S) 7 M A (z h ) 7 "), 
<h(a:, 5)= [ dp~ d 2 p T $(p,P, S) 

J p+=xP~ 

A(z) = 7 f dk + d 2 k T A(k,P h ) 

1 J k~=P, 


( 2 ) Note that on the way to the final state hadrons, the color carried by the initial quark can 
be neutralized without breaking factorization, for instance via soft gluon contributions. 
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8. — The correlation functions 

As we did for inclusive DIS, we need now to consider the general decomposition of 
the correlation function. Neglecting the contribution coming from the light-cone vector 
n_, we can start from the decompositions of eq. (38). To simplify the discussion, let us 
start from the unpolarized case, eq. (32). 

The big difference from the inclusive DIS calculation is that we now need the 
transverse-momentum-dependent correlation function defined in eq. (98a). Following 
analogous steps as done for the inclusive DIS case and keeping only the leading-twist 
terms, we obtain 

(101) ®(x,pr) Tw-2 = |/i(x,Pr) +ihi(x,p^)jj^yl + /2. 

Here we introduced the parton distribution functions 

(102) fi(x,pr) = 2P + J dp~ (A 2 + xA 3 ) , h^(x,p^) = 2P + J dp~ (-A 4 ). 

The function f\(x,prp) is the unpolarized transverse-momentum-dependent PDF (unpo¬ 
larized TMD). The function h^(x,p^) is the so-called Boer-Mulders TMD [41]. 

We can do the same exercise also for the fragmentation correlation function defined 
in eq. (98b), with very few changes. I do not go through all the analysis here, and just 
quote the final result 

(103) A (z, k T )Tw -2 = (d\(z, k?) + i H^(z, k?) 4-/2. 

The function Di(z,k^) is the unpolarized transverse-momentum-dependent fragmenta¬ 
tion function (unpolarized TMD FF). The function H^(z,kj.) is the so-called Collins 
function [42]. 

The Boer-Mulders and Collins functions are particularly relevant because they give 
rise to nontrivial transverse-momentum dependences of cross-sections already at the level 
of unpolarized processes (e.g., SIDIS experiments such as ZEUS and HI at DESY, e + e“ 
annihilation experiments, and in principle even at the LHC). 

Another important property of the Boer-Mulders and Collins functions is that they 
are T-odd (or naive time-reversal odd), according to the definition 

(104a) $T-even(P> S ) = dV $T-even(P, A S) P/V, 

(104b) $T-odd(P> S) = - 17 V $T-odd (p, p, S) iyV- 

The above definition does not fully correspond to time-reversal invariance and T-odd 
functions do not violate time-reversal invariance. They give rise to observables to observ¬ 
ables that change sign when inverting momenta and angular momenta (e.g., single-spin 
asymmetries). 
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As mentioned already for inclusive DIS, the correlation function is a 4 x 4 Dirac 
matrix. However, its leading-twist part spans only a 2 x 2 Dirac subspace. Using the 
chiral or Weyl representation, the correlation function reads 


(105) 


(r+<f>(x,p T ) 'y + ). i 


( 


h 


o 

o 


—ie 


\M h ± 

M hl 



0 0 0 
0 0 0 


0 0 h J 


As shown by this explicit form, the four-dimensional Dirac space can be reduced to a 
two-dimensional space, retaining only the nonzero part of the correlation function. The 
relevant part of the Dirac space is the one corresponding to good quark fields. The 
correlation matrix in the good quark chirality space is then simply 


(106) 




A 


ie 1 


—ie 


\Pt\ 

M 


h t 


JeiLi 

M hl 

A 


From the matrix representation in the chirality space it should be clear why the function 
h is defined to be chiral odd. 

The distribution matrix is clearly Hermitean. When an exponential e' 1 appears 
in the matrix, we have to take into account l 1 units of angular momentum in the final 
state. The condition of angular-momentum conservation then requires x’\ + 1' = Xi- The 
condition parity conservation is 


(107) 


F( x ,Pt) v v / 

XiXi 


(-1 f F(x,p T )_ Xi _ x . 


The fact that the matrix has to be positive definite allows us to derive the positivity 
bound 


(108) 


\Pt\ 

M 


\1 1 i{x,Pt)\ < AOuPr)- 


When including also target polarization, starting from the general decomposition 
presented in eq. (38), the leading order part of the transverse-momentum-dependent 
correlation function becomes 


${x,p T ) 


1 

2 


M+ + At 


j_ e T St p Pto 


M 


i+ + 5is75^+ 


, r [pT,i+] 75 , u± |Vt,?4]75 , . u± 

+ h 1T ---+ h u 2M + i A 


\^T,i+\ \ 
2 M J 
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Here we introduced 
(109) 


= e a,3pa n + pn- a . 


The distribution functions on the r.h.s. depend on x and pj,, except for the functions 
with subscript s, where we use the shorthand notation [34] 


( 110 ) 


gis{x,p T ) = S L g 1L (x,p%) - St ^ T 9 \t{x,Pt) 


and so forth for the other functions. It is also useful to introduce the function 
(111) hi(x,p^) = h 1T (x,p%) + h^\x,p 2 T ). 


The definition of the parton distribution functions in terms of the amplitudes Ai, 
introduced in eq. (38), can be found elsewhere [43-45]. 

The two functions /■(Sivers function) and h ^ (Boer-Mulders function) are 
T-odd [31,41]. The notation for the distribution functions follows closely that of ref. [34], 
sometimes referred to as “Amsterdam notation.” We remark that a number of other no¬ 
tations exist for some of the distribution functions, see e.g. refs. [33,46,47]. In particular, 
transverse-momentum-dependent functions at leading twist have been widely discussed 
by Anselmino et al. [48-50]. The connection between the notation in these papers and 
the one used here is discussed in App. C of ref. [50]. The following names are in common 
use for the TMDs: 

- /i: unpolarized TMD; 

- giL- helicity TMD; 
hp. transversity TMD; 

- f^ T : Sivers TMD; 

- : Boer-Mulders TMD; 

- g^ T : worm-gear TMD, or transversal helicity TMD; 

- hi L : worm-gear TMD, or Kotzinian-Mulders TMD, or longitudinal transversity 
TMD; 

- hi T : pretzelosity TMD or quadrupole TMD. 

The table in fig. 9 lists the TMDs with their connection to quark and target polar¬ 
izations. 
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quark pol. 



U 

L 

T 

u 

/i 


K 

L 


g\ 

Kl 

T 

f\T 

g\T 

h\ hf T 


Fig. 9. - Twist-2 transverse-momentum-dependent distribution functions. The U,L,T corre¬ 
spond to unpolarized, longitudinally polarized and transversely polarized nucleons (rows) and 
quarks (columns). Functions in boldface survive transverse-momentum integration. Functions 
in gray cells are T-odd. 


Useful relations are 


( 112 ) 

(113) 

(114) 


= /i(x,Pt) - £t P ]f Ta /ir(*,Pr), 
$ [7 + 7s] = S L g 1L (x,p 2 T ) - PT A j T 9it(x,Pt) > 
$[i CT q+ 75] = s* hx{x,p%) + S L - ^ hi L (x,p^) 


- S' 


Tp~ 


PfPr 


M 2 


1 2 a P 

2 Pt9t h ± , 2 \ 

h 1T {x,p T ) - 


ap 

e T PTp 

M 


ht{x,Pr) ■ 


Transverse-momentum-dependent parton distributions of leading twist can be inter¬ 
preted as number densities (see e.g., refs. [46,51,52]). To connect with this interpretation, 
we take the example of the distribution of unpolarized quarks in a polarized proton, which 
is given by [24] 


(115) 


fq/pl(x,PT) = 1 


= fi(x,Pr) - Iit(x,Pt) 
= f?{x,Pr) - frr( x iPr) 


e^P pP ,S p (n.) a 
M (P • n_) 

(P x p T ) ■ S 

M 


The second expression in (115) holds in any frame where n and the direction P of the 
proton momentum point in opposite directions. Therefore > 0 corresponds to a 
preference of the quark to move to the left if the proton is moving towards the observer 
and the proton spin is pointing upwards. 
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Proton goes out of the page 

(®) nuc l eon w 'th transverse or longitudinal spin 

f " -“©*■■©* 

(•) part on with transverse or longitudinal spin 

parton transverse momentum 

* = ® - ® 

/,= © 


S,r = -©>--0» 

*■- ® - 


h \L= (Jj) ~ 

h\ = -(■<>)••- 

-©* 

h \T = 


Fig. 10. Probabilistic interpretation of twist-2 transverse-momentum-dependent distribution 
functions. To avoid ambiguities, it is necessary to indicate the directions of quark’s transverse 
momentum, target spin and quark spin, and specify that the proton is moving out of the page, 
or alternatively the photon is moving into the page. 


Let us give the corresponding relation for the Boer-Mulders function. The distribution 
of transversely polarized quarks in an unpolarized proton is (see eq. (11) and (12) of [53]) 


(116) 


fql /p(*^5 PT ) 


$(S' = 0) [/n - ] +$(S = 0) [ 
\ (fi {x,Pt) - hf q {x,p^) 

\ (fi{x,Pr) - hf q {x,p^) 


icr^v'ys n^S“] 

e^ g P^5 gp (n_) g \ 
M (P • n-) ) 

(Px PT )-S q \ 

M ) ’ 


where S q is the covariant spin vector of the quark. Therefore, > 0 corresponds to a 
preference of the quark to move to the left if the proton is moving towards the observer 
and the quark spin is pointing upwards. 

The probabilistic interpretation of TMDs is summarized in fig. 10. 

For any transverse-momentum dependent distribution function, it will turn out to be 
convenient to define the notation 


(H7a) f il/ 2 ) (x,p%) = f{x,p 2 T ), 

( 2 \ n 

f(x,Pr), 


for n integer. 
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As done in the previous section, we can express the transverse-momentum-dependent 
correlation function as a matrix in the parton chirality space ® target helicity space. To 
simplify the formulae, it is useful to identify the T-odd functions as imaginary parts of 
some of the T-even functions, which become then complex scalar functions. The following 
redefinitions are required ( 3 ): 


(118) giT + if it 9it, 


1 il 


i 


h 


_L 

1 L- 


The resulting correlation matrix is [35,36] 
(119) F(x,p T ) A ' A ; = 


' fi + 91L kh e giT 

^e'‘. 9 ; T h- 9 i L 

2 h, ^ 

e 2i ^r K T J^ Ph h 

M 2 11 M 1L 

lP n T r l e-^hi L lp Tj e-***h± T 
M 1L M 2 1T 

, 2 hi 

\ M 1L 

h ~ 9 il 

e ^ P 9lT h+9iL ) 


where for sake of brevity we did not explicitly indicate the x and p^ dependence of the 
distribution functions and where (f> p is the azimuthal angle of the transverse-momentum 
vector. 

The distribution matrix is clearly Hermitean. The condition of angular-momentum 
conservation becomes A] + +1' = Ai + \i ■ The condition of parity invariance becomes 

(120) F{x,pt) KA ? =(-l) l 'F(x, p T )~ K ~ A f 

XiXl -Xl-x'i ,, ,, 


Bounds to insure positivity of any matrix element can be obtained by looking at the 
one-dimensional and two-dimensional subspaces and at the eigenvalues of the full matrix. 
The one-dimensional subspaces give the trivial bounds 


(121) /i(a:,Pr)>0, \9il{x,Pt)\ < fi{x,Pr) ■ 


( 3 ) From a rigorous point of view, it would be better to introduce new functions, e.g., gir and 
hi L , but this would overload the notation. 
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From the two-dimensional subspaces we get 


(122a) 

(122b) 

(122c) 

(122d) 


N< 


i M1) 

nr 


9it 


2 

+ 

f -L(l) 

J IT 

2 

+ 



< 


< 


< 


^ (fi + giL) < fi, 
^ (fi -9 il) < fi, 
J^2 (A + 9il) (/l 
J^2 (A + 9il) (/l 


^)<(a (1/2) ) 2 , 

^)<(a (1/2) ) 2 , 


where, once again, we did not explicitly indicate the x and pj, dependence to avoid too 
heavy a notation. Besides the Soffer bound of eq. (122a), now extended to include the 
transverse-momentum dependence, new bounds for the distribution functions are found. 
These bounds can be very useful for phenomenological applications. 

The positivity bounds can be sharpened even further by imposing the positivity of 
the eigenvalues of the correlation matrix. The complete analysis has been accomplished 
in ref. [35] (see also ref. [36]). 

The connection with the integrated distribution functions defined in eq. (40) is 


(123a) 

A AO = 

J d 2 p r fi(x,Pr), 

(123b) 

9il{x) = 

j d 2 p T g 1L {x,p 2 T ), 

(123c) 

hi(x) = 

[ d 2 p T hi(x,p^). 


The above identification is however a dangerous step. At parton-model level, it is not 
a big problem if we assume that TMDs fall-off sufficently fast (z.e., they are integrable 
and their total integral is approximately equal to their integral in the region pj, <C Q 2 ). 
We may have in mind that partons have some “intrinsic” transverse momentum of order 
p\ ~ M 2 or p\ ~ Aq C d . This is however not the case when we take into consideration 
QCD corrections. In this case, partons acquire transverse momentum also through gluon 
radiation. First of all, this has the consequence that TMDs in QCD are not integrable, 
so we must give up the above relations in general. Secondly, it becomes impossible—or 
a matter of conventions—to distinguish an intrinsic part of transverse momentum from 
a perturbative part. TMDs contain both. 

Another way to state the problem is the following: the steps we took to analyze SIDIS 
were based on the assumption that P 2 j_ <C Q 2 . We never needed this approximation for 
inclusive DIS, where we introduced collinear PDFs. Collinear PDFs are obtained from 
an integration over P 2 ± up to a limit of the order of Q 2 . They contain therefore also 
contributions that are outside the reach of the TMD formalism. Therefore, we should 
not expect in general that the integral of TMDs gives back collinear PDFs: something 
must be missing. 
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Is there then no relation between TMDs and collinear PDFs? The full QCD formal¬ 
ism tells us that there is a relation, but it is between PDFs and the high-transverse- 
momentum tail of TMDs. 


9. — Structure functions in the parton model 

Inserting the parameterizations of the different correlators in expression (96) of the 
hadronic tensor and contracting it with the leptonic tensor, one can calculate the lep- 
toproduction cross-section for semi-inclusive DIS and project out the different structure 
functions appearing in eq. (70). To have a compact notation for the results, we introduce 
the notation 

(124) C [wf D] =x B ^2e 2 q f d 2 p T d 2 k T 8 {2) (p T - k T - P h ±/z) 

xw(p T , k T ) f q (x B ,Pr) D q {z, k B ), 

with the unit vector h = Ph±/\Ph±\, where w(pT,k T ) is an arbitrary function. 

These are the expressions for the structure functions appearing in eq. (70) 


(125) 

(126) 

(127) 

(128) 

(129) 

(130) 

(131) 

(132) 

(133) 

(134) 

(135) 

(136) 


Puu,t =C[fiD 1 ], 


F 


UU,L 


= 0, 


F, 


COS 4>h 


UU 


= 0 


F 


ICOS 2 4>h _ 


UU 


= c 


2( h■k T )(h■ pt) — k T ■p B 
MM h 


hi 


j-isin (ph _ n 

^LU ~ 


F 


isin tf>h 


UL 


= o, 


-!sin20fc_ 


UL 


= c 


2 (h-k T ) (h-p T ) - k T p T u± u± 

A 04 1L 1 


Fll = C[giLDi ], 


F cos<fi h = 


T^isin(</>h — </>s) _ n 

r UT,T ~ u 

^UT.L ~ 


PhL'PT f± Di 

M JlT 


F 


isin(0h+0s) _ 


UT 


= c 


Ph± ■ k 


M h 


—h\Hi 
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(137) 


(138) 

(139) 

(140) 

(141) 

(142) 


,7,sin(30 fe —0 S ) 

b UT 


= c 


2 (P h _ l -p T ) ( Pt ■ k T ) + Pt ( Ph± ■ k T ) - 4 (P h± ■ p T ) 2 (P h j_ 

2M 2 M h 


T^sin 0 S 
r UT 

^sin(2 <p h -<Ps) 
UT 


= o, 

= o, 


pCOS {4>h~4 > s) /7 

^ LT ~ ^ 


Ph±■P t 

M 


9itD\ 


T-iCOS 05 _ fA 

j-,COs(20h-0s) _ n 




It has to be stressed that in much of the past literature a different definition of the 
azimuthal angles has been used, whereas in the present work we adhere to the Trento 
conventions [24]. 


Ex. 5 

Compute some of the structure functions above using Mathematica and Feyncalc. For 
convenince, you can use the following definitions: 

eta= {{0, 1, 0, 0>, {1, 0, 0, 0}, {0, 0, -1, 0}, {0, 0, 0, -1» 


GAp = GS[Momentum[nm]]; 

GAm = GS [Momentum [np] ] ; 

GA5 = DiracGamma[5]; 

And you have to introduce the following scalar products (the first two instructions 
are just a convenient way to write all scalar products of light-cone vectors): 


Unit = {nm, np, ni, njl; 

Table[ScalarProduct[Unit[[i]], Unit[[j]]] = eta[[i, j]], {i, 1, 
4>, {j, 1, 4}]; 


ScalarProduct[pt, 
ScalarProduct[pt, 
ScalarProduct[kt, 
ScalarProduct[kt, 

ScalarProduct[St, 
ScalarProduct[St, 


np] 

= 0; 

nm] 

= 0; 

np] 

= 0; 

nm] 

= 0; 

nm] 

= 0; 

np] 

= 0; 


Now you can introduce the decompositions of the correlation functions. In this first 
example, we take into consideration only three of the eight terms in eq. (109) 
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Phi = (fl - glT Pair[Momentum[pt], Momentum[St]]/M GA5 - 
flTperp Pair[Momentum[pt], Momentum [epsT [St]]]/M).(GAm/2) 

Delta = (D1 + I Hlperp 1/Mh GS[Momentum[kt]]).(GAp/2) 

Build a first version of the hadronic tensor, according to eq. (96). Note that for 
convenience we can avoid introducing explicitly the convolution in eq. (97). We need to 
remember to include it in the final result. 

MWO = 1/2 2 z (Tr[Phi.GA[\[Mu]].Delta .GA[\[Nu]]]) // 

Collect [#, {fl Dl, flTperp Dl, D1 glT}, Simplify] & 

Apply the following crucial replacements and cast the tensor in a convenient form 

HadTensSimpl = {Pair[Momentum[pt], Momentum[St]] -> 

SSt Cos[-\[Phi] + \[Phi]St] Pair[Momentum[pt], Momentum[h]], 

Pair[Momentum[pt], Momentum[epsT[St]]] -> 

SSt Sin[-\[Phi] + \[Phi]St] Pair[Momentum[pt], Momentum [h]]} 

MW = MWO /. HadTensSimpl // Simplify 

Finally, contract with the leptonic tensor (obtained in Ex. 1) 

crosssectionl = (\[Alpha]~2 y)/(2 z Q~4) 

Contract[Lept 2 MW]// Expand // 

Collect [#, {fl Dl, flTperp Dl, hi Hlperp, Dl glT}, Simplify] & 

By comparing the result with eq. (70) and after fixing all small mistakes in the above, 
you should be able to identify the structure functions corresponding to eqs. (125), (134), 
and (140). 


10. — Beyond the parton model 


A first important difference between TMDs and PDFs when we also start taking glu¬ 
ons into account is in the shape of the gauge link. The proper gauge-invariant definition 
of the quark-quark correlator is 


(143) 


df 


d 2 £r 


* h ( x , pt ) = j ~ s (2 ; )3 sj 


«+=0 


where the gauge links (Wilson lines) are defined as 


(144) U ^:+oo) =W"-(0-,oo-;O t )W t (O t ,oo t ;oo-), 

(145) U (+oo£) =W T (oo T ,| T ;oo-)W"-(oo-,r,lT). 
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* 



Fig. 11. - Path of the gauge link for semi-inclusive DIS. 


Here lA n ~ (a~,b ~; crp) indicates a Wilson line running along the minus direction from 
[a“,0, ct] to [b~,0,c T ], while U T (aT,bT;c ~) indicates a Wilson line running in the 
transverse direction from [c _ ,0, a?] to [c _ ,0, br], i.e. 


(146) U n ~ {a~ ,b~ \c T ) =V ex p 

(147) U T (aT,bT',c~) = V ex p 
In particular 

(148) U n ~(oo~ ,£t) =Vexp 


-i 9 


[ dr] A + (r] ,0,c T ) , 

J a~ 


-i g / dr/x ■ At(c ,0,t) T ) 

J clt 


-i 9 [ drj A + (r] ,0,£r) 

J OO - 


1 ~ig f dr] A + (r] ,0,£t), 

J OO - 


(149) 


U T (oot , oo ) = Vexp 


-i g / dr]T ■ At(oo , 0 ,r] T ) 

J OO T 


1 -ig dr] T -A T (oo ,0,t]t). 

J OO T 


The correlator in eq. (143) is the one appearing in semi-inclusive DIS. Its path is 
pictorially shown in fig. 11. 

A remarkable property of TMDs is that the detailed shape of the Wilson line is process 
dependent. This immediately leads to the conclusion that TMDs are not universal. 
However, for transverse-momentum-dependent fragmentation functions, the shape of the 
Wilson line appears to have no influence on physical observables [54-57]. In SIDIS and 
Drell-Yan, the difference between the Wilson line consists in a simple direction reversal 
and leads to calculable effects, namely a simple sign reversal of all T-odd TMDs [22]. 

In more complex processes, such as proton-proton collisions into hadrons, it was 
initially proposed to introduce more intricate gauge links [58-60], but it seems now that 
it becomes even impossible to disentangle them [61]. 

Similarly to standard collinear PDFs, it is essential to define TMDs in a formally clear 
way, through the proof of factorization theorems. TMDs appear when factorizing semi- 
inclusive processes. For instance, while totally inclusive DIS can be described introducing 
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collinear PDFs, TMDs appear in semi-inclusive DIS if the transverse momentum of one 
outgoing hadron, Ph±, is measured. 

Dealing with semi-inclusive processes pushes the difficulty of proving factorization 
theorems to a higher level of complications. TMD factorization is in fact a challenging 
arena where many of the simplifications used in collinear factorization cannot be applied. 
Nevertheless, factorization for semi-inclusive DIS has been worked out explicitly at lead¬ 
ing twist (twist 2) and one-loop order [6,12,62,63]. For instance, the structure function 
Fuu,t in the region P% ± <C Q 2 can be expressed as 

(150) F UUiT = \H(x( 1/2 ,z~ 1 (J l /2 ,ii F )\ 2 ^2xe 2 a f d 2 p T d 2 k T 

a ^ 

x 6 {2) (pt -k T - P h Jz) p F ) D%(z,k%;( h , Pf)- 

The formula contains the (calculable) hard scattering factor H and the transverse- 
momentum-dependent PDFs and fragmentation functions. Following refs. [6,63], there 
is no “soft factor” in the above formula. The soft factor can be introduced to absorb 
infrared soft divergences. In this alternative definition, these divergences are absorbed 
already in the TMDs. 

According to TMD factorization, TMDs depend also on a cutoff (. This cutoff is used 
to regulate light-cone or rapidity divergences. As we mentioned in the DIS discussion, 
these divergences cancel in inclusive DIS thanks to the summation of virtual and real 
diagrams and the integration over transverse momentum, similarly to soft divergences. 
In semi-inclusive DIS, they do not cancel. Various ways to deal with these divergences 
have been proposed [5,12,62,64]. 

TMD evolution is different from that of standard PDFs and takes into account 
how TMD shape is influenced by the radiation of infinitely many gluons (transverse- 
momentum resummation) [65]. What needs to be obtained from data is the nonpertur- 
bative part of the functions ( i.e . what cannot be computed with perturbative QCD). 
Figure 12 (from [63]) shows the effect of TMD evolution on the distribution of up quarks 
(the nonperturbative part is taken from [66] and [67]). The effect of gluon radiation is a 
broadening of the TMD. 

In general and in simplified terms, the study of TMD factorization requires a deeper 
understanding of what happens when a quark is hit inside a nucleon, with a particular 
attention to the infinitely many gluons that surround the quark, beyond the simple case 
when its transverse momentum is integrated over. 

11. — Beyond the parton model: high transverse momentum 

Three scales are involved in semi-inclusive DIS: the scale of nonperturbative QCD 
dynamics, which we represent by the nucleon mass M , the transverse momentum Ph±, 
and the photon virtuality Q, which we require to be large compared with M. For the 
considerations of this section, it is convenient to consider the transverse momentum 

ti^PlJz 2 . 
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Up Quark TMD PDF, x = .09 



Fig. 12. - The up-quark TMD for Q = \/2A,5.0 and 91.19GeV and x = 0.09 from ref. [63]. 
The upper and lower plot refer to two different choices for the parameter fo max needed in the full 
TMD formula. 


At high qx (qx 3> M) the structure functions can be described using collinear factor¬ 
ization, i.e. in terms of collinear distribution and fragmentation functions together with 
perturbative radiation. At low qx (qx Q) the structure functions can be described 
using TMD factorization [12,62], i.e. in terms transverse-momentum-dependent (TMD) 
parton distribution and fragmentation functions. The low- and high-g^ domains overlap 
for M -C qx <C Q (intermediate transverse momentum), where both descriptions can 
hence be applied. This important property is what allows us to establish a connection 
between collinear PDFs and the tail of TMDs. 

Ideally, we would like to have an expression for the polarized SIDIS cross-section that 
describes in a smooth way the physics from low to high transverse momentum. This issue 
becomes crucial at collider experiments, where the possibility to reach high values of Q 
leaves room to meaningfully distinguish between high, intermediate, and low transverse 
momentum. 

In order to address the problem two steps are needed: i) identify the structure func¬ 
tions for which a matching is possible, ii) work out a formula that describes the structure 
function at any transverse momentum. In the following I will briefly discuss some crucial 
results. 
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To study the power behavior of the structure functions, it is important to realize 
that the power expansions are done in two different ways in the two descriptions. At 
low fjT-, first we expand in {qr / Q) n2 and neglect terms with n bigger than a certain 
value (so far, analyses have been carried out only up to n = 3, i.e. twist-3). To study 
the behavior at intermediate qx we further expand in ( M/qx) k . Vice versa, at high qx 
we first expand in ( M/qx) n (also in this case, analyses are available up to n = 3, i.e. 
twist-3). To study the intermediate-g-T region, we further expand in ( qx/Q) k ~ 2 - We can 
encounter two different situations: 


- Type-I observables, where the leading terms at high and low transverse momentum 
have the same behavior. For instance, 


(151) 


F(Qt, Q) = A 




+ B 




where the term A is leading in both the low- and high-gr calculations. In this 
case, the calculations at high and low transverse momentum must yield exactly the 
same result at intermediate transverse momentum [65,68]. If a mismatch occurs, 
it means that one of the calculations is incorrect or incomplete. 

- Type-II observables, where the leading terms at high and low transverse momentum 
have different behavior. For instance, 


(152) 


F{qr,Q) = a' 




+ B' 




where the first term is leading and the second term subleading in the low -qx cal¬ 
culation, whereas the reverse holds in the high-g-r calculation. In this case, if the 
calculations at high and low transverse momentum are performed at their respec¬ 
tive leading order, they describe two different mechanisms and will not lead to 
the same result at intermediate transverse momentum. In order to “match”, the 
calculations should be carried out in both regimes up to the sub-subleading order. 
We could call this situation an “expected mismatch”, since it is simply due to the 
difference between the two expansions. 

In table I we list the power behavior of the structure functions at intermediate trans¬ 
verse momentum, as obtained from the limits of the low-g^ and high-g^ calculation. For 
details of the calculation, we refer to [69]. 

In the last column of the table we identify type-II structure functions, fow which the 
low-gy and high-gy calculations at leading order pick up two different components of the 
full structure function. They therefore describe two different mechanisms and do not 
match. 
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Table I. Behavior of SIDIS structure functions in the region M qr Q, as deduced from 
the loui-qr calculation based on TMD factorization and the high-qr calculation based on collinear 
factorization. Empty fields indicate that no calculation is available. The last column indicates 
whether the expressions match exactly, do not match exactly, or should not be expected to match. 
In parentheses: expected answers based on analogy, rather than actual calculation. 


Structure 

low -qx 

high-qr 

exact 

function 

power 

power 

match 

Fuu,t 

1/ 

1/qr 

yes 

Fuu,l 


1 /Q 2 


rpcos 

r uu 

1 /{Qqr) 

1 /{Qqt) 

no 

rpcos 2 eph 

r uu 

I/Qt 

1 /Q 2 

type II 

j-isin <j> h 

r LU 

1 /{Qqr) 

1 /{Qqt) 

(no) 

r? sin (j>h 
r UL 

1 /{Qqr) 


(no) 

7-,sin 2 <f>h 
b UL 

1/qx 


(type II) 

F ll 

1/qr 

1/qr 

yes 

t-iCOS (fill 

b LL 

1 /{Qqr) 

1 /{Qqt) 

no 

jmsin 

r UT,T 

1/qr 

1/qr 

yes 

Tps™(<l>h-<I> S ) 

r UT,L 


1 /{Q\t) 


rpsin((f> h -\-<f)g) 

r UT 

1/ 

1/qr 

yes 

rpsin (3 <t> h ~(t> S ) 
r UT 

1/ q% 

i/(Q 2 qt) 

type II 

771 sin <t>s 
r UT 

1/ {Qqr) 


(no) 

Z7-sin(2 <t>h~<t>s) 
r UT 

1/ (Qqr) 

1/ (Qqr) 

(no) 

rpCOs((f>h —^S) 
r LT 

1/ q% 


(yes) 

rpcos cf>s 
r LT 

1/ (Qqr) 


(no) 

rpCOs( 2 (j> h —<fi S ) 
r LT 

1 /(Qq 2 r) 


(no) 


For type-II observables, if one aims at studying the leading-twist contribution from 
transverse momentum distributions, some considerations have to be kept in mind: 

the leading contribution from the high-qr calculation (often referred to as a pQCD 
or radiative correction) is a competing effect that has to be taken into account [70- 
72]; 

- qr-weighted asymmetries enhance the high-qr mechanism and thus are not appro¬ 
priate to extract TMDs; 
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- it is at present impossible to construct an expression that extends the high-gy 
calculation to q B ~ M, since this requires a smooth merging into unknown twist-4 
contributions, which most probably cannot be factorized (see also ref. [73]); 

- it may be useful to build observables that are least sensitive to the effect of radiative 
corrections. 

We stress that the above considerations apply not only to semi-inclusive DIS, but also 
to Drell-Yan and e + e _ annihilation [74], which have been already used to extract the 
Boer-Mulders and Collins functions [72,75]. 

The structure functions with a “yes” or “no” in the last column of table I are type-I 
observables, where on the basis of power counting we know that two calculations describe 
the same physics and should therefore exactly match. In these cases, the high-gy calcu¬ 
lation describes the perturbative tail of the low-g^ effect. The two mechanisms need not 
be distinguished. Using resummation it should be possible to construct expressions for 
these observables that are valid at any q B - 

Six of these structure functions have been calculated explicitly. The following struc¬ 
ture functions all involve twist-2 TMDs and indeed present an exact matching: Fjju,t, 
F ll [76], (Sivers structure function) [77] (see also the additions in ref. [78]) 

and p^^ h+(f>s ' > (Collins structure function) [79]. We expect also 

exactly, since it has been shown explicitly for a similar structure function in the Drell-Yan 
case [80]. 

The structure functions F™^ h and F^°^ h do not match [69]. In analogy to these 
results, we expect that also all the others will not match, since they are twist-3 in the 
low-gy regime, and the TMD factorization formalism is probably complete only at twist 2. 

In summary, at the moment there is the hope to build descriptions of the structure 
functions that go from low to high transverse momentum for the five structure functions 
with a “yes” in the last column of table I. 


12. — Some phenomenology: unpolarized cross-sections 


In this section, I briefly outline the steps that are necessary to interpret unpolarized 
cross-section data in terms of TMDs. 

The unpolarized cross-sections for SIDIS integrated over the azimuthal angle, but not 
on the absolute value of P^± read 


(153) 


dcr 

dx d y dz d P 2 ± 


47r 2 a 2 y 
xQ 2 2 (1 — e) 


(FuuA^^PhX, 


Q 2 ) 


sFuU,L (U U Pji L 



To have a compact notation for the results, we introduce the notation 

(154) f®D = x B J d 2 p T d 2 k T 6 {2) (p T - k T - P h ±/z) f a (x B ,p 2 T ) D a {z,kx)- 
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We obtain 

(155) Fuu,t = elfi ® D'x , Fuu ’ l = ®(~Q2 , ~Q^)’ 

Since the longitudinal structure function is suppressed as 1 /Q 2 in the low transverse 
momentum region, we will neglect it. 

To introduce some simplification, we resort to tsospin and charge-conjugation rela¬ 
tions, which imply for “favored” functions 

(156) D^ + = D^ + = Df~^~ = , = D[ 

(157) D^ k+ = Df^ K ~ , ee Df 

(158) Dl- K+ = D s ^ k ~ = D{ 

for the “unfavored” functions 

(159) D^ n+ = D^ + = D^~ = D^~ = D d , 

(160) D{-** + = D B ^ + = D{^~ = D{^~ = Df, 

(161) D^ K+ = D(^ k+ = D(^ k+ = D^ K ~ = Df^ K ~ = D^ k ~ = D$ d , 

(162) D{^ k+ = Dl^ K ~ = D?. 

There are in principle seven independent functions. If needed, a further assumption could 
be to set D[ = D[ and Df = Df, leaving five independent functions. 

In general, the convolution cannot be disentangled. Only if the functions have a 
specific functional form we can obtain a simple expression. 

To study the flavor structure of TMDs, it is necessary to use different targets and 
detect different final-state hadrons. The structure functions for the different combinations 
of target and outgoing hadron read then 


(163) 

QF p/lr+ (r 

UU,T > 

z,PL) 

= ft+fl 


[4 ft+ff 


ft+fl) 

)®D dt , 

(164) 

9 F p/ *~ (t 
vr UU,T 

z,pL) 

= ft +fi 

)o^+| 

[4 ft+ff 


ft+fl) 

)®D dt , 

(165) 

q F n/n+ (r 
vr UU,T 

z,PL) 

= (4 ft+ft 

)®D{ + { 

\ j 

)®Df+( 

'ft+fl) 

)®D di 

(166) 

q^n/ir / 

i,r UU,T 

Z,Ph±) 

= (4 tf+fi 


ft+ff 
\ / 


ft+fl) 

)®D dt , 

(167) 

9 F p/k+ (x 

vr UU,T 

z,p£±) 

= 4/ 1 “(8 )Df 

+ (4f?+f?+f?)®Dl d +f! 

®D[ + ft®D d 

(168) 

q pP/ K ~ ( T 
vr UU,T 

Z,Ph±) 

= 4/f <8>D( d 

+ Uft + fl+f?)®D dd + ft 

®D f '+f[®Df 
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(169) 9 (x,z,P% ± ) =4f?®D{ d +(4f?+K+f?)®Di d +f!®D i ;+fZ®D?, 

(170) 9 F^ k ~ (x,z,P 2 ± ) =4f?®D[ d +(4f d +f?+f^®D dd +fZ®D i ;+fi®D dl 

Were there no difference in the transverse-momentum distribution for different flavors 
and/or for different fragmentation functions, all the above structure functions would 
display the same Ph± behavior. Therefore, a non-flat Ph.± dependence of any ratio of 
them would expose these differences. 

For illustration purposes, let us neglect the sea-quark contributions and focus only on 
the pions. We obtain 

(171) 9 (x, z, Pg ± ) = 4 ft ®D[ + ft 0 D d , 

(172) 9 (x, z, P 2 ± ) = f d ®D[+4 ff ® D d , 

(173) 9 F^t (*, A Ph±) = 4 ft ® D{ + ft ® D d , 

(174) 9 FZ'J- (x, z, Pg ± ) = ft ®D[+4 ft 0 D d . 


Let us assume Gaussians distribution of transverse momentum, both for the distribu¬ 
tion and fragmentation function, i.e. 


(175) ft( x ,p 2 T )=^-e-ti/ti, 


D 


KPa 




7T(T„ 


The convolution turns out to be in this case 
(176) 


ft = ft(x)D a 1 (z) 1 e -rlJlPpl+°l). 
n{z 2 pi + a~) 


Let us assume that the favored and unfavored fragmentation functions have the same 
transverse-momentum width 


(177) a} = a 2 A = 0.3 GeV 2 

and let us further assume that at the average x and z we have ft/ft ~ 0-25 and 
D\/D\ « 0.40. A simple calculation yields the plot in fig. 13 for two different choices of 
the u and d transverse-momentum widths. 

The transverse-momentum dependence of the partonic functions is usually assumed to 
be a flavor-independent Gaussian [67,81]. The tree-level approximation and the Gaussian 
assumption are known to be inadequate at P% ± M 2 , but they could effectively describe 

the physics at P 2 ± ss M 2 . Especially for low-energy experiments, this is where the bulk 
of the data is. 

There is an extensive literature where the analysis is carried out to a higher level of 
complication, but only for the specific case of unpolarized observables integrated over 
the azimuthal angle of the measured transverse momentum. The analysis is usually 
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Fig. 13. - Ratio F^/j T /F^(^ T at typical average kinematics as a function of P 2 ±, with two 
different assumptions on the average transverse momentum squared of u and d quarks (the flat 
line corresponds to assuming them to be the same). 


performed in the space of the Fourier-conjugate to Ph± (6-space) in the Collins-Soper- 
Sterman (CSS) framework [65]. The relation with the TMD formalism has been explicitly 
shown in ref. [63]. The most recent study along these lines is presented in ref. [82]. The re¬ 
gion of P 2 ± M 2 , or 6 2 -C 1/M 2 , can be calculated perturbatively, but when P 2 ± « M 2 

a nonperturbative component has to be introduced and its parameters must be fitted to 
experimental data. This component is usually assumed to be a flavor-independent Gaus¬ 
sian. The most advanced extraction of the nonperturbative contributions is presented in 
ref. [66]. A slightly different approach for the extraction has been followed in ref. [83]. 

At present, we can make the conservative statement that unpolarized quark TMDs 
seems to be well described by flavor-independent Gaussians with \/(p^) « 0.4-0.8 GeV, 
depending on the kinematics. 

The knowledge of the details of the unpolarized TMDs has an impact also on high- 
energy physics. In fig. 14b, the cross-section for Z boson production at the Tevatron is 
plotted [84]. The difference between the curves originates from different models and fits 
of the nonperturbative component of the TMDs. Apart from the details, the plot shows 
that the knowledge of TMDs is essential for precision studies at the Tevatron. Even the 
determination of a fundamental parameter of the Standard Model, the mass of the W 
boson, is affected by the uncertainties of the knowledge of unpolarized TMDs. In ref. [85], 
the CDF collaboration discussed several ways to fit the W mass. According to the 
analysis, TMDs uncertainties generate an error of 3.9 MeV on the W mass determination 
(the total systematic error is about 34 MeV). 

More information is needed to study in detail the flavor structure of TMDs. Interesting 
are coming out from JLab, COMPASS and HERMES and it is an exciting time for this 
kind of studies [16,86-88]. 
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q T , GeV 

Fig. 14. - The cross-sections of Z boson production at the Tevatron, computed in the CSS 
formalism. The difference between the curves shows the impact of choosing different nonpertur- 
bative components for the TMDs. See ref. [84] for details. 


13. — Weighted asymmetries 

In the structure functions we have expressions such as 


(178) 


C 


Phi ' PT , j _ 


M 


flT D l 


where the two functions appear in a convolution. The general way to split the convolution 
is to use transverse-momentum-weighted asymmetries. For instance 


(179) 
in fact 


W = / d 2 P h I C 


M 


Phi ' PT „_l 


M 


flT D l 


(180) W = -x B J24 [ d2p ^ d2 PT d 2fc T <5 (2) (pt -k T - Phi/z h ) Ph± M PT ftr D l 

= ~x B zl [ d2 Prd 2 k T ^ PT ^r) Pt 

? J 

= -xb [ d2pT - fir z l [ d 2 k T D\ 

9 J J 

= ~X B '^2e 2 2f^ 1)q (x B ) D 1 (z h ). 
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Why weighted asymmetries are important? From a phenomenological side, they allow 
us to separately study transverse moments of TMDs and fragmentation functions, as 
simple products instead of convolutions. From the theoretical point of view, after the 
weighted integral is performed we can deal with collinear objects again and some of the 
complications entailed in TMD factorization may drop. 

The above expression is again a parton-model level expression. If we want a QCD 
expression, the minimal requirement is that the involved transverse-momentum integrals 
could be treated in a similar way as the functions f\ and D±. To this purpose, table I 
can be useful. You can see that the structure function containing the Sivers function, 
(134), in table I is indicated as a type-I observable with exact matching. Moreover, the 
structure function falls as 1 /qij,, which means that if we weigh it with a power of qr 
it acquires the same power behavior as the “standard” unpolarized structure function. 
This may indicate that we can analyze weighted asymmetries with similar techniques as 
collinear structure functions. 
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Summary. - Transverse-momentum-dependent distributions reveal three-dimen¬ 
sional partonic structure of the nucleon. In these lectures I am going to discuss the 
phenomenology of TMDs and give some examples of calculations. 


1. Introduction 

Inclusive and Semi-Inclusive Deep Inelastic Scatterings (DIS and SIDIS) are impor¬ 
tant tools to understand the structure of nucleons and nuclei. Spin asymmetries of 
polarized SIDIS are directly related to Transverse-Momentum-Dependent parton distri¬ 
bution (TMD) and fragmentation functions, and are the subjects of intense theoretical 
and experimental studies. Usual collinear parton distribution functions depend on the 
fraction of hadron momentum carried by the parton, x, and on virtuality of the probe, 
Q 2 . TMDs additionally depend on the intrinsic transverse momentum of the parton, p^. 
This allows the study of a three-dimensional parton picture of the nucleon in momentum 
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space. Such a picture could not be studied in great detail so far, and this is why SIDIS 
experiments at Electron Ion Collider are of extreme importance. 

Three-dimensional parton picture of the nucleon is one of the main goals of nuclear 
physics in future and such a three-dimensional distribution in momentum space can be 
mapped by studying transverse-momentum-dependent distribution functions. 

At leading twist, the spin structure of a spin-( 1 / 2 ) hadron can be described by 
8 TMDs. Each TMD represents a particular physics aspect of spin-orbit correlations 
at the parton level. The dependence of the SIDIS cross-section on the azimuthal angle of 
the electro-produced hadron with respect to the lepton scattering plane and polarization 
vector angle of the spin of the nucleon allows for separation of different contributions to 
the measured spin asymmetries. Unpolarized SIDIS cross-section can be used to study 
unpolarized TMD distribution for partons and unpolarized TMD fragmentation that en¬ 
codes probe intrinsic dynamics of partons, in particular the so-called Boer-Mulders effect 
gives rise to cos(2<I>/ ! ) modulation of the cross-section. Polarized SIDIS experiments al¬ 
low us to explore other TMDs, such as those related to the Sivers function, the Collins 
fragmentation function and transversity, helicity distributions and other distributions, 
the so-called Worm-Gear functions and pretzelosity. 

Transverse-Momentum Dependent distribution functions (TMDs) depend on two in¬ 
dependent variables: fraction of hadron momentum carried by parton, x, and intrinsic 
transverse momentum of the parton, p^. 

The quark-quark distribution correlation function is defined as [1-3] 


(1) $ij(x,p T ) = 


d£ d 2 £ T 

(2t r) 3 


(P, Sptyj (0) U- +oo) ilu(0\P,S P ) 


?+=o 


with p + = xP + , P + = (P° + P 3 )/\/2 is the big component of proton’s momentum. U is 
the gauge link (Wilson line) that assures color gauge invariance of the correlator <1>y. It 
depends on position of the quark field in coordinate space and on light-cone vector ?r_ 
that defines the direction of gauge link. 

Corresponding distribution functions can be obtained by projecting the correlator 
onto the full basis of 7 matrices = 4 Tr['I> T], At leading twist (expansion in P + ) the 
spin structure of the proton can be described by 8 TMDs (see [3] and references therein): 


( 2 ) 

(3) 

(4) 


<f> [l+] (x,p T ) = /i(x,Pt) - 


fc T t ) Tp°T(T 

M 


fIT( x >Pt) ’ 


^ +l5 \x,p T ) = S L g 1L (x,p 2 T ) - PT A j T 9it(x,Pt) , 
<Z> [iaa+ ^(x,p T ) = 5^/ii(a:,p|) + S L ^ h^ L (x,p 2 T ) 


rfn P _ 12 ap 06p 

P t Vt 2 PT 9t c lI ( 2 \ p'Tp j _L / 2\ 

STph 1T (x,p T ) — 
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here the projections are done with respect to the quark’s polarization, <I>[ 7+ ] is the dis¬ 
tribution of unpolarized quarks, 75 ^ is the distribution of longitudinally polarized 
quarks and 75 1 (x,Pp) is the distribution of transversely polarized quarks. 

A powerful tool to study the spin structure is the measurement of spin asymmetries 
in the SIDIS process £P(Sp) —> i'hX. A number of structures can be measured in DIS 
process iP(Sp) —» t'X or in SIDIS with two detected hadrons CP(Sp) —* Phi h-iX. 

In addition, experimental data are available from fixed-target SIDIS iP(Sp) —> 
I'hX ( 1 ) polarized experiments HERMES with transversely polarized proton, COMPASS 
with transversely polarized proton and deuteron and JLab E06-010 with polarized 3 He( 2 ). 
Meanwhile, BELLE has data on e + e _ —> annihilation and RHIC provides data 

on spin asymmetries in hadron production P(Sp)P —■» hX. Furthermore, the upcoming 
12 GeV energy upgrade of JLab opens a unique opportunity in providing high-precision 
mapping of the transverse single spin asymmetries of neutron in 4D (x, Q 2 , z Phi.) phase 
space in the valence quark region at relative low Q 2 . 

In principle all eight functions can be measured experimentally using spin asymme¬ 
tries. An interesting question arises if there are some relations among TMDs. Positivity 
constrains of TMDs were derived in ref. [4]. 

Analysis of cross-sections in terms of partonic distributions is based on the so-called 
QCD factorization theorems in which perturbative physics of hard scattering of partons is 
separated from non-perturbative physics of underlying distributions. Non-perturbative 
distributions are then extracted from experimental data and their Q 2 dependence is 
governed by QCD evolution equations. Collinear factorization theorem [5,6] requires large 
momentum scales: both virtuality and hadron transverse momentum of the produced 
hadron to be large Phi_ ~ Q > Aqcd- In this case the transverse momentum of the 
produced hadron is mainly generated by QCD gluon radiation and it is not sensitive to the 
intrinsic motion of partons inside the parent hadron. TMD factorization theorems [7] are 
more restrictive, their require two very different momentum scales: Q Phi. ~ Aqcd, 
large Q is needed for perturbative treatment of underlying partonic subprocess and small- 
scale Phi. ensures that observables are sensitive to intrinsic parton motion. 

Spin-dependent observables are then described in different ways, either via TMD 
distributions, such as Sivers function, of via the so-called twist-3 three-parton correlation 
functions [8,9,6,10]: quantum interference of two scattering amplitudes, one with one 
acting parton and the other with two acting partons, usually a quark and a gluon. 

TMD approach is consistent [11-14] with collinear (twist-3) approach in the region 
where both of them are valid. Thus two formalisms are connected, it was shown [15] that 
Sivers function that describes production of low transverse momentum hadron is related 
to the twist-3 matrix element that is responsible for high transverse momentum hadron 
production. This makes it extremely important to study experimentally the region where 
both formalisms are valid. Future Electron Ion Collider is the ideal place for it, interplay 


(Q P(Sp) stands for momentum and polarization vector of the hadron. 
( 2 ) Polarized 3 He is an effective polarized neutron target. 
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of TMD [7] and collinear [5, 6] factorization schemes can be studied as EIC will cover 
both low Ph _l ~ Aqcd and high Ph± ~ Q ranges. 

2. — Moments of TMDs and three-dimensional partonic structure 

How do moments of TMDs occur and what is their meaning? Let us consider 7 + 
projected spin density from eq. (2): 

pa q 

(5) $ [7+1 (a;,p|) = h{x,p?r) - ^ ^ T ° fM x ,Pr), 

the density is not axial symmetric any more due to the presence of the term proportional 
to e%?p Tp $Tc T The center of the distribution will be shifted from the origin. How could 
we quantify this shift? 

Let us suppose that the spin of the proton is along Y direction, St = (0,1), then we 
have 

( 6 ) $ [ 7 +] {x,p T ) = fi(x,Pr) - /it( x ,Pt), 

the shift then can be quantified if we integrate the distribution with the weight p Tx , Le. 
( Ptx) =/dVp T x $[7 1 (x,Pt) and we obtain 

(7) (Ptx) = J c] 2 P tI JI fvr{ x iPr) 

1 /'j2 PTx+PTy t±t 2 , 

= ^ / d PT -- - flT\ x iP T ) 

= j d 2 p T ^ fi T ( x ,Pr), 


as far as depends only on pij,. 

Such an object is then called “first moment of Sivers function”, 

(8) At (1) = j d2pT ^M2 fiT( x ,Pr), 

and, as we can see, it has a particular interpretation as an average shift of the distribution 
from the origin: 

(9) Mf$ 1} = (p Tx ). 

In fig. 1 we plot the Sivers function as a 3D distribution fi(x,p\) — firiX’Pr) 
extracted [16] from the experimental data from HERMES [17] and COMPASS [18] Col¬ 
laborations, we show a three-dimensional parton distribution at x = 0.2; as can be seen 
from fig. 1 the distribution of partons in a transversely polarized hadron is not rotational 
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Fig. 1. - Extraction of Sivers function [16] shown as a three-dimensional parton distribution. 


symmetric, the distributions have dipole deformation with respect to the “center” of the 
hadron. 

The Hilbert space of state vectors. - Read ref. [19] for more mathematical introduction 
to axiomatic scattering theory. 

The states of a single spinless particle are labeled by wave functions V’M that satisfy 

(10) J d 3 £ IV’(x)! 2 < oo. 

Each wave function can be retarded as specifying the coordinates of an infinite¬ 
dimensional state vector |^>). With any two of these vectors \if) and \4>) one can form 
linear combinations a \ip) +b [</>) and the scalar product (ip\(/>) = / d 3 x V’(x)*</>(x). The 
norm, or length, of a vector is defined as ||i/>|| = + 1 /('i/’IV')- 

With these definitions the set of all vectors of a single particle forms a linear vector 
space known as the Hilbert space, H. The Hilbert space appropriate for single spinless 
particle is Tt = C 2 (R 3 ), the space of square integrable functions iffx.) in real three- 
dimensional space R 3 . For a system of N distinct spinless particles it is C 2 (R 3N ), the 
space of square integrable functions ^(xi,X 2 ,... ,xn). For a single particle of spin s it 
is the (2s + l)-dimensional Hilbert space of all (2s + l)-component spinors. 

An important property of any quantum-mechanical Hilbert space is that it has a 
countable orthonormal basis, there exists a set of vectors 11), 12) ,... in Ti such that 

( 11 ) (n'\n) = 5 n ' n 
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and every state vector | ip) can be expanded as 


( 12 ) 


IV’) = | n) . 

n 


The expansion coefficients ip n can be regarded as coordinates of | ip) of the coordinate 
system, or representation, defined by |1), |2),... and given by 

(13) ip n = (n\ip). 

The observables of the quantum-mechanical system are given by Hermitian operators 
whose eigenvectors are bases of H. Note that most observables such as one-particle posi¬ 
tion and momentum X and P and the free Hamiltonian H° = P 2 /2 M have no “proper” 
eigenvectors at all. However for the purposes of quantum mechanics a generalization of 
the basis of eigenvectors is sufficient for the case of self-adjoint operators, that is why self- 
adjoint operators correspond to observables in quantum mechanics. Self-adjoint operator 
A is such that A' = A , there f means Hermitian conjugate. It follows then 

(14) {ip\ A \ip)* = (ip\ A* \ip) = (ip\ A \ip) , 
observables are real. 

We could introduce, for example, the following “eigenvectors” |x) for X: 

Note the |x) does not belong to TL as far as ||x|| = oo. However we will 
notion of orthonormal basis by the following normalization condition: 

(15) <x'|x> =<5 (3 ) (x' -x) 
and define the expansion of any proper vector \ip) by 

(16) \ip) = J d 3 a: ^>(x) |x). 

The expansion coefficient V’( x ) i s J us f the familiar spatial wave function and is given, 
according to eq. (15), by 

(17) ^(x) = (x|V>), 

this clarifies our previous claim that 'i/’M can be regarded as the coordinate of lip) in a 
particular coordinate system in TL. 

Similarly we will introduce momentum eigenvectors |p) which we normalize so that 

(18) (p'|p) = (2 7 r) 3 ^(p'-p). 

For any |i p) the quantity (p| ip) is the momentum space wave function ip{ p) of | ip). 


X|x) =x|x). 
generalize the 
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With our normalization the spatial wave function of |p) is 

(19) (x|p)=e ip ' x . 

In the following we will make use of the following four-dimensional Fourier transforms 
(compare to eq. (1)): 


(20) m = J (§ 4 e “'W- 

(21) (j>(x) = J d 4 pe^ lx ' p (j)(p) 

and the two-dimensional Fourier transforms for transverse vectors p = (pi,P 2 ): 

(22) 0(P) = J ^e-^x), 

(23) 4>(x) = j d 2 pe ix p ^(p). 


Time dependence of state vectors are governed by the Schroedinger equation 

(24) \if> t ) = H \4>t), 

here the state vector \i(> t ) is time dependent. The solution is 

(25) \A) = e~ iHt W) 

the operator e~ lHt = U(t) is also called time evolution operator. As far as H is self- 
adjoint, = H, it follows that U ( t ) is a unitary operator: 

(26) U(tfU(t) = U{t)U(t = 1. 

Unitarity. - We will discuss probabilities and matrix elements, the operator S is such 
that a system in state |$) goes into state |x) is equal to 

(27) W (x-d>) = |( x |5|$)| 2 . 

We will need to calculate squares of amplitudes in order to obtain cross-sections. A 
useful method of doing it is employing unitarity of S matrix: 

(28) SS* = S*S= 1. 
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Suppose that we are interested in state a going to state 6, the element of S matrix is 
then 

(29) S ab = s ab + i{2n) 4 SW (p a - p b )T ab ; 

the first term S a b implies that in case of a = b this sets goes into itself, while for other 
cases an amplitude T ab will define probability of a to go into b. 

Using eq. (28) in the form J2 C S ac S bc = S ab , where c are all possible states in which a 
and b can go, we obtain 

(30) Inr T ab TaX c (2n) 4 5^(p a - p c ). 

C 

In terms of braket notations it can be written as 

(31) Im <x| T |$) = 1 £ ( x \ T \X) {X\T* |$) (2tt) 4 ^ 4 )(P $ - P x ). 

x 


3. — Hadron tensors and structure functions 

Let us consider Deep Inelastic Scattering (DIS) process iP —> PX. In one-photon 
approximation (which holds rather well, as far as many photon exchanges are suppressed 
by electromagnetic coupling constant a — 1/137) we can define the following variables: 

(32) s = (P + l) 2 = M 2 +2P ■ l energy of the ep system, 

W 2 = (P + q) 2 energy of the j*p system, 

Q 2 = —q 2 > 0 photon’s virtuality. 


Other useful variables: 


v = P ■ q neglecting the proton mass, W 2 = 2v — Q 2 = Q' 


1 — x 


y = 


P ■ q _ W 2 + Q 2 _ 2v 
P ■ l s s’ 


Q 2 Q 2 ^ n 2 

x = — = — =4 Q = sxy. 


2 P■q 2u 
The cross-section is 


(33) 

where 

(34) 


d 3 a c+P^'+x 


1 f 47ra^ 
4PO ) 


\vt|W iH 


(2tt) 3 2 E r 


\M\ 2 =L^W^. 
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Here the leptonic tensor is given by 

( 35 ) = (l\J»(0)\l')(l'\r(0)\l), 

where is the electromagnetic current operator and |Z) is the electron state. 

It can be calculated in perturbative QED. Electron state is |Z) = Zb(Z)|0) one-particle 
state of an elementary Dirac fermion. Using plane-wave expansion for free fermions the 
electron wave function can be written as 

(36) \l) = u(l,X)e~ ilx , 

where u is a spinor satisfying the Dirac equation 

(37) (/- m e )u(l, A) = 0, 

where m e is the electron mass. 

The matrix element in eq. (35) can be written as 

(38) (l'\ J M (0)|Z) = u{l\ AA). 

We obtain 

(39) L^ = Tr(/7 M /'q*,) = 4(Z M Z^ + IJ^ - (l ■ l')g^ v + imie^aps?q /3 ). 

In case of longitudinal polarization the spin vector is 

(40) s f = A— A = ±1; 

m 

thus the lepton mass cancels and we get 

(41) = Tr(/7 M /' j u ) = 4 (lj' v + IJ ^ - (l ■ l')g^ + iXe^apFqP), 

note that in case of transverse polarization of the incoming electron no such cancella¬ 
tion occurs and the process is suppressed by a factor mi/E. That is why transverse 
polarization of electrons is not interesting in this case. 

The hadronic tensor is defined by 

(42) W^(q,P) = 

1 7 d 3 P 

bE / II 7b (p,sp\Jtmx)(x\j v mp,sp)sW(p+q-p x ), 

z x J iex [Z7r > ^ 

we can use the following representation of the delta-function: 

(43) 5^\P + q-P x ) = I _g_ e -i(^-PxK 
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and using translation invariance we can rewrite this definition (using completeness of 
states) as 


(44) = n 

x J J iex 


d 3 R 


(27r)32Si 


0 -i(PKt-PxX 


x(P,S p \JU0)\X)(X\J v ( 0)\P,S p ) 


‘IT 




d 4 e 

(2^) 4 


n 

i£X 


d 3 Pi 


(2tt) 3 2 Ei 




x(P,S P \jU0)\X)(X\e ip x<M0)e- iP <\P,Sp) 


‘It 


X 


d 4 g 

(2^) 4 


n 

i£X 


d 3 Pi 


{2nf2E.i 


0 -iq< 


x(P, S P \Jl(0)\X)(X\e iP <U0)e- ip -t\P, S P ) 


‘It 


X 


(2^) 4 


n 

i£X 


d 3 Pi 


(2ir) 3 2E, 


■e-^(P,S P \A(0)\X){X\J v ^)\P,Sp) 


‘It 


X 


■§^e~ iq< (P, S P \Jl(0)MO\P , S P ). 


In the following we will also use notation of the so-called light-cone kinematics. Before 
we do it let us observe that deep inelastic limit Q 2 , v —> oo and x = Q 2 /2Mv probe light- 
cone dynamics of the current commutator. 

The scalar product in the exponential eq. (44) can be written as 


(45) 


<?•£ 


(<?°+<? 3 )(£°-a , (q°~q 3 )(e+e) 

~XT2 -7T + —2 71 “ ~ qT ' ?T 


in the rest frame of the nucleon the momenta are given by 


(46) 


P» = {M, 0,0,0), = (^0,0v7 2 + Q 2 ); 


in deep inelastic limit we observe that 

(47) q° + q 3 ~2v, q° - q 3 ~ ^7 

2v 

We expect that the dominant contribution of the integral from eq. (44) comes from 
regions with less rapid oscillations q ■ £ = 0(1), hence 

(48) £° + e 3 ~ 0(1/1/), £° - <e 3 ~ 0(l/xM). 

Thus 

(49) (7) 2 - (? 3 ) 2 ~ 0(1/Q 2 ), 
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and £ 2 = (£ 0 ) 2 — (£ 3 ) 2 —€t — (C°) 2 — (C 3 ) 2 ~ 0(1 /Q 2 ) vanishes, then Q 2 —> oo. This means 
that deep inelastic kinematics probes the light-cone behavior of the current product. 

We note that W* v = W vp . Thus we can divide lb'"' into n <-» v symmetric and 
anti-symmetric parts and denote 

(50) W pv = W S ’ pv + iW A ^ v . 

Here we are interested in reactions with unpolarized leptons, the corresponding part 
of L pv is symmetric and thus the anti-symmetric part of does not contribute. 

In general can be parametrized as 

(51) W S ’^(q, P) = ag v ‘ v + bP p P v + cP p q u + dP v q p + eq p q v 

with coefficients a, 6, c, d , e which are called structure functions and depend on g, P or 
x, Q 2 . 

From electromagnetic current conservation d.jj^ix) = 0 we obtain q fx W S ’^ 1 ' = 
q„W s,f11 ' = 0. This allow us to write 

(52) W s ^{q, P) = W x (x, Q 2 ) + (p" + Q (p* + W 2 (x, Q 2 ). 

Home work: Derive eq. (52). (See appendix A for solution.) 

Home work: Derive expression for the anti-symmetric part of the hadron tensor. 

(53) W A ’^(q, P ) = ie^ pa q p S (7 M 2 G 1 {x, Q 2 ) 

+ie pupa q p ((P-q)S CT -(S-q)P a ) G 2 (x, Q 2 ). 

Instead of Wi >2 one usually introduces 


(54) 

Fi = W u 
F 2 = vW 2 , 

(55) 

Fl = F 2 — 


We will use usual Sudakov decomposition for four-vectors: 

(56) v p = v + n+ + v~n p + v p , 
where light-cone vectors rP and are 

(57) < = -^ (1,0,0,1), n^ = -£ (1,0,0,-1), 

(58) n+ • n_ = 1, n 2 + = n 2 _ = 0. 
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Using light-cone coordinates a ± = 1/V2(a 0 ± a 3 ), and notations v M = [u , u + ,vj_] we 
can rewrite these vectors as 

(59) < = [0-,1 + ,0 ± ] , r£ = [l-,0+,0j_] . 

The product of two four-vectors is then 

(60) V ■ w = v + w~ + v~w + — V_l • Wj_. 


Note that v^_ ■ v± M = —Vj_ and n± • u_l = 0. 

Let us define four-vectors for the proton, the virtual photon and the struck quark: 

M 2 

(61) P M = P + < + 

q v = 

1.2 i r | 2 

= xP + n+ - ^ nt + k[ “, 

where Sudakov vectors n+, n_ are defined above, x = k + /P + is the quark light-cone 
momentum fraction and is the quark intrinsic transverse momentum, note that we 
have P + as the “big” component of the proton’s momentum. 

There exists another set of Sudakov vectors commonly used in the literature. We go 
to a frame where the proton is highly boosted (infinite energy frame P —> oo) and define 
the following vectors (compare with eq. (57)): 

P^ = (P,0 ± ,P), 

n# * = ( 2 P' 0±, ~2p) ’ 


(62) 

(63) 


such as n ■ P = 1, n 2 = P 2 = 0 and 


(64) = q^_ + vn^, n- q = 0, P • q = v, 

(65) q 2 = = -qi = -Q 2 ■ 


The following projections are then important for theoretical considerations: 

(66) W-WV = = j ^F L , 

(67) n“n = W 2 = U 2 , 

V 
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thus 



(68) 

f 2 

= vn^n u W^, 

(69) 

F l 

4x 2 

=- P ll P v W llv 

V 


The photon scatters on a quark inside the proton 

(70) = e 2 q j -^Tr(r(t>+ A)'f*(P,p))6((p +q) 2 ), 
we can rewrite quark momentum as 

(71) = + i n » + e ± , 

thus 

(72) 6((p + q) 2 ) = S(p 2 - Q 2 + - 2k ± • q ± ) « 6(2v£ - Q 2 ) = - a;), 

2 v 

thus the photon scatters on a quark carrying a longitudinal fraction x of the proton 
momentum. 

Let us calculate F 2 : 

(73) F 2 = = ^e 2 J j^2 Tr (ft ft ~ x ), 

we use f) jh = — fi jf> + 2n- p, 

( 74 ) F2 = e *J mfi*(p,p)m - *); 

now we introduce quark density, parton distribution function, 

(75) q{x) = j ■^^Tr(jh<f>{P,p))5(t-x), 
we have 

(76) F 2 (x) = e 2 q xq{x), 
or summing over flavors and antiquarks 

(77) F 2 (x) = Y e 2 q x{q{x) + q(x)). 
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Let us calculate Fl: 

4 t 2 2t 2 f d^n 

(78) F l = —P»P v W llv = ^e\ J —j^T r(/P(i»+ ^(P.p))^ - x); 

we use (^>+ A) P = — P(ft+ A) + 2P ■ (p + q) 1 P ■ {p + q) = IL+Pi _|_ 2u, thus 

(79) Fl = ^ J ^Tr(f*(P,p))5(t - *), 

it is suppressed at large Q 2 , thus 

(80) F 2 = 2xF u 
the so called Callan-Gross relation. 

Home work: Callan-Gross relation implies that quarks are spin-(l/2) fermions. 
Why? 

Experimentally there are 2 degrees of freedom (the lepton azimuthal angle <j> is inte¬ 
grated over). 


( 81 ) 


dV +p - 


*e'+x 


1 

4 P-l 


/47tq:\ 2 2 ,E' 2 dE'sm.9d8d(j) 

(or) 1^'< 2 *> (2»)»2 g 


where V = (E', E' sin 0, 0, E' cos 9). 


(82) 


d 2 a e+p^e'+x 


— / d0d 3 cr 


= 27r 


1 / 47raV 


|M| 2 (M 


; E' 2 dE' sin 9d9 
(2 tt) 3 2E' 7 


finally 


(83) dV +p_> *' +JC = y \M\ 2 E'dE'sm6dO. 

At large Q 2 the photon acts as a microscope revealing proton structure at small 
distances ~ 1 /Q. 

Bjorken limit: large Q 2 , fixed x. Equivalently large Q 2 and v, thus x = —+ const. 
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4. — SIDIS cross-section 


Semi-inclusive deep inelastic scattering is the following process: t+P —> t' + h + X. It 
differs from usual DIS by the fact that a single hadron h is observed and an unobserved 
state X that comprises remains of the proton still exists. 

The cross-section is the function of the following arguments: 


(84) 

where 

(85) 


6 rr e+p->e'+h+x _ 


cl V 


1 


/ 47tq:\ ' 
AP-l ) 


|M| 2 (2tt) 


AH' 


d 3 P h 


(2n) 3 2E' (2tt) 3 2 Eh 


| M\ 2 = L^W^. 


The hadronic tensor in this case is defined by 


( 86 ) 


W liI/ (q,P,P h ) = \ E/n 


d 3 P 


(27r) 3 2P, 


(p,s P \jUo)\Ph,x) 


x iex 

x(P h ,X\J v (0)\P, Sp)S^(P + q — P h — Pa-)- 


Other useful variables are 


(87) x = 


Q 2 


2 P-q y PV ~ P-g' ' Q ' l -y+W + Wy 2 ' 


P-q 


z = 


P-Ph 


2 Mx 


7 = 


£ = 


i -y- \i 2 y 2 


( 88 ) 


Let us report SIDIS cross-section as parametrized in ref. [1,3]: 
da 


dxdyd'i/jdzdfih dP% 


h± 


y 


2 

(l + 7 ^) |Pc/(7,T + £FuU,L + \f2e(l+ £■) cos <j>h F{ 


xyQ 2 2(1 - e) 

+ecos{2<j) h )F™* 24,h + A eV / 2£(l - e) sin^F™^ 

+511 i/2e(l + e) sin (j> h F^f >h + £sin(2<^)F^ 2< ^ 
+5,| A e [ Vl - e 2 F LL + y/2e(l - s) cos faF™* h 


iCOS (ph 

uu 


+ |S_l| [sin {<f> h -<t>s)(F$*. 


( <t>h-4>S ) 


+ eF\ 


isin (<t>h—<t>s) 


) 


+£ sin {(j) h + </> s )P™ (0 ' l+0s) + £ sin(3(/)/j - (,b s )F^H 4>h 0s) 
+^/2e{l+~£) sin (fisF^ 3 + y/2e(l + e) sin(2 <j> h - (j) S )F^ 2<l>h ~' ps ' > 

+ |SJA e \/l - £ 2 cos (<j> h - ^s)P^ s(0 '‘ _0s) + \/2£(l - e) cos 4> S F </>s 
+ x /2£(l-£)cos(2^ - fc)F c L 0 p H -* s) ]}, 
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where a is the fine-structure constant and the structure functions on the r.h.s. depend 
on x, Q 2 , z and P^ ± . The angle ip is the azimuthal angle of £' around the lepton beam 
axis with respect to an arbitrary fixed direction, which in case of a transversely polarized 
target we choose to be the direction of S. The corresponding relation between ip and <ps 
is given in ref. [20]; in deep inelastic kinematics one has dip « d(ps- The first and second 
subscript of the above structure functions indicate the respective polarization of beam 
and target, whereas the third subscript in F UUT , F UUL and 

specifies the polarization of the virtual photon. Note that longitudinal or transverse 
target polarization refer to the photon direction here. The conversion to the experimen¬ 
tally relevant longitudinal or transverse polarization w.r.t. the lepton beam direction is 
straightforward and given in [20]. The ratio e of longitudinal and transverse photon flux 
in (88) is given by 


1 -y- 17V 
1 - y + by 2 + zbV’ 


(89) 


£ = 


2 y 1 4 

so that the depolarization factors can be written as 


(90) 

(91) 

(92) 

(93) 

(94) 


V 


1 


2 (1 - e) 1 + 7 2 

„2 i 


y 


-£ = 


1 i 1 2 , 1 2 2 

1 - y+ 22 / +y 


i -y- ~ (i -y), 


1-J/ + ) > 


2 (1 - e) 


2 (1 - e) 

y 2 


2 (1 - e) 1 + 7 2 

\/2e(i + s) = ( 2_ y)\J l -v~ \i 2 y 2 ~i 2 ~y) 

^2e(l-e) = 1 « y y/l-y, 


2(1 -e) 


\J\ — E 2 — 


y/T+7 2 ‘ 


y ( 1 - \y ) ~ y ( 1 - ^y ) • 


We will also employ the following cross-section: 
(95) 

so that if we denote 


dcr dcr 

dx d y d cps d z dtph dP^ da; d y d(ps da: d <p h 2P h ±dP h ± 


(96) 


da 


da; d y d (ps dz d <p h dP 2 ± 
then the experimentally observable cross-section is 

dcr 


= dcr r , 


(97) 


da: dy d<p s da dcp h d P h± 


= 2P h ±dcr^. 
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We will use the following formula integrating the angular dependence: 

/*27t p2ir 

(98) / cos 2 {m (j) h + n (j) s )dcj) s = / sin 2 (m</>/, + n^ s )d^s = 7r, 

Jo Jo 

for integers n and m. 

Moments of TMDs are dehned accordingly as 

(99) f in \x) = j d 2 P T (02) 

(100) D m (z) = z 2 j d 2 k T D(z,z 2 k^). 

Partonic interpretation of structure functions can be obtained as the convolution of 
distribution and fragmentation functions [1,3] 

(101) F AB =C[wfD], 


where C[...] is defined as 


( 102 ) 


C[wfD] = x^^e 2 j d 2 p7’d 2 k T <5 < '2)(pT — k T 

a ^ 

~^ > h±/ z ) w (PTi ky)/ ( x,p T )D (z,z fcy)> 


where h = P/»j_/|Pftj_ |- 

Fragmentation function have probabilistic interpretation with respect to the vector 


(103) 


Kt = — —. 


so that 


(104) D? q (z) = J ^KtD^K 2 ) =z 2 j d 2 k T Dl q (z,z 2 k 2 T ). 

Now we can rewrite eq.(102) using the “physical” vector Ky: 

(105) C[wfD] = ai^e 2 f d 2 pyd 2 K T <^ 2 ) (zy>t + K T — P/ 1 _l)w 

a ^ 

X (W,- —-j f a {x,p^)D a (z,K I), 
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integrating <5 function we obtain 

(106) C[wfD] = 

J d 2 Pr w (pT,- ^ Ph± z "' Pr ^ f a (x,p 2 T )D a {z, (P h± - zp T f) ■ 
Moments of TMDs can be defined now with respect to physical vectors as 

(107) f {n \x) = J d 2 PT (^J f(x,p 2 T ), 

(108) D^\z) = J d 2 K T (^|||) D(z,K 2 ). 

5. — Structure functions 

Let us give partonic interprateation to structure functions in eq. (88). 

5‘1. Fjju,t • Probably the most simple one corresponds to unpolarised cross-section. 
The partonic interpretation of Fuut is the following [3]: 

(109) F uu =C\f 1 D 1 ], 
so that 

(110) F vu =x'Y^e\ f d 2 p T fi(x,p^)D la (z, (P h ± - zp T ) 2 ) ■ 

a ^ 

We assume Gaussian form for /f(x,p§.) and D*(z,Kj.)- 

(HI) fi(x,p 2 T ) = fi(x) x exp —r$- , 

^\Pt/cl L \PT/ a - 

i r k 2 

D la (x,K%) = D la (z) 2 exp - J . 

'K\l\rpJ a |_ 

So that we have 


( 112 ) F UU j’(x, z,y, Phr) = 

y__ 

„ tt(( k t)q + ( Pr)q z2 ) 




We can finally derive the formula for Fuut as a function of a:, y, z: 


Fuu,T{x,y, z) = J d 2 PhtFuu,t = x^^e 2 X(x) D^{z). 
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However, as was pointed out by several authors, the probabilistic interpretation of par- 
ton densities should be assigned to the corresponding densities of some fixed spin configu¬ 
rations rather than to the spin-averaged ones. Following these arguments we could write 


(114) 


fl{x,PT,+S) oc 
fl(x,PT,-S) oc 


1 


,2 \+ eX P 


k{Pt)o. 

1 


n(p\)a 


— exp 


P T 

{p 2 T )i 

P T 

'{P 2 r)a 


the same for fragmentation functions for fragmentation into spin-(1/2) hadron. 
(115) D la (z,p 2 T ,+Sh) oc 

D la (z,PT,-Sh .) oc 


1 

k t 1 

Tr(Kj.)t P 

*4 

1 

r k 2 t I 

Tr(K^)a P 

1 0 

(Nh 


so that for spin-averaged distributions and fragmentations we will obtain 


(116) fi(x,p t) 


D\ a {x, K?) 


2 {fl( X ’PTi +^) + fl( x ,PTi ~S)) 


f?(x) 

( 1 

Pt 

1 

Pt 

2 

WPr)£ 6 P 

. (Pr)a_ 

/ 2 \ — eX P 

7 YPT/a 

l (Pl)a 


2 (-Dl a(z, Pti +Sh) + D\ a (z , Pj*, —Sh )) 


Dla(z) f 1 r K 2 t ' 

2 U(A^)J eXP [ (K*}+_ 


1 

AW) 


— exp 

a 


(K 2 )a\) 


We will see advantages of these parameterizations once we start considering polarized 
distributions. If (p^t = (Pr)a an d (^r)a = (At)u then ec l- (H6) are the same as 
eq. (111). 

With definitions of eq. (116) the formula for Fjjt,t becomes a little more complicated: 


s2—-|-, - 


(117) 


Fuu,t{ x, z, y, Pht) = x ^ ^ - 


1 


q sl=+,— 

x exp 


2 tq 


pi 

r hT 


(K 2 T Y 2 ■ 


(P 


,2 \sl r 2 
T/q z . 


e 2 q fl{x)D^z). 


Note that, integrated over , the formula remains the same as in eq. (113). 

5'2. F^^p 1 ^ • Distribution of unpolarized quarks inside a transversely polarized 
nucleon can be also written as 


(118) 


/g/pT ( x , Pt, S) = Ji(x,Pt) - fvr(x,Pr) 


S•(hx pt) 
M ' 
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here h = ^ and S ■ (h x px) is the correlation between the quark motion and the spin 
of the nucleon. 

Sivers effect, probably, is one of the most important ones in TMD formalism. Sivers 
function is T-odd and vanishes without final state interactions. There are other reasons 
why it is extremely important: 

- It allows three-dimensional mapping of partons inside the nucleon in the momentum 
space. Indeed, if we suppose that h = (0, 0, —1) and the spin of the proton is along 
y direction, so that S = (0,1,0) and the transverse momentum of the quark is 
Pt = (pTxiPTyifyi we obtain from eq. (118) 

(H9) fq/pi (x, p T , S) = fi{x,p%) + fi T (x,PT)j^, 

the typical “dipole” modulation of the distribution. This shows that quark dis¬ 
tributions is not symmetric with respect to ptxi quark distributions are shifted 
depending on the sign of the Sivers function. 

- It is related to spin-orbit correlations. There are qualitative suggestions on relation 
of TMDs and parton orbital angular momentum, for example model calculations 
indicate such relations [21-23], however we still do not have a rigorous way to 
construct such a relation. An intuitive classical picture of rotating partons in the 
hadron and thus generating L • S correlations are very appealing and more rigorous 
QFT description is still lacking. 

- It requires non-zero orbital angular momentum (OAM) of partons. Sivers functions 
require spin flip of the proton f q / p t ( x , px, S) — f q / p \(x, Pt, — S) oc frp{x,p^). This 
implies interference of wave functions with 1 unit of OAM difference. Model cal¬ 
culations will help to shed light on this issue, though not in a rigorous way. 

- It represents non-trivial color dynamics of QCD. Colored objects are surrounded 
by gluons, profound consequence of gauge invariance technically implemented by 
Wilson lines—gauge links. The Sivers function has opposite sign when gluons 
couple after quark scatters (SIDIS) or before quark annihilates (DY) [24] 

(120) fMx,p 2 T f ims = -fMx,P 2 T ) DY , 

the prediction of change of sign based on color gauge symmetry and parity and time 
reversal invariance V,T of strong interactions. Experimental test of this relation 
is a critical test of the TMD factorization. 

- QCD evolution. The Sivers function depends on the large-scale Q and the evolution 
equation still remains a theoretical challenge. Investigation of Q 2 dependence is 
not only a theoretical, but also an important experimental issue. 
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For we have [1,3] 


(121) FuTT h ~ <l>S ' > = C 


h' Pt ,j_ 


M 


fir D l 


= ~ X '52 e l [ d 2 p T ^jp^flT( x ,PT) D la ( Z , ( p h± - ZPt) 2 ) ■ 

The Sivers function is parameterized in terms of the unpolarized distribution function, 
as in refs. [25,16], in the following factorized form: 


( 122 ) 

with 

(123) 

(124) 


/it ( x ’Pt) = -Nq(x)h(pT) fl{x,p?r), 


N q {x) = N q ar“®(l — x)P q {aq+ K q+0q 


Ctq 9 Pq“ 


Up. T ) = V2eF e -vi/Ml 


where N q , a q , /3 q and Mi (GeV/c) are free parameters to be determined by fitting the 
experimental data. 

Using this definition we obtain the following result: 

(125) 0S) = x zP hT Y j elfi{x)D la {z)^ K ^ ) ^ + V) 2 ' 


• exp 


P 2 hT {Ml + {pl)q) 


(( K T)q ( M 1 + (Pr)<l) + (Pt)<1 M 1 Z 2 ) \ ’ 
We can also rewrite this result in the following form: 


(126) F= xzP hT £ elf?{x)D la (z) 


_ V2e(PTs) 2 g _ 

7rM 1 {p^) q {(K^)q + (p 2 TS ) q z 2 y 


exp 


p2 

r hT 


where 

(127) 


(■ k t)q + (/ts)?- 2 ] 


(f TS ), s W) * M? 


M 2 + {p 2 T ) q ' 


The first moment of the Sivers function defined in eq. (146) is then 
(128) fiT )q ( x ) = -\l^ 


e Af q {x) fl(x) Ml 


2 M(Ml + (p 2 T ) q ) 
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One could parametrize the Sivers function in such a way that the first moment of the 
Sivers function is present in the definition 


(129) 


fvr{ x iPT) — 


2 M 2 


7r(p 2 


■ exp 


TS7 


Pt 


(Pts) 2 \ 


flT 1)Q ( X )> 


indeed with such a definition we find 
(130) 


, 2 Pt 2M 2 
d PTWTP, _/..7 N9 ex P 


2M 2 tt^s) 2 


Pt 


(P ; 


TS/ 




This allows us to extract directly the first moment of the Sivers The result for the 
structure function is 


(131) = -XzP hT Y, e lflT 1)a ( X ) D la(z) 


2 M 


7t((A' 2 ) 9 + {p 2 TS ) q z 2 ) 2 


exp 


p 2 

r hT 


L ( K t)q + (PTs)q z2 \ 

The first moment could be parametrized in an obvious way: 

(132) fiT 1)9 ( x ) = N q x a °{l - xfi fl(x), 

note that implementation of positivity constraints become more complicated. The 
parametrization of eq. (146) is chosen in such a way that positivity bound [4] for the 
Sivers function 


(133) 


Pt 

M 2 


((g q M x ,PT)) 2 + Uit( x ’Pt)) 2 ) < (/iO^pt )) 2 


is automatically fulfilled( 3 ). For eq. (129) such an easy implementation is not quite clear. 

5'3. Sivers asymmetry. - Let us discuss the asymmetry associated with the Sivers 
effect. The relevant part of the lepton-proton cross-section reads [3] 

^ 3 ^ dxdydfisdzdfihPhJ-dPhx xyQ 2 ^ + ^ y ^ 


x [Fuu,t + |S X | sin(^ - <j> s )F™% h -* s) }, 


where a is the fine-structure constant and the structure functions on the r.h.s. depend 
on x, Q 2 , z and P 2 ± . 


( 3 ) Smallness of g\ T {x,Pr ) is assumed. The trivial positivity bound from eq. (118) is x 

(*iPt)I < fi(x,px) and is also fulfilled. 
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Asymmetry is defined in the following way: 

(135) = 2(sin {<j> h - <j> s )) 

_ 0 f d<p h d4>s sm(0h, - <j> s ) (dcr (</> h ,<j> s ) - da(<l> h , (j) S + tt)) 

/ dcj>hd(f>s (da((f)h, (j>s) + da((fh, <j>s + tt)) 

where U stands for the unpolarized lepton beam, T for the transverse polarization of the 
target nucleon. 

Numerator and denominator of eq. (135) can be written as 

(136) da<j) S ) - d a(<j> h , <f s + tt) = Y 2 ®— (l + (1 - y ) 2 ) sin (<j> h - </> s )F™^ h_0s) , 

sx y 

2a 2 

da((/) h , 4> s ) + da(<f) h , <j> s + tt) = —— (l + (1 - y ) 2 ) F UUT . 

sx z y z 


And we have 

(137) J d(/> h d(j)s sin {<f> h - (j> s )(da((j> h , f>s) - d a{<j> h , </>s + 7r)) = 

f d(j) h d<j)s sm 2 ((/> h - <j> s ) 2 ^ 2 (l + (1 - yf) F^^ h ~ <l>s) = 

J y 

»(2„)-^(l + (l - yf) 

sx y 

x J d(j> h d <j)s {da{^ h ,^s) + da{^h,(j>s + ^)) = 

J di 1 + (! “ y ) 2 ) F uu,t = (2tt) 2 (! + (!- vY) f uu,t, 

thus the asymmetry can be written as 


(138) 


Asin(4>h-4>s) 
^UT 


(x,z,P h _ l ) 


j^(l + (l-i/) 2 ) 

sip (i + (i - y) 2 ) f uu,t 


5'4. Phenomenological extractions and models of Sivers function. - Phenomenological 
extractions of Sivers functions from experimental data were initiated by analysis of An 
in PPf —> 7 tA, done in refs. [26,27]. However TMD factorization was proven for the 
case of SIDIS and DY [7, 28] and was not proven for this case, some counterexamples 
exist [29], and we will limit ourselves to analysis of SIDIS data. 

SIDIS data were first analyzed in ref. [30], and the “1/2-moments” of the Sivers 
functions were then introduced in ref. [31] in the fit to the experimental data: 

(139) qT /2 \x) = 2fYT (1/2) {x,p 2 T ). 
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x fjV 1,q (x) x f,V l/2KI (x) 




Fig. 2. - Ref. [35]: The first and 1/2-transverse moments of the Sivers quark distribution func¬ 
tions as extracted in refs. [25,31-33]. The curves indicate the 1-a regions of the various param- 
eterizations. 


In refs. [32,33] the distributions of transverse parton momenta in /“, and D “ 
were assumed to be Gaussian. In order to reduce the number of fit parameters, the 
prediction [34] from the limit of a large number of colors N c was imposed. First moments 
of Sivers functions were extracted. 

The results of refs. [25,31-33] were compared in ref. [35], see fig. 2, and it was shown 
that extractions agree with each other very well. 

A new set of fragmentation functions DSS [36] was adopted in ref. [16] where analysis 
of new HERMES data [37] on kaon production was made. Reference [36] shows that 
Kretzer fragmentation functions fail to reproduce charged kaon SIDIS multiplicities, and 
might not be adequate to reconstruct transverse single-spin asymmetries corresponding 
to kaon production. 

Reference [16] stated that usage of DSS [36] was the key ingredient to resolve the so- 
called kaon puzzle: HERMES data [37] showed that K + Sivers asymmetries are larger 
than 7r + asymmetries and thus one of the explanations would be the enhancement due to 
sea quark TMD contributions. However careful analysis of fragmentation functions and 
usage of DSS [36] set allows to explain K + Sivers asymmetries with moderate sea quark 
contributions. The same conclusion was confirmed in ref. [38]. Future experimental data 
will shed light on sea quark Sivers contributions. 

A 11-parameter fit to pion and kaon production at HERMES [37] and COMPASS [39] 
resulted in a good description of the data with x 2 /d.o.f. ~ 1.00. 

The quality of results of ref. [16] is shown in figs. 3 and 4 where our best fit to the SSA 
is compared with the experimental data from refs. [37] and [39]: the SSAs are plotted 
as a function of one variable at a time, either x or z or Pt , while an integration over 
the other variables has been performed consistently with the cuts of the corresponding 
experiment. 

In ref. [16], an extraction of the Sivers distribution functions was presented based 
on a fit of SIDIS experimental data from the HERMES and COMPASS Collaborations. 
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Fig. 3. - The results obtained from our simultaneous fit of the SIDIS Sivers asymme¬ 

tries (solid lines) ref. [16], are compared with HERMES experimental data [37] for pion and kaon 
production (left and right panel, respectively). The shaded area corresponds to the statistical 
uncertainty of the parameters. 


At that time, the only direct evidence of a non-zero Sivers effect came from HERMES 
experimental data on the azimuthal moment A s ^;^ h ^ s \ measured for pion and kaon 
production off a proton target [37]; the COMPASS Collaboration, instead, found a Sivers 
effect compatible with zero for SIDIS off a deuteron target [18]. The extraction of the 
Sivers functions was made even more challenging by the fact that the < ^ s ' > mea¬ 

sured by HERMES for K + was surprisingly large, about twice as much as the analogous 
asymmetry for tt + production, which hinted at a possible important role of the sea 
quarks [16]. 

Since then, new experimental results have become available: COMPASS have released 
new data on SIDIS production of spinless hadrons off a proton target, showing a clear 
Sivers asymmetry [40]; a new HERMES data analysis, based on a much larger statistics, 




x z P T (GeV) x z P T (GeV) 

Fig. 4. The results obtained from our fit (solid lines) are compared with the COMPASS mea¬ 
surements of for pion (left panel) ref. [16] and kaon (right panel) production [39] off 

a deuteron target. The shaded area corresponds to the statistical uncertainty of the parameters. 
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Fig. 5. - First pr-moment of the Sivers distribution function, xA N (x), ref. [42], as a 

function of x as obtained by fitting SIDIS experimental data from HERMES and COMPASS. 
The left (right) panel shows the results obtained from a fit which includes only valence (valence 
plus sea) quark contributions. 


while confirming the previous pion data, softens the enhanced peak in the K + Sivers 
azimuthal moment [41]. 

A new extraction [42] of the Sivers function from the HERMES proton [41] and 
COMPASS deuteron data [18] was performed. COMPASS proton data [40] were excluded 
due to the presence of some experimental scale uncertainty which is difficult to account 
for in the analysis. The new forthcoming data from COMPASS on a proton target will 
become very useful in the future. New data will become available from JLab 6 and JLab 
12 in the future. 

In order to evaluate the significance of the sea-quark Sivers contributions first a fit of 
the SIDIS data was performed including only Sivers functions for u and d quarks. The 
results obtained are rather satisfactory, with a total Xd o f °f about 1.05. 

Then a second fit was attempted, in which u, d , s, s sea contributions to the Sivers 
function were allowed, the total Xd 0 f improves to about 0.9. 

This can be considered as an indication of the presence of sea Sivers functions, see 
fig- 5. 

Further experimental measurements from present and future facilities are strongly 
needed to reach a better knowledge on the important Sivers distribution functions, in 
particular in the large and small x regions where they are presently largely unconstrained. 
Electron Ion Collider will contribute to exploration of the Sivers function at small x. In 
the following sections we will analyze impact future experimental data from EIC on 
extraction of Sivers functions. 
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0 0.2 0.4 0.6 0.8 1 


x (GeV) 

Fig. 6. - Sivers distribution functions for u, d and s flavors, at the scale Q 2 = 2.4(GeV/c) 2 , 
ref. [16], as determined by our simultaneous fit of HERMES and COMPASS data (see text for 
details). On the left panel, the first moment x A N f^(x), eq. (140), is shown as a function of x 
for each flavor, as indicated. Similarly, on the right panel, the Sivers distribution x A N f(x,k.±) 
is shown as a function of kx at a fixed value of x for each flavor, as indicated. The highest and 
lowest dashed lines show the positivity limits lA^/j = 2/. 


The Sivers functions of ref. [16] are presented, at the scale Q 2 = 2.4(GeV/c) 2 , in 
fig. 6, where we plot, on the left panel, the first kx moment defined as 

(140) A N f^(x) = J d 2 k ± ^A N f q/p i(x,k ± ) = -f^ 1)q (x), 

and, on the right panel, the kx dependence of A N f q / p i at a fixed value of x = 0.1. 
The highest and lowest dashed lines show the positivity limits [A^/l = 2/. Large-Ac 
prediction fyy = —fyy is approximately satisfied, see eq. (141), as can be seen from 
fig. 6 such a prediction is confirmed by experimental data. 

A model calculation with inclusion of final state interactions was done in refs. [43,44] 
and non-zero Sivers asymmetry was shown for the first time. There exist a number of 
model calculations of Sivers functions. Light-cone quark model [23], diquark models [45, 
46], MIT bag model [47,21]. The model results compare well with the extracted Sivers 
function, as can be seen in fig. 7. 
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XX X 


Fig. 7. - Right panel: results of model calculations of ref. [23] solid line, compared to results of 
ref. [16] extracted from experimental data. Left panels: results of model calculations of ref. [45] 
solid line, compared to results of ref. [16]. 

The u and d Sivers functions are also predicted to be opposite in the large N c limit [34] 
and in chiral models [48]: 

(141) At" = -At", 

as can be seen from figs. 7 this is true in model calculations. 

TMDs and in particular Sivers functions could be also studied in framework lattice 
QCD and the first results are already available. 

In order to extract Sivers function from the data we need information on unpolarized 
SIDIS cross-section. An analysis of unpolarized SIDIS cross-section was performed in 
ref. [49]. The following Gaussian form of transverse momenta dependence was chosen: 

(142) = 

and the following values for the widths were obtained: 

(143) (p 2 T ) = 0.25 (GeV 2 ), (K%) = 0.2 (GeV 2 ) 

These values are in a good accordance with recent phenomenological studies of 
ref. [50]. 

The parametrization chosen in eqs. (142) is such as 


(144) 

J d 2 Pr 

(145) 

f d 2 K T D h lq (z,K 2 ) = D h lq (z) 


where fi(x) and D^ q (z) are usual collinear PDF and FF, the analysis of ref. [25]: 
GRV98LO PDF [51] and Kretzer fragmentation functions of ref. [52]. The result of 
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eqs. (145) is an assumption and, in this particular case, Gaussian parametrization allows 
us to have this exact match of TMD and collinear parton distributions. Some of TMD 
schemes satisfy the exact relation of eqs. (145), for example ref. [53]. 

The Sivers function is parameterized in terms of the unpolarized distribution function, 
as in refs. [25,16], in the following factorized form: 


(146) fvr{ x iPr) = -N q {x) h{p T ) fl(x,p%), 
with 

(ry —I— fi ^ ) 

(147) A f q (x) = N q x a '( 1 - *)A 1 q -, 

a q Pq 

(148) h(p T ) = V2~e e ~ v ^ IM ^, 

where N q , a q , (3 q and Mi (GeV/c) are free parameters to be determined by fitting the 
experimental data. 

The parametrization of eq. (146) is chosen in such a way that positivity bound [4] for 
the Sivers function 

(149) (( g q 1T (x,p 2 T )) 2 + {fiT{x,PT)f) < ( f?(x,p 2 t )) 2 , 
is automatically fulfilled) 4 ). 

5'5. Wanzura- Wilczek approximation. - A possibility to connect different TMDs is the 
so-called Wanzura-Wilczek approximation [54]. In this approximation one systematically 
neglects quark-gluon-quark correlations and derive certain relations among distribution 
functions. The most known one is the relation between structure functions gi and g^- 

(460) gi{x) = ^^2e 2 a g 1L (x), 

a 

92(x) = -9i(x) + ^J2 e *g T ( x ^ 

a 

where 

(151) gi L (x) = J d 2 p T giL(x, Pt), 



( 4 ) Smallness of g\ T {x,Pr ) is assumed. Trivial positivity bound from eq. (118) is ^1 /it x 
(x,Pt )| < f\{x,Pr) and is also fulfilled. 
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Thus twist-three distribution function g 2 is related to g± and remarkably the experi¬ 
mental data [55,56] indicate that this relation holds at a very good accuracy and might 
be violated by approximately 40% as discussed in ref. [57]. 

The key papers, where Wanzura-Wilczek approximation was applied to Transverse- 
Momentum-Dependent distributions (TMDs) in historical order, are refs. [58-62,57]. 

An immediate application (or test) for the WW relations is provided by the following 
single/double spin asymmetries in SIDIS [60,61], which could be measured at Jefferson 
Lab (in principle, also HERMES and COMPASS) 


(152) 

a sin 2cf) 

a ul 

(153) 

,cos (+-0s) 

a lt 


« X! e « h lL )a H l‘ 

a 

Sir° D 1 - 


a 


5'6. All asymmetry. - In the following sections we will need to have information on 
Ut widths of TMD distributions. One of the sources of such information is experimen¬ 
tal data. The widths of unpolarised distribution functions /i (x,p^) and fragmentation 
functions Di(x,k^) were derived in ref. [49] from the data to be (jpj) = 0.25GeV 2 and 
(fcf.) = 0.2 GeV 2 . 

Another source of information is lattice QCD and recent results of ref. [63] for 
the width of unpolarised distribution functions fi(x,pr) (pj)u = (0.3741) 2 , (pj)d = 
(0.3839) 2 GeV 2 are close to the phenomenological result of ref. [49]. 

Concerning and h^f l,a no experimental data are available for extraction of 

widths. We would use the lattice QCD results of ref. [63]. 

In order to test the precision of lattice QCD results, let us consider an example Ph± 
dependence of All asymmetry. All asymmetry was discussed in ref. [64], the authors 
used three different kr widths of helicity distribution g \. The experimental data of CLAS 
Collaboration [65] suggest that the width of g\ is smaller than of f\. The lattice QCD 
results of ref. [63] are (p^u 1 = (0.327) 2 , {PrYd = (0.385) 2 confirming phenomenological 
and experimental findings. 

The relevant part of the lepton-proton cross-section reads 


(154) 


der 


dxdyd4>sdzd(j) h 2Ph±dPh± 


y 


xyQ 2 2(1 - e) 
depolarization factors can be approximated as 


|+ S)|Ae\/l - £ 2 ^ll|, 


(155) 


y 


l 


i 1 2 , 1 2 2 

1 ~y + ^y +- 72 / 


2 (1 - e) 1+7 


1 - y + 772 /' 
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(156) 


We can rewrite cross-section as 
der 


dxdyd<j)sdzd<f>hdPh± 


2 P h ±: 


of 


(l + (1 - y ) 2 ) Fuu,t + S\\X e y(2 - y)F LL >, 


(157) 


2 xyQ 2 ^ 

Single Spin Asymmetry is defined in the following way: 

/ d(j> h d(t>s (do 4 - da- 1 ) 


A ll = 


f d<j)hd<t>s (dal + do 4 ) ’ 


where | (I) denote the transverse polarization of the target nucleon, LL stands for the 
longitudinal polarization of the lepton beam and the target nucleon. Numerator and 
denominator of eq. (157) using Q 2 = sxy can be written as 

/ 2 

d4> h d4>s(do^ - do 4 ) = 2P ft j_(27r) 2 -^- (2 - y) F LL , 

sx z y 

/ 2 

d<j>hd<j)s(do^ + do 4 ) = 2Pftj_(27r) 2 ^ 2 (l + (1 - y) 2 ) Fjju^t- 

sx y 

The partonic interpretation of Fll is the following [3]: 

(159) F ll = C\gi L Di], 

so that 

(160) F ll = x e 2 J d 2 p T g“ L {x,p^) D la (z,(P hJ _ - zp T ) 2 ) ■ 


We assume Gaussian form for g^ L (x,p^) and f^(x,p^): 


(161) 


9il(x,Pt) = 9il(x) — t ex P 

7r M5 a 


P T 

L MoaJ 


fi( x ,Pr) = fi( x ) 7 2i ex P 

n{PT)a 


P T 


(Pr)a \ ' 


The values for the widths of g± L {x,Pr) and fi(x,p^) are taken from ref. [63], p^ u = 
(0.327) 2 , p 2 d = (0.385) 2 GeV 2 and {p 2 T ) u = (0.3741) 2 , {p 2 T ) d = (0.3839) 2 GeV 2 . 

We can finally derive the formula for All asymmetry as a function of x, y , z: 


(162) 


. , ~ \ - f PhT ^ PhT /o^d^d^do 4 _ do 4 ) 

/ PhrdPhT / 0 27r d(f) h d(j)s{.do'' + do 4 ) 

M fd 2 P hT F LL q e W 1 L (x)D h q (z) 

" 1± ^ )1 f VPhtFuu e 2 q mx)D*(z) ' 
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Fig. 8. - All asymmetry compared with JLAB experimental results [65] for n + (left panel) and 
7r _ (right panel). 


For the asymmetry as a function of PhT the formula is the following: 


(163) A LL {P hT ) 


f d.Tch/dz f 27T d<j)hd(f>s(da^ — dcr^) 
f d.Tdr/d^: fg 77 d(j>hd(j)s(d<j^ + dcrl) 


Jdxdydz^Y: q - 

I dxdydz lH l~ v)2 Y, q 


exp [~ P hT/(( K T) + nl q z 2 )\ e 2 q g q 1L {x)D%(z) 
ex P (~ P Zt/(( K t) + (Pr)?- 2 )) e qfl( x ) D a(z) 


n((K^) + (p^) q z 2 


The results and comparison to JLAB experimental results ref. [65] are presented 
in fig. 8. We conclude that lattice QCD results give appropriate description of the 
experimental data and we will use results of ref. [63] for g^, a and hfj j 1 ' >a widths in the 
following sections. 

5'7. asymmetry. The lepton-hadron cross-section can be expressed in 

a model-independent way by a set of structure functions, we write here only the part 
corresponding to cos (cj)h — (frs) modulation (see ref. [3]): 

da 

dxdydi/)dzd4>hdP 2 ± 

xyQ* 2(1-e) 0 + h) { FuU ’ T + \Sx\\eV^cos(<t> h - 

Neglecting the proton mass, the depolarization factors in eq. (164) can be rewritten 
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as [3] 
(164) 


2 ( 1 -e) I + 7 2 


\/l — £ 2 = 


1 . 1 2 , 1 2 2 

l - y+ -y + -7 y 


1 - y + 2^ 


y 


1 


2(1 -e) 


\/r+7 2> 


1 


y 1 - o y « y 1 - o y 


(165) 


In DIS kinematics ~ d</>s and we obtain 
da 


dxdyd<t>sdzd(j)hdP? 


h± 


(l + (1 - y) 2 ) Fuu,t + |Sj_|A e y (2 - y) cos (<j) h - (j>s)F\ 


2xyQ 2 ^ 

Asymmetry is defined in the following way: 


,cosOfc-0s) 

LT 


(166) 


.cos(«K-0 s ) _ n f d<t>hd<?>s cos(</)h - 4>s ) (da T - do- 1 ) 
LT "" / d(f>hd(/)s (do-1 + dcrl) 


where | (I) denote the transverse polarization of the target nucleon, L stands for longitu¬ 
dinal polarization of lepton beam, T for the transverse polarization of the target nucleon. 
Numerator and denominator of eq. (166) using Q 2 = sxy can be written as 


(167) 


dcrl _ (Jut — 


or 


sx 2 y 2 


y (2 - y) cos (<f> h - (j> s ) F c L °T (4,h ^ s) , 


dcr T + dcrl = -_ (l + (1 - y ) 2 ) F UUT . 

sx z y z v 7 


And we have 


(168) J d(j) h d(f>s cos{(/) h - </>s)(dcr T - dcrl) = 

/ 2 

d(t>hd(j>s cos{(/) h - (j> s ) a 2 2 y (2 - y) cos {<j> h - 0 s )i^y (0 '* _0s) , 
sx z y z 


= 2P h± n(2n) — p^y (2 - y) 
sx z y z 


pcosi^h <t> s ) f cl ^ d 0 s ( dfT 1 +dcr i) = f d<j) h d(f> s 2 (l + (1 - y) 2 ) ^Vc/,i 

J J y 

= 2P h± (2Tr) 2 -^ (1 + (1 - y) 2 ) i'W.T- 
Weighted asymmetry is defined as [66] 

(169) A£f = 0 / PhT dPhTdfadfaZfi- cos (<f> h - for) (dcrl _ dcrl) 


/ P^rdP/^dfo (dcrl + dal) 
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We have [3] 

(170) pc°s(4> h -<t>s) _ c }}_LjpL giT D 1 , 
and thus using eq. (106) 

(171) f ^h-4>s) = x ^2e 2 a f d 2 p T ^^9it( x ^Pt) D ia (z, ( p h_L - z Pt) 2 ) ■ 

a 

Following refs. [49,60] let us assume that transverse-momentum dependences of DFs 
and FFs are given by factorized Gaussian form: 

(172) = 

Dt,(z,Kl) = D;,( 2 )^ex„ [-^y] , 

qIt&iPt) = 9 i T (x)Nexp , 

. Mi. 

where we take values of {p\) and (. K f.) from ref. [49]: (p^) = 0.25 (GeV 2 ), ( K f.) = 
0.2 (GeV 2 ). 

We will use WW approximation [54] for calculations, so that 

(173) 9iT q( y x )~ x [ — 9\{y)- 

j x y 

We can use eq. (100) to calculate the first moment of g\ T {x, kj.) of eq. (142) and obtain 

( 174 ) 9iT q ( x ) =9 it( x ) 7 ^T’ 
thus 

(175) g\ T (x,p 2 T ) =g ( $ q (x) —^exp . 

’’’Mi L Mi. 

Let us remind that g^ T enters in the positivity bound [4] for the Sivers function 
fiT q [67,68] 

(176) ((Mit( x >Pt)) 2 + if it (^iPt)) 2 ) < (/i ( x iPt )) 2 > 

so that it becomes important to measure gf T in order to refine bounds for the Sivers 
function. 
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We can finally derive the formula for co s(cf>h — <j>S ) asymmetry as a function of x, y, z 
using eqs. (166), (136), (106), (142), (175), (171): 


(17?) ^co ) = J p hTdPhT C d(/> h d<t> s (d^ - dgl) cos(^ - <j> s ) 
LT ' J PhrdPhT d(j) h d(l)s{da^ + dcP) 

r ,o n tzV _ Mz ^ _ C 2 0 9(1) (x)D h ( 

4 I d 2 P hT F LT yVh vs> x V ^i e q 9iT KX)u q yz) 


2-y 

x 2 y 


■‘P hT F uu !(x)Dt(z) 


If one calculates the asymmetry as a function of PhT, then the formula is the following: 


(178) ^ cos( ^-0s)(p _ J dirdydz f 0 * d0 h d(f> s (d(r r - do 4 ) cos(<j> h - <j) S ) _ 

LT § dxdydz d^hd^sida'' + dcj^) 

f dxdydz^ exp (~P% T /((K 2 ) + &*)) E,^flir ) (*) £, J(*) 


/ dxdydz 1+{ ^ y2 y)2 exp (-P 2 T /((/l 2 ) + (p§> 2 )) E g e^f?(x)D^(z) ‘ 


For weighted asymmetry (169) we have 


(179) 


A^M~ cos(<f>h-<i>s) 
^LT 


{x,y,z) 


o /dPhT /(T d^d^s(do- T - do 4 )cos(</> fa - <j> s ) 
I dP hT fo* dcp h d(l)s(d(j1 +dcrl) 

^E q e 2 q9 q 1 { T 1 \x)D h q (z) 

^S^E q e 2 q mx)DZ( Z y 
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Fig. 10. Left panel: A, z 2f cos( ' ct ’ h ^ s ' > as a function of x, right panel: A c T °£^ h ^ s ^ as a function 
of P hT for JLab 12 GeV. 


In order to make estimates for the asymmetries we need to fix the width of the distri¬ 
bution /r 2 , we will use g, 2 = 0.1 GeV 2 for our estimates. The helicity distributions g\(x) 
are taken from ref. [69]. Integrated parton distribution and fragmentation functions, 
fq/ p {x) and Dh/ q (z), are available in the literature; in particular, we use the GRV98LO 
PDF set [51] and the DSS fragmentation function set [36]. 

Resulting distributions g\ T are plotted in fig. 9. 

Weighted and unweighted asymmetries A£™ cos ^ h f or jL a I, 12 GeV 

are plotted in fig. 10. 

* * * 

Authored by a Jefferson Science Associate, LLC under US DOE Contract No. DE- 
AC05-06OR23177. The US Government retains a non-exclusive, paid-up, irrevocable, 
world-wide license to publish or reproduce this manuscript for US Government purposes. 

Appendix A. 


In general can be parametrized as 


(A.l) 


c Wo Wa 

W S ’^(q,P) = -W x <? v + 


^(P'V + PV) 


with coefficients Wi t 2,4,,5 which are called structure functions and depend on g, P or x, Q 2 . 
Notice that we already symmetrized the hadron tensor and made structure functions 
dimensionless. 

From current conservation we have q ll W S ’^ 1 ' = q u W S ’^ jl ' = 0. 

Let us use the first relation q fJ/ W S ’ fJjl ' = 0: 

(A.2) q,W s ^ = -Wtf + H (p-q)p v + ^gV + ^|((p- q)q v + «V) = 0, 
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so that 
(A.3) 


w 5 -- - p -^-w 2 . 
q 


Now we use the second condition = 0 and use eq. (A.3): 

(A.4) q u W S ^ = -W 1 q^+^(p-q)p^+^q 2 q^- { ^l(p^p-q) + q^p-q)q^W 2 = 0, 


and we obtain 


(A.5) 


w ‘ = + ( -0 


W 2 . 


Now we can rewrite eq. (A.l) as 


(A.6) P) = -W,fT + + (^) 2 ^) IV 

(p-q), 


q 2 M ■ 


-ip^q"+p-'q»)W 2 . 


We see that we have 2 independent structure functions W\ and W 2 . Let us rewrite 
eq. (A.6) in standard form. Let us use x = Q 2 /2p-q , thus p-q/Q 2 = l/(2x). 


(A.7) 


W S ’^(q,P) 




<? 2 / 


Wi + 




W 2 , 


which is the same as eq. (52). 

Structure functions F\ and F 2 are usually defined as 


(A.8) Fi{x,Q 2 ) = Wi(a:,Q 2 ), 

(A.9) F 2 (x,Q 2 ) = W 2 (a:,Q 2 )(P-(7) 


and the following explanation is then valid: 


(A.10) 


W S ’^(q, P ) 



+ 


1 

P 7 q 


(V 



-^(z.Q 2 ). 
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Summary. - We present a systematic study of the transverse-momentum- 
dependent parton distributions (TMDs) in the framework of quark models. In 
particular, we review the general formalism for modeling the quark TMDs using 
the representation in terms of overlap of nucleon light-cone wave functions. Such 
a formalism can be applied to a large class of quark models. We will discuss the 
building blocks of these different models, and we will use as explicit example for the 
calculation of the TMDs a light-cone constituent quark model. Within this model, 
we also propose a phenomenological study of different observables, trying to learn 
how model parameters related to particular assumptions on the nucleon structure 
can be tuned to describe available experimental data. 


1. Introduction 

The investigation of how the composite structure of a hadron, consisting of nearly 
massless constituents, results from the underlying quark-gluon dynamics is a challenging 
problem, as it is of non-perturbative nature, and displays many facets. What are the 
longitudinal momentum distributions of partons in a fast-moving unpolarized or polarized 
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hadron? What amount of transverse momentum do these partons carry, and how large is 
the resulting amount of orbital angular momentum? What is the spatial distribution of 
quarks inside a hadron as seen by a vector probe (coupling to the charge of the system), by 
an axial vector probe (coupling to the axial charge), or even seen by a more complicated 
probe? 

Two new types of distributions such as the transverse-momentum-dependent parton 
distributions (TMDs) and the generalized parton distributions (GPDs) allow to address 
and quantify such questions. At leading-twist, the TMDs are defined as the diagonal ma¬ 
trix elements of the parton density matrix in the longitudinal and transverse-momentum 
space [1-5]. Taking into account all the independent spin-polarization states of the nu¬ 
cleon and partons, one obtains 8 independent TMDs describing the correlations in the 
three-dimensional momentum space between the nucleon and quark spin, and between 
the quark orbital angular momentum and both the nucleon and quark spin. On the other 
hand, GPDs are probability amplitudes related to the off-diagonal matrix elements of 
the parton density matrix in the longitudinal momentum space [6-17]. After a Fourier 
transform to the impact-parameter space, they also provide a three-dimensional picture 
of the hadron in a mixed momentum-coordinate space [18-20]. 

The information encoded in the TMDs and the GPDs can be collected in a unified 
framework through the generalized transverse-momentum-dependent parton distribu¬ 
tions (GTMDs); for a classification see refs. [21,22]. The GTMDs contain the most 
general one-body information about partons, corresponding to the full one-quark density 
matrix in momentum space [23]. GTMDs depend on the three-momentum of the quarks 
as well as on the four-momentum A which is transferred by the probe to the nucleon. 
The Fourier transform of the GTMDs to the impact-parameter space allows to define 
the Wigner distributions of the parton-hadron system, which represent the quantum- 
mechanical analogues of the classical phase-space distributions [24-26,16]. Wigner distri¬ 
butions provide 5-dimensional (two-position and three-momentum coordinates) images 
of the nucleon as seen in the infinite-momentum frame. As such they contain the full 
correlations between the quark transverse position and three-momentum. In particular 
limits, they reduce to different parton distributions and form factors as shown in fig. 1. 
The different arrows in this figure represent particular projections in hadron and quark 
momentum space, and give the links between the matrix elements of different reduced 
matrices. In the forward limit A = 0, they reduce to the TMDs, while the integration over 
the quark transverse momentum k± leads to the GPDs. The common limit of TMDs and 
GPDs is given by the standard parton distribution functions (PDFs). The integration 
over the longitudinal-momentum fraction x brings to the lower plane of the box in fig. 1, 
and at each vertex we find the restricted version of the operator defining the distributions 
in the upper plane. For example, in correspondence of the TMDs we encounter the 
transverse-momentum-dependent spin densities (TMSD), while from the GPDs we ob¬ 
tain the form factors (FFs). Both FFs and TMSDs have the charges as a common limit. 
Each of these observables is sensitive to specific properties of the nucleon structure, and 
contributes from different perspective to form a global and comprehensive view [27]. In 
these lectures we will concentrate on the model calculation of TMDs, restricting ourselves 
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GTMD(x, k±, A) 



Fig. 1. - (Colour on-line) Representation of the projections of the GTMDs into parton distribu¬ 
tions and form factors. The arrows correspond to different reductions in the hadron and quark 
momentum space: the solid (red) arrows give the forward limit in the hadron momentum, the 
dotted (black) arrows correspond to integrating over the quark transverse momentum and the 
dashed (blue) arrows project out the longitudinal momentum of quarks. 

to the quark contribution. We will exploit the relations with different observables and 
parton distributions in the box of fig. 1 to test different model assumptions and their 
implications for the partonic structure of the nucleon. Various low-energy QCD-inspired 
models have been employed to model the TMDs [23,28-55]. Although they all have in 
common that they strongly oversimplify the complexity of the QCD dynamics in hadrons, 
studies in different models based on often complementary assumptions, help to unravel 
non-perturbative aspects of TMDs. Insights into non-perturbative properties are of par¬ 
ticular interest when confirmed in various models. The practical value of model results is 
that they can be used to predict new observables, or to guide educated Ansatze for fits of 
TMD parametrizations. Especially in the context of TMDs one should not underestimate 
the conceptual importance of model calculations. Model calculations demonstrated the 
existence of effects [56], paved the way towards an understanding of universality in the 
fragmentation process [57], established new TMDs [58,59], see [60] for a review. 

The paper is organized as follows. In sect. 2 we review the definitions of the leading- 
twist TMDs and introduce a convenient representation of the quark-quark correlator in 
terms of the net-polarization states of the quark and the hadron. In sect. 3 we discuss 
model relations among TMDs which hold in a large class of quark models. In particular, 
we review the derivation given in ref. [61] to explain the physical origin of such relations. 
There are two linear relations and a quadratic relation which are flavour independent 
and involve polarized TMDs, while a further linear relation is flavour dependent and 
involves both polarized and unpolarized TMDs. The relations among polarized TMDs 
connect the distributions of quarks inside the nucleon for different configurations of the 
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polarization states of the hadron and the parton. As a consequence, it is natural to expect 
that they can originate from rotational invariance of the polarization states of the system. 
Rotations are more easily discussed in the basis of canonical spin. Therefore, instead of 
working in the standard basis of light-cone helicity, we introduce in subsects. 4'1 and 4'2 
the tensor correlator defining the TMDs in the canonical-spin basis. Such a representation 
is used in subsect. 4'3 to discuss the consequences of rotational symmetries of the system. 
In such a way we will be able to identify the key ingredients for the existence of relations 
among polarized TMDs in quark models. 

In order to complete the discussion, including the flavour-dependent relation among 
polarized and unpolarized TMDs, we need to introduce specific assumptions about the 
spin-isospin structure of the nucleon state. Therefore, in sect. 5 we discuss the conse¬ 
quences of rotational invariance using the explicit representation of the TMDs in terms 
of three-quark (3Q) wave functions. In particular, in subsect. 5'1 we derive the overlap 
representation of the TMDs in terms of light-cone wave functions (LCWFs), while the 
corresponding representation in terms of wave function in the canonical-spin basis is given 
in subsect. 5'2. In subsect. 5'3 we discuss the constraints of rotational symmetry on the 
nucleon wave function and, as a result, we give an alternative derivation of the flavour- 
independent relations among TMDs. Finally, in subsect. 5'4 we discuss the constraint 
due to SU (6) symmetry of the spin-flavour dependent part of the nucleon wave func¬ 
tion. This additional ingredient allows us to explain the origin of the flavour-dependent 
relation. The formal derivation of the relations among TMDs is made explicit within 
different quark models in sect. 6. There we review different quark models which have 
been used in the literature for the calculation of TMDs. In particular, we discuss the key 
ingredients of the models, showing how and to which extent the conditions which lead 
to relations among TMDs are realized. In sect. 7 we also study the phenomenological 
implications of the breaking of SU(6) symmetry. We will work in the framework of a 
light-cone constituent quark model, giving the essential step for the explicit calculation 
of the TMDs in the model in subsect. 7’1. In subsect. 7'2 we discuss the model results 
for T-even TMDs and related spin densities in the transverse-momentum space. In sub¬ 
sect. 7'3 we propose a phenomenological study of different observables, fitting the model 
parameter related to SU (6)-synnnetry breaking to the double-spin asymmetry in inclu¬ 
sive deep inelastic scattering (DIS). The results from this fit are then exploited to obtain 
predictions for other observables which are particularly sensitive to SU (6)-breaking ef¬ 
fects, like the double-spin asymmetry for semi-inclusive deep inelastic scattering (SIDIS) 
and the neutron electric form factor. A summary of our findings is given in the final 
section. Technical details and further explanations about the representation in terms of 
nucleon wave functions are collected in three appendices. 

2. — Transverse-momentum dependent parton distributions 

2‘1. Definitions . In this section, we review the formalism for the definition of TMDs, 
following the conventions of refs. [4,62-64]. Introducing two lightlike four-vectors n± 
satisfying n+ • n_ = 1, we write the light-cone components of a generic four-vector a as 
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[a + , a , aj_] with = a ■ nzp. The density of quarks can be defined from the following 
quark-quark correlator^): 


( 1 ) 





■€x) 


x 




1a 

+oo)^(+oo,£) 


MZ)\ p,s) 


?+=o 


where k + = xP + , ip is the quark field operator with a, b indices in the Dirac space, 
and U is the Wilson line which ensures colour gauge invariance [65]. The target state 
is characterized by its four-momentum P and covariant spin four-vector S satisfying 
P 2 = M 2 , S 2 = — 1, and P ■ S = 0. We choose a frame where the hadron momentum has 
no transverse components, P = [P + , /p+,0j_], and so S = [S’* j^-,—S z tPp+,S±] with 
S 2 = 1. From now on, we replace the dependence on the covariant spin four-vector S by 
the dependence on the unit three-vector S = (S±,S Z ). 

TMDs enter the general Lorentz-covariant decomposition of the correlator 
$ ab (a:, fcj_, S) which, at twist-two level and for a spin-1/2 target, reads 


(2) $0r ,k ± ,S) 



Jo hi qo 
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where e^ 2 = — ef. 1 = 1, and the transverse four-vectors are defined as a± = [0, 0,aj_]. 
The nomenclature of the distribution functions follows closely that of ref. [4], sometimes 
referred to as “Amsterdam notation”: f refers to unpolarized quarks; g and h to lon¬ 
gitudinally and transversely polarized quark, respectively; a subscript 1 is given to the 
twist-two functions; subscripts L or T refer to the connection with the hadron spin being 
longitudinal or transverse; and a symbol _L signals the explicit presence of transverse 
momenta with an uncontracted index. Among these eight distributions, the so-called 
Boer-Mulders function hj- [62] and Sivers function //y [66] are T-odd, i.e. they change 
sign under “naive time-reversal”, which is defined as usual time-reversal but without in¬ 
terchange of initial and final states. All the TMDs depend on x and k . These functions 
can be individually isolated by performing traces of the correlator with suitable Dirac 


( x ) In order to simplify the notation, we will omit the colour index, keeping in mind that the 
quark-quark correlator is diagonal in the colour space. 
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matrices. Using the abbreviation = Tr[$r]/2, we have 


(3) $ [ ' 1 ' +1 (a;,fc_L,ff) = A ~ ^ m ^ fir> 

(4) ^ + ^(x,k ±1 S) = S z g 1L + k ^ J ^g 1T , 

k\ 


(5) fc ±I 5) = Si hi + S Z ^ hi L + S{ tfr + CT ^ ^ 


M 


2 M 2 


M 


where j = 1,2 is a transverse index, and 


k 2 

(6) h\ = Hit + 2] ^ 2 hi T . 


The correlation function <f>[ 7+ ] (x, k±, S) is just the unpolarized quark distribution, 
which integrated over k± gives the familiar light-cone momentum distribution fi (x). All 
the other TMDs characterize the strength of different spin-spin and spin-orbit correla¬ 
tions. The precise form of this correlation is given by the prefactors of the TMDs in 
eqs. (3)-(5). In particular, the TMDs giL and hi describe the strength of a correlation 
between a longitudinal/transverse target polarization and a longitudinal/transverse par- 
ton polarization. After integration over k±, they reduce to the helicity and transversity 
distributions, respectively. By definition, the spin-orbit correlations described by f ^ T , 
giT, h^, hi L and h^ T involve the transverse parton momentum and the polarization of 
both the parton and the target, and vanish upon integration over k±. 

If one calculates these distributions in the light-cone gauge A + = 0 using advanced 
boundary condition for the transverse component of the gauge field, the gauge links in the 
quark-quark correlator can be ignored [67-69]. However, in this case the wave function 
amplitudes are not real and, apart from the structural information on the hadron, they 
also have an imaginary phase mimicking the final state interactions [70,71]. 

2'2. Helicity and four-component bases. - The physical meaning of the correlations 
encoded in TMDs becomes especially transparent when using for the quark field operator 
the Fourier expansion in momentum space in terms of light-cone Fock operators. To this 
aim, we first introduce the Fourier expansion in momentum space of the quark field 
operator %f q of flavour q (see e.g. [72]) 

(7) i> q (z~,z±) = j ^-4-^ Q(fc+) ^2 {<?a (k) u LC (k, A) exp [~ik + z~ + *k x • z_l] 

+ q{ (2j v L c (pj cxp[-t-ifc + z - - *kj_ • zj_] j , 

where k = (fc + ,kj_), A, represents the parton helicity, and q and q' are the annihilation 
operator of the quark fields and the creation operators of the antiquark fields, respectively, 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 



Copyright© 2013. IOS Press. All rights reserved. 


Models for TMDs and numerical methods 


203 


which fulfill the anticommutations relations 

(8) {«A' (k') , q{ (k) } = {qy (k') , q{ ( k ) } 

= 16tt 3 k + S{k ,+ - k + )5 {2) (k' ± - k A _)6 q > q 6 x >\. 

In eq. (7), the quark LC spinors ULc{k,X) and VLc(k,X) are the free Dirac light-cone 
spinor of the quark and antiquark, respectively (see Appendix A). 

For simplicity, in this study we will consider only the quark contribution to TMDs, 
ignoring the contribution from gauge fields and therefore reducing the gauge links in 
eq. (1) to the identity. As a consequence, we will not be able to discuss the T-odd TMDs, 
which vanish identically in the absence of gauge-field degrees of freedom. Furthermore, 
we decompose the correlator (1) into the different quark flavour contributions 

(9) $ = 

Q 


Following the lines of refs. [73-75], we obtain at twist-two level 


( 10 ) 


k ± , S) = 1 (P, S\ Y qI (k) 9A (fc) M^ X ' X \P, 5) 


A'A 


where Af = [2x(27r) 3 ] 2 5^ 3 ^ (0) and M^ x x = ULc{k, A')TuLc(k, A)/2fc + . As a result, 
using (3)-(5), the quark contribution to the T-even TMDs is given by 


(11) fi(x,k 2 ± ) = (P,A\V q (fc) |P,A), 

(12) Ag q 1L (x,k 2 ± ) = (P,A\A q (k)\P,A), 

(13) = (P,S ± \A q (k) \P,S±), 

(14) Ajjh^(x,k 2 ± ) = ^ Y s ign ( A ) (P, A | T]_ (it) |P,A), 

A 

(15) S±h q 1T (x,k 2 ± ) + k± A f ± ^hf^(x,k 2 ± ) = ^Y si ^{S±)(P, S±\Tl (£) \P,S±), 


where the quark operators V q , A q : and T? are defined as 


(16) 

V q 

(17) 

A q 

(18) 

n 


v 11 
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with T q R L = T q ±iT q . The quark operators V q and A q have a probabilistic interpretation 
since they are written just in terms of number operators N q = q\(k)q\(k). The operator 
has also a probabilistic interpretation but only when written in terms of transversely 
polarized operators 

(!9) s ± -Tl=J2sgn{s ± )ql ± {k)q s± (k), 

s± 


where for a generic direction s = (sin 9 S cos <J> a , sin 9 S sin cf> s , cos 9 S ), the creation operators 
for a polarized quark can be expressed in terms of creation operators for a longitudinally 
polarized quark as 

(20) (q\_ a , = (q\_, u(9 s , <j) 8 ), 

where the SXJ (2) rotation matrix u{9 , (j >) is given by 


( 21 ) 


u(9,<j)) 


/cos | e - sin | e *^/ 2 \ 

y sin | cos | e*^/ 2 J 


The operators V q {k) : A q {k) 1 and sj_ ■ Tj_(k) give the number, the effective longitudinal 
polarization, and the effective transverse polarization of quarks with flavour q and light- 
cone momentum k, respectively. 

We can further disentangle (15) by choosing appropriate target and quark polariza¬ 
tions 


(22) h\{x,k\) = 


1 

4 


E si § n (^)< p - S *\ T % (*) i p > 5 *> + E si § n (^)< p - s v\ T v (*) i p ’ 

Sy 


(23) 


7.2 _ ;.2 

M 2 


EtO^I) = 


1 

2 


Esign(^)(P,5 x |T«(fc) |P,S a ) 
s x 


J2sign(S y )(P,S y \T q (k)\P,S y ) , 

Sy 


or 

(24) (g? *1) = 

Wsign(S,)(P,S,|Ij(i) IPS.) = l£sign(S„)<PS„pj (k) |PS„). 

S X Sy 
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Table I. - Relations between the 8 leading-twist TMDs and helicity amplitudes. The table can be 
used to obtain the TMDs as functions of the helicity amplitudes as well as the inverse relation. 
The entries in the table give the coefficients in the linear combination which relates the two sets 
in the first column and in the first row. The helicity amplitudes are also classified in terms of 
the transfer of orbital angular momentum A l z between the initial and final state. 




o 

II 

< 



Al z 

= +1 


A l z — “h2 


•n + , ++ 

n-,+- 

n + ,- 

n+,-+ 



n-, ++ 

n-,- + 

n 

i 

i 







ah. 

i 

-i 







hi 



i 






r±q 

JIT 




* k ± 

A Mkg 

1 k l 




air 




Mkg 

k l 

Mkg 

k l 




ht q 






■ Mkg 

1 fc i 

A Mkg 

1 k l 


hfl 






Mkg 

n 

Mkg 

k^ ± 


hfr 








2 (m^)» 


where the nucleon polarization state \P. S) in a generic direction S = (sin 9$ cos 0s, 
sin 6s sin 0s, cos 9s) can be written in terms of longitudinally polarized states |P, A) as 

(25) (| P, +S), | P, - S)) = (| P, +), |P, -))u(0 s , 0s). 

In the literature, one often represents correlators in terms of helicity amplitudes which 
treat in a symmetric way both quark and target polarizations: 

(26) ^a'.aaO x,k ± ) = ± (P,A'\q{, (k) qx (k) |P, A). 

Thanks to light-cone parity invariance, the helicity amplitudes are not all independent 
and are constrained by the following relation: 

(27) ^A'A'.AA (^) = A' —A',—A—A (^’ p ) ’ 

where kp = (x, —k x ,k y ). From the definitions in eqs. (11)—(15) it follows that it is pos¬ 
sible to express each TMD as a linear combination of helicity amplitudes as described in 
table I. In particular we note that each TMD involves combinations of helicity ampli¬ 
tudes with a definite value of orbital angular momentum transfer A l z between the initial 
and final state. This is a consequence of the conservation of the total angular momen¬ 
tum which gives the constraint A l z = (AA — AA)/2, with AA = A' — A and analogously 
AA = A' - A. 
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We can collect the information encoded in table I by introducing the following matrix 
form: 


(28) ®5'A',AA = 

( 1 (/?+&) 


kR 
2 M 


( ih i 


n \L 


kL 
2 M 


( if 


K 


k L ( 
2 M \ 

ih^ q + 

hfl) 

1 

2 

c n-gi L ) 

A’i j -t-q 

2M 2 “it 

2M (*/lT 9l t) 

kR 
2 M 


~9it) 


k 2 R l-L q 

2M 2 T 


-^(ih^+htl) 

V 

hi 


kR 
2 M 

(•/b’+sh) 


l Afl+9l L ) ) 


where the entries in the rows correspond to (A'A') = (++), (d—), (—h), (-) and the 

entries in the column are likewise (AA) = (++), (d—), (—h), (-)• 

Alternatively, we can represent the quark correlator (10) in the four-component basis. 
There are only four twist-two Dirac structures r tw ; st _2 = { 7 + ,ict 1 + 75 ,*ct 2 + 75 ,7 + 7 s}, 
corresponding to the four kinds of transition the light-cone helicity of the active quark 
can undergo (see, e.g ., [76-78]) 

(29) M [7+]VA = (5 V \ M [i^+ 75 ]A'A = (^A'A, M [7+75]A'A = ( (J3 )A'a 


with Oi the three Pauli matrices. For further convenience, we associate a four-component 
vector( 2 ) to every quantity with superscript T 

(30) a [rI ^ a v = (a 0 , a 1 , a 2 , a 3 ) = (a [ A a [lrjl+ ^\ a [ia2+ ^\ a [7+75] ) . 

With this notation, the correspondence (29) takes the simple form 

(31) M" a ' a = (ct") a ' a , 


where cr" = (1,<?). The symbols <r M and a M satisfy the relations 

(32) \ (^'V/Orr' = 8$5$, \ Tr [a»a„] = \ 5>^) A ' A KW = 5£f. 

A'A 

One can think of a uX A = (ct 1 ') a a as the matrix of a mere change of basis, the one being 
labeled by the couple AA' and the other by v 

(33) a v = Y,° VX ' Xa ™- 

A'A 


( 2 ) 


Note this is not a Lorentz four-vector but Einstein’s summation convention still applies. 
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In this basis, we can introduce the tensor correlator x , k±) which is related to helicity 

amplitudes as follows: 


(34) 



E (^) aa V) a M^,aa, 

A'AA'A 


$ 


9 

A'A'.AA 


1 

2 


4 > () 1/ (cr M )A'A(cr I y)AA'- 


The tensor correlator is then given by the following combinations of TMDs: 


fl 

ky , _L q 

M 

k x A 

M 

o \ 


ky f Tq 

M JIT 

hi + k ^~ k l hU 
^ 2 M 2 ,l lT 

k x k y 

M 2 L l T 



k x f Tq 
M JIT 

k x ky j -Lq 

~MT ri lT 

,q k l~ k l l-L q 

U 1 2M 2 u 1T 

ky 

M 9IT 


0 

k x A 

M U 1L 

ky ,±q 

M n lL 

9\l ) 


n 

k y 7 ±q 

M ri l 

k x L-Lg 

M 

0 \ 

ky r±q 

M JIT 

Kt k x + k lT k l 

(. h # - h~«) k x 

k ^ 

"’V M ■ 

9 IT 

k x fTq 
M JIT 

(j^lT t) k x k y 

h-Q £.2 1 A +9 £.2 ky. n q 

U 1T **x ' ll YT ^y M V1T 

0 

kx 

M a lL 

ky , ±q 

M n lL 

91l / 


where we introduced the notations h = h\ ± Et and fcj = ki/k± with k± = |fej_|. 
The component gives the density of quarks in the target irrespective of any po¬ 
larization, i.e. the density of unpolarized quarks in the unpolarized target. The com¬ 
ponents give the net density of quarks with light-cone polarization in the direc¬ 
tion ej in the unpolarized target, while the components d** 0 give the net density of 
unpolarized quarks in the target with light-cone polarization in the direction ej. Fi¬ 
nally, the components give the net density of quarks with light-cone polarization 
in the direction ej in the target with light-cone polarization in the direction ej. The 
density of quarks with definite light-cone polarization in the direction s inside the tar¬ 
get with definite light-cone polarization in the direction S is then obviously given by 
^q(x,k±,S,s) = \S^^s v , where we have introduced the four-component vectors 
Sfj, = (1, S) and s v = (1, s). 


3. — Model relations 

In QCD, the eight TMDs are all independent. It appeared however in a large panel of 
low-energy models that relations among some TMDs exist. At twist-two level, there are 
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three flavour-independent relations( 3 ), two are linear and one is quadratic in the TMDs 


(36) 

(37) 

(38) 


91l 


K 


h 2 , ' 
_ -L 

2 M 2 1T 


= 0 , 


9lr 


+ - 0 , 

(. g\ T f + 2 h\ h ^ = 0. 


A further flavour-dependent relation involves both polarized and unpolarized TMDs 
(39) V*ft + gl L =2hl, 

where, for a proton target, the flavour factors with q = u,d are given by T> u = | and 
V d = — 7. As discussed in ref. [48], at variance with relations (36)-(38), the flavour 
dependence in relation (39) requires specific assumptions for the spin-isospin structure 
of the nucleon state, like SU(6) spin-flavour symmetry. 

A discussion on how general these relations are can be found in ref. [48]. Let us 
just mention that they were observed in the bag model [41,48], light-cone constituent 
quark models [75], some quark-diquark models [28-39], the covariant parton model [37] 
and more recently in the light-cone version of the chiral quark-soliton model [23]. Note 
however that there also exist models where the relations are not satisfied, like in some 
versions of the spectator model [47] and the quark-target model [51]. 

As already emphasized, the model relations (36)-(39) are not expected to hold iden¬ 
tically in QCD, since the TMDs in these relations follow different evolution patterns. 
This implies that even if the relations are satisfied at some (low) scale, they would not 
hold anymore for other (higher) scales. The interest in these relations is therefore purely 
phenomenological. Experiments provide more and more data on observables related to 
TMDs, but need inputs from educated models and parametrizations for the extraction 
of these distributions. It is therefore particularly interesting to see to what extent re¬ 
lations (36)-(39) can be useful as approximate relations, which provide simplified and 
intuitive notions for the interpretation of the data. Note that some preliminary calcu¬ 
lations in lattice QCD give indications that relation (37) may indeed be approximately 
satisfied [79-81]. 

Using two different approaches, we show in the next sections that the flavour- 
independent relations (36)-(38) can easily be derived, once the following assumptions 
are made: 

1) the probed quark behaves as if it does not interact directly with the other par- 
tons (i.e. one works within the standard impulse approximation) and there are no 
explicit gluons; 


( 3 ) Other expressions can be found in the literature, but are just combinations of relations (36)— 
(38). 
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2) the quark light-cone and canonical polarizations are related by a rotation with axis 
orthogonal to both light-cone and k± directions; 

3) the target has spherical symmetry in the canonical-spin basis. 

From these assumptions, one realizes that the flavour-independent relations have essen¬ 
tially a geometrical origin, as was already suspected in the context of the bag model 
almost a decade ago [82]. We note however that the spherical symmetry is a sufficient 
but not necessary condition for the validity of the individual flavour-independent rela¬ 
tions. As discussed in the following section, a subset of relations can be derived using 
less restrictive conditions, like axial symmetry about a specific direction. 

For the flavour-dependent relation (39), we need a further condition for the spin- 
flavour dependent part of the nucleon wave function. Specifically, we require 

4) SU (6) spin-flavour symmetry of the wave function. 

As shown in sect. 6, it is found that all the models satisfying the relations also satisfy 
the above conditions. We are not aware of any model calculation which satisfies some or 
all the three flavour-independent relations and at the same time breaks at least one of 
the conditions l)-3). However, this is not a priori excluded. 

4. — Amplitude approach 

The first derivation of the TMD relations stays at the level of the amplitudes. As we 
have seen, the TMDs can be expressed in simple terms using light-cone polarization. On 
the other hand, rotational symmetry is easier to handle in terms of canonical polarization, 
which is the natural one in the instant form. We therefore write the TMDs in the 
canonical-spin basis, and then impose spherical symmetry. But before that, we need to 
know how to connect light-cone helicity to canonical spin. 

4'1. Connection between light-cone helicity and canonical spin. - Relating in general 
light-cone helicity with canonical spin is usually quite complicated, as the dynamics is 
involved. Fortunately, the common approach in quark models is to assume that the target 
can be described by quarks without mutual interactions. In this case the connection 
simply reduces to a rotation in polarization space with axis orthogonal to both k_ j_ and 
e z directions. The quark creation operator with canonical spin a can then be written in 
terms of quark creation operators with light-cone helicity A as follows: 

m = < 2, * = (, cos| 

a \kl sin 

Note that the rotation does not depend on the quark flavour. The angle 9 between 
light-cone and canonical polarizations is usually a complicated function of the quark 
momentum k and is specific to each model. It contains part of the model dynamics. The 
only general property is that 9 —> 0 as k± —► 0. Due to our choice of reference frame 


/ • fl\ 

-Kr Sill § 


I COS f 
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where the target has no transverse momentum, the light-cone helicity and canonical spin 
of the target can be identified, at variance with the quark polarizations. 


4'2. TMDs in canonical-spin basis. - The four-component notation introduced in 
subsect. 2'2 is very convenient for discussing the rotation between canonical spin and 
light-cone helicity at the amplitude level. Since the light-cone helicity and canonical spin 
of the target can be identified in our choice of reference frame, we expect the canonical 
tensor correlator to be related to the light-cone one in eq. (35) as follows: 

(4i) = *7°/’ 

with O some orthogonal matrix O t O = 1 representing the rotation at the amplitude 
level. From eqs. (26), (34), (32) and (40) we find that the orthogonal matrix is given by 


(42) 


° pV = 2 Tl 




= b E K)av dW (-t v 


g' g\' A 


A 


0 


0 


0 \ 


0 ky + k x cos 9 — k x k y (1 — cos 9) —k x sin 

0 — k x k v (1 — cos 9) 

\^0 k x sin 9 

The canonical tensor correlator then takes the form 


; + ky cos 9 
k y sin (9 


— k y sin0 


cos( 


( fl 


(43) 


*c q = 


ky_ f J_q 

M J IT 


k 

M 

\+9t 2 


ky_ , _L q 
M n l 


-h* h ±( ! 

M rl 1 


0 \ 


Kr k l 


f)l T n x 

f 1 ? (h +q — h~ q ) k k 

M J IT I'UT n lT) ls ' X ™y 

0 


kx h ±( l 
M"1L 


(tlir h^) k x k y a/0it 


A/01T 

q\l J 


K T k l 


)lT k y 


ky_ h A-q 

MOIL 


where we introduced the notations 
(44) 


0?L 


(45) 


h^- q 

v M OIL/ 

/k± <3 N 

M »1 T 

h +q 

\ V1T / 


COS 9 

sin 6 

cos 9 
sin 9 



Comparing eq. (43) with eq. (35), we observe that the multipole structure is conserved 
under rotation (41). The rotation from light-cone to canonical polarizations affects only 
some of the multipole magnitudes, see eqs. (44) and (45). 
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Note that the orientation of the axes in the transverse plane has been fixed arbitrarily. 
There is however a privileged direction given by the active quark transverse momentum 
k± . Choosing the orientation of transverse axes so that either = k± e x or k± = 
k± e y simplifies the transformation, as it eliminates the cumbersome factors k x and k y 
in eqs. (42) and (43). Choosing, e.g, the second option, the orthogonal matrix of eq. (42) 
reduces to 


(46) 


/I 0 0 0 \ 

0 10 0 

0 0 cos 9 — sin 9 ! 

\0 0 sin 9 cos 9 ) 


and the light-cone and canonical tensor correlators take the following simpler forms: 


(47) 


(48) 


( n 

k± uTq 
M "l 

0 

0 ^ 

k± f-Lq 
M j IT 

h~ q 

"■IT 

0 
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0 

0 

h +q 

"it 

M 9it 

V o 

0 

t± h ±q 

M "lT 

9il ) 

/ n 

M "l 

0 

0 ^ 

k± f-Lq 
M JIT 

h~ q 

"it 

0 

0 

0 

0 

u+ q 

'hr 

m" Sit 

V o 

0 

k± h Tq 
M 01T 

01T / 


Playing a little bit with eqs. (44) and (45), we find 


(49) 



— sin 6\ 
cos 9 ) 


f M (fllT + ^11)^ 

\ 01 L ~ blT ) 


and three expressions invariant under rotation (41), 



These three invariant expressions have a simple geometric interpretation. The three- 
component vector JT S l & q J = Ti'g represents the net light-cone polarization of a quark 
with three-momentum (xP + , k±) and flavour q in a target with net polarization in the 
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S-direction. From eq. (41), we see that the vector 7r^ s representing the net canonical 
polarization of the quark is obtained by a rotation of rv q s 

(53) 4 = 

k 

It follows automatically that is invariant under rotation (41), 

(54) *%■*%, ='K q cs"K q cs'- 

Expressions (50) and (51) are obtained from (54) for the cases S = S' = e± and S = S' = 
e z , respectively. They just express the fact that the magnitude of quark net polarization 
is the same in the light-cone helicity and canonical-spin bases. Expression (52) is obtained 
for the case S = e± and S' = e z . All the remaining cases do not lead to new independent 
expressions. 

4'3. Spherical symmetry. - We are now ready to discuss the implications of spherical 
symmetry in the canonical-spin basis. Spherical symmetry means that the canonical 
tensor correlator has to be invariant O^^cqOR = <&Cq under any spatial rotation Or = 
(o ) w ith 7? the ordinary 3x3 rotation matrix. It is equivalent to the statement 
that the tensor correlator has to commute with all the elements of the rotation group 
®CqOR = OR*&cq ■ As a result of Schur’s lemma, the canonical tensor correlator must 
have the following structure: 


(55) 


*Cq 


Comparing this with eqs. (43) or 


(A q 0 0 0 \ 

0 B<i 0 0 

0 0 0 ' 

\o o o By 

(48), we conclude that spherical symmetry implies 


(56) f\ = A\ 

(57) el L = l)+ T 9 = = B\ 

(58) 0 ? T = I = f# = hf 11 = 0. 


Clearly, only the monopole structures in the canonical-spin basis are allowed to survive. 
Furthermore, the Sivers and Boer-Mulders functions and h^ q vanish identically, as 
expected from the fact that we are neglecting gauge-field degrees of freedom. 

Note however that the monopole structures in the canonical-spin basis generate higher 
multipole structures in the light-cone helicity basis. It follows that spherical symmetry 
imposes some relations among the multipole structures in the light-cone helicity basis, 
and therefore among the TMDs. Inserting constraints (57) and (58) into eq. (49), we 
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automatically obtain the linear relations 



Using now the constraints from spherical symmetry in eq. (50), we obtain the quadratic 
relation (38) 



The linear relations (36) and (37) being satisfied, eqs. (51) and (52) do not lead to 
independent quadratic relations. 

We have seen that spherical symmetry is a siLfficient condition( 4 ) to obtain all three 
flavour-independent relations. Restricting ourselves to axial symmetries, we find that 
some of the relations can already be obtained. For example, axial symmetry about e, 
alone implies the quadratic relation (38) and 

(6i) g 9 i L g 9 i T + htZK# = o. 

Axial symmetry about k± x e z implies the two linear relations (36) and (37). Relation (61) 
is naturally also satisfied but is not independent. 

5. Wave function approach 

Many quark models are based on a wave function approach. We therefore translate 
here the derivation of the previous section in the language of 3Q wave functions. The 
advantage is that we can then also discuss the additional SU (6) spin-flavour symmetry 
needed for the flavour-dependent relation (39). 

5'1. Overlap representation of the TMDs on the light cone. - Restricting ourselves to 
the 3Q Fock sector, the target state with definite four-momentum P = [P + , ypqr,0j_] 


( 4 ) From eqs. (49) and (50), one can see that the minimal conditions are actually 

01 l — (fir = 0’ 

Bit + biL = 

(^0?t) +(f)S) 2 -M 2 = 0. 

They are indeed fulfilled by spherical symmetry, see eqs. (57) and (58). 
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and light-cone helicity A can be written as follows: 


(62) |P,A> = 


E E 

A 1 A 2 A 3 9192 93 ' 


[da :]3 [d 2 k ± ] 3 ^aVaT (E & 2 , * 3 ) {A;, qu h}} 


where tpx^x^xT (fci, fe 2 , k 3 ) is the three-quark light-cone wave function (3Q LCWF) with 

A i, qi and ki referring to the liglrt-cone helicity, flavour and light-cone momentum of quark 
i, respectively. The total orbital angular momentum of a given component V , a 1 a 2 a 3 is 
given by the expression l z = A — Ai — A 2 — A 3 with A, \ = ±|. The integration measures 
in eq. (62) are defined as 


(63) 


[da:] 3 = 
[d 2 k ± } 3 = 


n 


d Xi 
:=i 

— d 2 ki± 


i=l 


n 


Choosing to label the <XV^ bl V 
overlaps( 5 ) of 3Q LCWFs 


l\ 2(27r)' 

active quark with i = 1, the TMDs can 
WP=- 


ki± 


2(2tt) 3 S^ 

4=1 / 

be obtained by the following 


(64a) 

(64b) 

(64c) 

(64d) 

(64e) 

(64f) 

(64g) 

(64h) 




9il 


1 = / m E E [war 

A2A3 92 93 

= Jm E E [Wr,- 


2 + War I 


;?92<?3 1 2 _ L/,+;992931 
^2A3 | I ^ — A2A3 | 


*! = / dpa] E E (War)'war. 

A2A3 92 93 

a /y*=/ ee 29 ™ [*« war)* rar 

A2A3 92 93 

C f( | T = [ d[23] X E 2 »e [i* (WST)’WS*' 

A2A3 9293 

a w = / d[23] EE 23 ™ [** war )* war 

A2A3 92® 

= / ips] EE 2 *' [** war r war. 

A2A3 92 93 

1,2 = f d[23jE E*«War)' war • 

A2A3 92 93 


fcj 

2M 2 


( 5 ) In the 3Q approach, the spectator system consists of two quarks. It is straightforward to 
generalize the expression for helicity amplitudes to any kind of spectator system, as the latter 
is integrated out. 
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where we used the notation 


(65) d[23] = [dx ]3 [d 2 A)j _]3 3 6(x — x\)6 < ' 2 \k± — fcu_). 


Clearly, the TMDs associated to the monopole structures (/-f, g q VL . h\) are represented 
by overlaps with no global change of orbital angular momentum AZ z = 0, the ones 
associated to the dipole structures (f^!,g q T ,hf q ,hfj*) involve a change by one unit of 
orbital angular momentum |A£ Z | = 1 and the one associated to the quadrupole structure 
involves a change by two units of orbital angular momentum |A£,| = 2. If one 
neglects gauge-field degrees of freedom, the brackets in eqs. (64d)-(64g) are real, and one 
obtains vanishing T-odd TMDs. 

5'2. Overlap representation of the TMDs in the canonical-spin basis. - Most of the 
quark models being originally formulated in the instant form, it is more natural to work 
in the canonical-spin basis instead of the light-cone helicity basis. Since we considered a 
frame where the target has no transverse momentum, there is no difference between target 
light-cone and canonical polarizations. Assuming that the quark light-cone helicity and 
canonical spin are connected by the rotation in eq. (40), the components of the LCWF 
in the canonical-spin basis i0 . (with cq =t, |) and in the light-cone helicity basis 
^AiA 2 a 3 (with \ — ±) are related as follows( 6 ): 


( 66 ) 


^Ai A 2 A 3 


E < 


r)(l/ 2 )* 7-)( 1 / 2 )>x j-v(l/ 2 )* 

U <*l\ 1 U G^ A 2 U G 2 ,\ Z * 


G 1 G 2 G 3 


The correspondence between the components in the two polarization bases is given in a 
more explicit form in Appendix B. Since i)! 1 / 2 )^! 1 / 2 ) = 1 for the spectator quarks, we 
find the explicit overlap representations in canonical-spin basis: 


(67a) 

/f E 

[ d[23] E E 

G 2 G 3 <?2<?3 

(67b) 


[ R[23] E E 

G 2 G 3 Q 2 Q3 

(67c) 


[ d[23] E E 

£72 &3 Q2 <?3 

(67d) 

to H 

II 

f d[23] E E 

£72 0-3 <?2<?3 


v4 ;992 ® 

' JG2G3 


^icr 2 (73 


„/,T;9«2<Z3 

M<7 2 CT3 


,/,T;492 93 
( ^iG 2 G 3 



i ; QQ2 <?3 
T G 2 G 3 


( 6 ) Note that (T2 a 3 cannot be identified in general with the usual rest-frame wave function 
'&a 1 a 2 a 3 - They have the same spin structure, but not the same momentum dependence. 
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(67e) 

(67f) 

(67g) 

(67h) 


k± q 
M 01T 


^h -L 
M hl 


A h ±( i — 


M 


blL 


h' 2 

2 M 2 01T 


■ d[23] •£ Y. 2; [** (WSf)' WS? 

<72 <73 q2q3 

d I 23 ] H 23fm [** (V’l™) V’To 

^2^3 Q2Q3 

'cl[23]^^2Ke [fc* 

<72 <73 q^q3 


qq2q3 
T <72 <73 


<?<? 2<?3 

<72<73 


;9<?2 93 
< 72<73 ’ 


with = f}? + 2 IJ 2 and /i it = *)i - Tm hi t- The functions g q ±L ,g q 1T , F)^, are 
again related to the TMDs g q L , g'j T , , /i^ according to eqs. (44) and (45). 


5'3. Spherical symmetry. - We now discuss how spherical symmetry restricts the form 
of the wave function in the canonical-spin basis. Spherical symmetry requires the wave 
function to be invariant under any rotation, i.e. 


( 68 ) 


A' (j\ £Tq < 


U ( 9 ^)\a 1 a' 1 0 )] cr2Cr4 [u(6, <t>)\ a3<Tit [u{9, V’, 


A' 


J<T 2 ^2 




A 

( 7 1 dr 2 (73 ' 


with the SU{2) rotation matrix u{9 , <^>) given by eq. (21). In particular, invariance under 
a (7T, 0)-rotation leads to 

(69) 3 = (-l) A +<^+"» ^ i(72ff3 , 

while invariance under ( 0 , </>)-rotations implies that all components with t z 0 have to 
vanish 


( 7 °) V’ttt = ^UT = Wu = Wu = Wu = °- 

Taking into account constraints (69) and (70) in an arbitrary {0, (/>)-rotation, one finally 
gets( 7 ) 

(71) V’lrt + ^UT + = °" 


( 7 ) Note that spherical symmetry neither restricts the number of non-zero components of the 
wave function in the light-cone helicity basis nor relates them in a simple way, see table II in 
Appendix B. 
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Again, spherical symmetry implies that the TMDs are either identically zero or pro¬ 
portional to the unpolarized and polarized amplitudes A q and B q , 


(72a) 

O’ 

II 

0>,_| 

(72b) 

9il = cos 0B q , 

(72c) 

h\ = “ S# 2 + 1 

(72d) 

> h 

II 

© 

(72e) 

9 It = sin 9 B q , 

M yiT 

(72f) 

^Lh ±q - 0 

M hx ~ U ’ 

(72g) 

— h\r = — sin 6 B q , 

M 1L 

(72h) 

k l h U cos9 ^ 1 P , 
2AP lT ~ 2 ’ 


with A q and B q given by the following overlaps: 

(73) A q = f d[23] 

9293 

(74) B q = J d[23] ^ 

= f dp^ x; [(Wtr*)'d™" + (-/’!“■")* dir» ■ 

92 93 

The TMD relations (36)-(38) then follow trivially. 

5'4. 5/7(6) spin-flavour symmetry. - Many quark models, in addition of being spher¬ 
ically symmetric, assume also the SU (6) spin-flavour symmetry. As a result, the wave 
function in the canonical spin basis is given by the product of a symmetric momentum 
wave function <j> and a spin-isospin component : 

(75) VCVSf = <K k uh, fcsKi?® T- 
The wave function in the spin-flavour space can be written as 

(76) [x a C + X^] 
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with 



(77) 

x a = ^ [TTI - TIT], 

[uud — udu ], 

v 2 

(78) 

x^ = ^ [2 ITT - TIT - TTI], 

[2 duu — udu — uud]. 

As a result, writing explicitly the spin and isospin components of the wave function (75), 
we find the following results in the canonical spin basis: 


j ; '\mQ2Q3 

T ( 71 ( 72(73 

uud 

udu 

duu 

TTI 

2<j> 

~<t> 

-<t> 

TIT 

~<t> 

2 (f) 

-<t> 

ITT 

~<t> 

-0 

2 (j) 


with <f> = </({fc;}) normalized as J[dx ]3 [d 2 fcj_] 3 |</| 2 = 1/6. This implies that the unpolar¬ 
ized and polarized amplitudes A q and B q are simply proportional 

(80) A u = 2A d = '^B U = -6 B d = 12 j d[23]|</>| 2 , 

and so the flavour-dependent relation (39) follows trivially with T> q = B q /A q . 

6. — Quark models 

In this section we review different quark models which have been used for the calcu¬ 
lation of TMDs. In particular, we summarize the main ingredients of the models and 
discuss whether they satisfy the conditions of sect. 3. In order to facilitate the discussion, 
we sort the quark models in classes defined as follows: 

- The light-cone constituent quark model (LCCQM) of ref. [75] and the light-cone 
quark-diquark model (LCQDM) of refs. [38,39,83] constitute the class of light-cone 
models. 

- The covariant parton model of ref. [37] constitutes its own class. 

- The bag model of refs. [48,49] and the light-cone version of the chiral quark-soliton 
model (LCxQSM) of refs. [23,84,85] constitute the class of mean-field models. 

- The quark-diquark models of refs. [28,47,29,31,35] constitute the class of spectator 
models. 

We will not discuss the quark-target model of ref. [51] as it deals with gluons and therefore 
does already not satisfy the first condition of sect. 3. 
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6'1. Light-cone models. - The class of light-cone models is characterized by the fact 
that the target state is expanded in the basis of free parton (Fock) states. One usually 
truncates the expansion and considers only the state with the lowest number of partons. 
In the LCCQM, this lowest state consists of three valence quarks, while in the LCQDM 
it consists of a valence quark and a spectator diquark. 

It is well known that light-cone helicity and canonical spin of free partons are simply 
related by the so-called Melosh rotation [86]. Its j = 1/2 and j = 1 representations [87] 
are given by (see Appendix A for the definition of the spinors and polarization four- 
vectors) 


(81) 


n (l/2)* 



ULcjk , A )u(k, a) 
2m 


1 /a/2 k + + m — Icr 

y/N \ fcz, \/2k + + m 


(82) 


4a* (k) =-s* LC (k,X)-e(k,a) = 


1 

N 


( (a/2 k + +m)~ 

a/2 (a/2/c + + m ) fci 

V 


— a/2 (a/2 fc + +m) kp> 

[\/2k + +m) 2 ~ k\ 

a/2 (a/2 k + +m) fci 


k R ^ 

—a/2 (a/2 k + +mj k R , 

(a/2 k + +m) 2 J 


where m is the parton mass and N = (a/2 k + + m) 2 + fej_. The LCWF in the canonical- 
spin basis being identified in these models with the instant-form wave function, it follows 
that a/2 k + = xMo with Mo = mass of the Fock state and the free energy 

of parton i. Comparing now eqs. (81) and (83) with eqs. (40) and (C.9), we obtain 


(83) 



m + a’Alo 

Vn 


and 



k _l 

A /N ' 


Finally, both the LCCQM and LCQDM consider wave functions with spherical symmetry 
and SU (6) spin-flavour symmetry. In other words, all the conditions of sect. 3 are satisfied 
in these models, and so are the TMD relations (36)-(39)( 8 ). 


( 8 ) In the derivations of sects. 4 and 5, we tacitly assumed that the rotation connecting light- 
cone and canonical polarizations depends only on the momentum of the parton under consid¬ 
eration. The Melosh rotation involves the free invariant mass Mo and therefore the momenta 
of all partons in the state. We are in fact not allowed to pull the factor due to the rotation 
of the active quark out of the integral like in eq. (72). Nevertheless, this technical detail does 
not affect the conclusion about the validity of relations (36)-(39). Our tacit assumption, which 
does not apply to this specific case, has been introduced to keep the presentation as simple as 
possible. 
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6'2. Covariant parton model. - The standard quark-parton model (QPM) refers to the 
infinite momentum frame (IMF), where the parton mass can be neglected. The covariant 
parton model is an alternative to the QPM that is not confined to a preferred reference 
frame. Following the standard assumptions of the QPM, the covariant parton model 
describes the target system as a gas of quasi-free partons, i.e. the partons bound inside 
the target behave at the interaction with the external probe (at sufficiently high Q 2 ) as 
free particles having four-momenta on the mass shell. However, since the covariant parton 
model does not refer specifically to the IMF, the parton mass( 9 ) m is not neglected. One 
also assumes explicitly that the parton distributions are spherically symmetric. 

The covariant parton model does not refer explicitly to quark canonical spin or light- 
cone helicity. Instead, it deals with the covariant quark polarization vector. Identifying 
in the Bjorken limit the Lorentz structures of the hadronic tensor with those of the TMD 
correlator, the authors of ref. [37] found that the TMDs are given in the covariant parton 


model by 


(84a) 

/i = l [( m + xM ) 2 + k l] J {dfc 1 }, 

(84b) 

91l = ^ [i m + xM f - fc i] J i dfcl T 

(84c) 

— fir = 0, 

M 1T 

(84d) 

yy 9 q ir = {m + xM)k_ l j {dfc 1 }, 

(84e) 

— h ±g -0 

M 1 ’ 

(84f) 

(84g) 

Jf h iL = -( m + xM)k_ L J {d/c 1 }, 

2M^it= 2 fci / {dfcl} ’ 


where M is the target mass, {dfc 1 } and {d&r} are the measures associated to the distri¬ 
butions of unpolarized and polarized quarks, respectively. Comparing with eq. (72), we 
find that 

9 m + xM .9 k± 

(85) cos - = — . and sin - = — . , 

2 sj (to + xM) 2 + k\ 2 + xM) 2 + fcy 

which is nothing else than the Melosh rotation. This is consistent with the fact that the 
active quark is quasi-free in this model. The difference with light-cone models is that the 


( 9 ) Note that the parton mass appearing in the model has to be regarded as an effective mass, 
in the sense that it corresponds to the mass of the free parton behaving at the interaction like 
the actual bound parton. 
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physical mass of the target M is used in the Melosli rotation instead of the free invariant 
mass Ado( 10 )- The conditions l)-3) of sect. 3 are therefore satisfied in the covariant 
parton model, and so are the TMD relations (36)-(38). Since this model does not use 
the language of wave functions, the implementation of SU (6) spin-flavour symmetry is 
more delicate and one has to assume that the unpolarized and polarized distributions 
become simply proportional in order to recover the TMD relation (39). 


6'3. Mean-field models. In mean-field models, the target is considered as made of 
quarks bound by a classical mean held representing the non-perturbative (long-range) 
contribution of the gluon held. Accordingly, the positive-frequency part of the quark held 
appearing in the definition of the correlator (1) is expanded in the basis of the bound-state 
solutions e~ zEnt (fi n (k,a) instead of the free Dirac light-cone spinors e~ lk ' x ULc(k, X). 
Moreover, one truncates the expansion to the lowest mode <p = ipi with energy Ej ev = E\. 

In these models, the bound-state solution tp(k, a) is called the quark wave function. 
This object is clearly different from the LCWF introduced in sect. 5. In particular, 
the former is a spinor while the latter is an ordinary scalar function. It is however 
possible to relate them. Since we consider twist-2 Dirac operators T, only the good 
components of the spinors are involved in the quark bilinear Tp(k, a')Tip(k, a). Using 
U G ( a) = P+u L c(k,X)/V2 1 / 2 k+ ( see Appendix A), we find that 


( 86 ) 


<p(k, a')r<p(k, a) = ip^(k,a , )P+'y 0 TP + ip(k,a) 


AA' 


where we have dehned F\„(k) = u* G (X)ip(k,a). In agreement with [88,89] where one 
boosts explicitly the system in the mean-field approximation to the IMF, F\ a (k) can be 
interpreted as the quark LCWF with k z = xM — £j ev . The mass M is identified with 
the nucleon mass Mm in the bag model and with the soliton mass Ad at in the LCyQSM. 

The mean field is assumed spherically symmetric in the target rest frame. It follows 
that the lowest quark-state solution in momentum space takes the form 


( /( 1 * 1 ) \ 

<87) 

with Xa the Pauli spinor. The functions / and g in eq. (87) represent the s (£ = 0) and p 
(£ = 1) waves of the bound-state solution. On the other hand, the general 3Q LCWF for 
a spin-1/2 target involves usually s-, p- and d- waves. There is no contradiction between 
these two statements since / and g describe a single quark in the target and therefore do 
not represent partial waves of total angular momentum. Note also that in the language 


( 10 ) In the covariant parton model, only the active parton is considered on-shell. In light-cone 
models, all the partons are on-shell so that the Fock state itself is off-shell Ado ^ M. 
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of 3Q LCWF, the s-, p- and d -waves refer to components with l z = 0, ±1 and ±2, 
respectively. This is an abuse of language as partial waves should refer to t and not £ z . 
The quark LCWF corresponding to (87) is then given by( 11 ) 


( 88 ) 


F\cr(k) 


v"2 ^ ^<?(ifci) + 


It describes in particular how canonical spin a and light-cone helicity A are related. 
Comparing with eq. (40), we find that 


(89) 



/(|fc|) + fe<?(|fc|) 
Vn 


and 



few 

VN 


with N = / 2 (|fc|) + 2 ^ f(\k\)g(\k\) + g 2 (\k\). The 3Q LCWF written as flti iWk) 
times the standard SU(6) spin-flavour wave function with target polarization A = JA <jj, 
is then consistent with spherical symmetry in the canonical-spin basis. All the condi¬ 
tions of sect. 3 being satisfied in mean-field models, the TMD relations (36)-(39) follow 
automatically. 


6'4. Spectator models. - The basic idea of spectator models is to evaluate the quark- 
quark correlator $ of eq. (1) by inserting a complete set of intermediate states and then 
truncating this set at tree level to a single on-shell spectator cliquark state, i.e. a state 
with the quantum numbers of two quarks. The diquark can be either an isospin singlet 
with spin 0 (scalar diquark) or an isospin triplet with spin 1 (axial-vector diquark). The 
target is then seen as made of an off-shell quark and an on-shell diquark. Spectator 
models differ by their specific choice of target-quark-diquark vertices, polarization four- 
vectors associated with the axial-vector diquark, and form factors which take into account 
in an effective way the composite nature of the target and the spectator diquark. 

As advocated in ref. [90], the parton distributions can conveniently be computed using 
the language of LCWFs. The scalar quark-diquark LCWF is defined as 

(90) V'a (f) oc u LC (k, A )y s u LC {P, A) 

with target momentum P = [P + , ^p+,0jJ. We do not need to specify all the factors 
in the definition as we are only interested in the structure of the wave function in the 
light-cone helicity basis. The scalar vertex is of the Yukawa type 34 = g s {k 2 ) 1 with 
g s {k 2 ) some form factor. Writing down explicitly the components, one finds 


(91) 


M a 9s(k 2 ) 

I'm + xM 

~k R \ 


{ k L 

m + xM) 


AA 


( n ) Replacing ip(k, a) by the free Dirac spinor u(k,a), one recovers the Melosh rotation given 
by eq. (81) «q(A)m(/c, <r) = V2 1 / 2 k + (k). 
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Note the striking resemblance with the Melosh rotation matrix of eq. (81). One can 
similarly define a rest-frame scalar quark-diquark wave function as 

(92) oc u(k,a)y s u(P les t , A) = g s (k 2 ) yj2M{E + m) Aw 

with target momentum P rest = (A/,0). This wave function is obviously spherically 
symmetric) 12 ). Furthermore, eq. (91) suggests that the quark light-cone helicity and 
canonical spin are simply related by a Melosh rotation, as if the quark was free [91]. In 
other words, the conditions l)-3) of sect. 3 are satisfied in scalar diquark models with 
Yukawa-like vertex, and so are the TMD relations (36)-(38). 

The axial-vector quark-diquark LCWF is defined as 

(93) V'aad if) °tu LC {k, \)£* lc »(k, \ D )yy LC {P, A). 

The spectator model of Jakob et al. [28] assumes the following structure for the axial- 
vector vertex y% = 9 a y| ^ 75 (y M + ) and the following momentum argument for the 

polarization four-vector K = P. The motivation for such a choice is to ensure that, in 
the target rest frame, the diquark spin-1 states are purely spatial. Indeed, the rest-frame 
axial-vector quark-diquark wave function reads in this model 

(94) ^ta D oc u{k, ct)£* {K, cr D )yy(P lest , A) = ga ^_ ^ ^/2M{E + m) (e CTD • cr) aA . 

It satisfies constraints (C.13) and is therefore spherically symmetric. Writing down ex¬ 
plicitly the components of the corresponding LCWF, one finds 

/ora /+ 9a(k 2 ) ,+ 9a{k 2 ) 

(95) V >+ 0 oc (m + xM), ipT 0 oc- -=^k R , 

Vox Vox 

’ l l > ~+ = —v / 2'0+ o , i>+- = = 0 , 

the other components being given by ipZ\_\ D — (— 1 ) A + A + A r> with A, A = ±| 

and Ad = +1,0,—1. Again, one recognizes the characteristic factors of the Melosh 
rotation [91]. Comparing the structure of the components of the LCWF in eq. (95) 
with the structure of the components of the LCWF given in table IV after applying 
the constraints of spherical symmetry in the canonical-spin basis (C.13), one concludes 
that only the quark polarization is rotated. This is in agreement with the fact that the 
momentum argument of the polarization four-vector does not have any transverse 


( 12 ) The rest-frame wave function in eq. (92) is expressed in terms of canonical spin and therefore 
has the same spin structure as the LCWF expressed in the canonical-spin basis. It follows 
that the constraints due to spherical symmetry discussed in Appendix C’l apply also here. 
Furthermore, the momentum-dependent part of the wave function in the rest frame does not 
depend on a specific direction. 
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momentum, and so there is no rotation of the diquark polarization. All the conditions 
l)-3) of sect. 3 being satisfied in the axial-vector diquark model of ref. [28], the TMD 
relations (36)-(38) follow automatically. The flavour-dependent relation (39) can be 
obtained by further imposing SU(6 ) spin-flavour symmetry to the wave function( 13 ). 

On the contrary, some versions of the spectator model presented by Bacchetta et 
al. in ref. [47] do not support any TMD relation. We therefore expect that at least 
one of the conditions l)-3) of sect. 3 is not satisfied. These versions are based on the 

/i2\ 

axial-vector vertex yjf = 9a ^ ' 7^75 and involve the diquark momentum K = P — k 
in the polarization four-vector. With these choices, it is found that the condition 3) of 
sect. 3 is not fulfilled since the corresponding rest-frame wave function does not satisfy 
the requirements of spherical symmetry 

(96) ( e aD • o-) ctA , 

in accordance with the discussions of refs. [92]- [94] and the comment in ref. [47] that in 
this approach the partons do not necessarily occupy the lowest-energy available orbital 
(with quantum numbers J p = -( + and L z =0.) 

7. — S'f7(6)-symmetry breaking in a light-cone constituent quark model 

In this section we apply the formalism introduced in the previous sections for the 
calculation of T-even TMDs from LCWFs to a specific model, namely the light-cone 
constituent quark model. For recent quark-model calculation of the T-odd TMDs we 
refer to [47,35,44,42,43,95,33,32]. First, we specify the LCWF of (66) which assumes 
SU (6) symmetry for the spin-flavour component of the wave function. Then, we add a 
component of the LCWF which breaks the SU (6) symmetry. 

In a first step the percentage of S't/(6)-breaking terms in the total LCWF is left as free 
parameter, and we discuss in general the effects of these terms on the TMD results. This 
calculation can be reproduced numerically using the Mathematica program which can 
be downloaded from ref. [96] in both the Windows and Linux versions( 14 ). In particular, 
this program allows one to reproduce the model calculation for i) the T-even TMDs; 
ii) the spin densities in the transverse-momentum space as a function of the quark and 
nucleon polarizations; iii) the k\ dependence of the x moments of the TMDs, with a 
comparison of the model results with the Gaussian ansatz. 


( 13 ) The scalar and axial-vector diquarks represent in principle more than just two quarks. For 
this reason, they have a priori different masses, cutoffs, form factors, ... When we impose SU(6) 
symmetry, we implicitly consider that the quark-diquark picture originates from a 3Q picture. 
The scalar and axial-vector diquarks then just differ by their spin and flavour structures which 
are uniquely determined by the SU(6) symmetry. 

( 14 ) In order to run the program, you also need the auxiliary functions available at the same 
web address with the name “Functions-TMD.zip”. 
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In a second step, we study different observables, which are particularly sensitive to 
SU ( 6 ) breaking and can be used to fix the free parameter of the model corresponding to 
the percentage of S[/( 6 )-breaking terms in the LCWF of the nucleon. Explicit examples 
of this fitting procedure are given in a second Mathematica file [97]. In particular, in this 
program we present different strategies for fitting the available experimental data of three 
observables: i) the inclusive polarized asymmetry A \; ii) the ratio F 2 /F% of the neutron 
to proton unpolarized structure function of DIS; iii) the nucleon electroweak form factors. 
In these notes we will discuss, as an example, the fit of the double-spin asymmetry A\ 
in DIS, leaving for a future work a systematic study to select the best-fitting procedure. 

7'1. Light-cone constituent quark model. - The 5 , t/(6)-synnnetric component of the 
LCWF in the LCCQM has the form in eq. ( 66 ), with the SU(2) matrix relating the 
light-cone helicity and the spin given by the Melosh rotation discussed in subsect. 6'1 
and the wave function in the canonical spin basis given in eq. (75). For the symmetric 
momentum wave function one assumes the following functional form: 


(97) 


</>({%}) =2(2y 


1 W1W2W3 
M 0 X!X 2 X 3 


-I 1/2 


N' 


(Mq + (3 2 V ’ 


where N' is a normalization factor, and the scale (3, the parameter 7 for the power-law 
behaviour, and the quark mass m are taken from ref. [98], i.e. /3 = 0.607 GeV, 7 = 3.4 
and m = 0.267 GeV. According to Schlumpf’s analysis [99] these values lead to a very 
good description of many baryonic properties. 

We now introduce an admixture of mixed-symmetry component in the nucleon wave 
function given by 


(98) 


= cos + Sin Stfef 


<7l<72<X3 


v a 1 a 2 o- 3 5 


where ip £the SU ( 6 )-symmetric component of eq. (75) and is a mixed- 

symmetry component. The factor cos 2 <5 and sin“ 5 give the percentages in the nucleon 
wave function of SU ( 6 )-synnnetric and SU ( 6 )-breaking terms, respectively. For the 
SU ( 6 )-breaking component we take an appropriate combination of mixed-symmetry spin- 
isospin wave functions with two-momentum wave function of mixed symmetry 


(99) ({**}) = \ [/ (x a r - x 0 e) + r {x a e +x^r)], 


where the spin and isospin wave functions are defined as in (77), and the momentum- 
dependent part is given by 


( 100 ) 


(W) 


= N° 


a ■ [3 

f 2 + /3 2 


*(N) 


^ = N & 


(3 2 — a 2 

a 2 + / 3 2 


* ((**}) • 
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In eq. (100) N a and are normalization factors and the Jacobi coordinates are defined 
as 


( 101 ) 



As a result, writing explicitly the spin and isospin components of the wave function (100), 
we find the following results in the canonical spin basis: 


7 7;T;9l<72<?3 

'ra 1 a 2 a 3 

uud 

udu 

duu 

m 

^ - V3<f> a 

—2<frP 

<\P + \/l(j> a 

Tit 

—2(f>P 

(pp + Vz<l> a 

<jfi - V30 a 

ITT 

(j) 0 + V3(j) a 

^ - V3(/) a 

-2<$P 


with the normalizations /[dx] 3 [d 2 fcj_] 3 |</> a | 2 = J[dx] 3 [d 2 fcj_] 3 |0 /3 | 2 = 1/6. 

We note that the mixed-symmetry components of the nucleon wave function corre¬ 
spond to a state with l z = 0 and satisfy relation (71) derived from rotational invari¬ 
ance. Therefore, the LCWF overlap representation of the TMDs keeps the form given 
in eqs. (72), with the functions A q and B q calculated from the LCWF in eq. (98). 
In particular, separating the contribution from the S1J (6)-symmetric component, the 
SU (6)-breaking term and the interference term we can write 

(103) A q = cos 2 S A q ym + 2 cos 6 sin 5 A? nt + sin 2 <5 A^ r , 

(104) B q = cos 2 6 B q ym + 2 cos S sin S Bf nt + sin 2 S B q )r . 

A| ym and B q ym are the contributions calculated in eq. (80), while the contribution from 
the S't/(6)-breaking term reads 

(105) K. = ^f = 6[(<^) 2 + (<n 2 )], 

(106) B^= 4(/) 2 , Bi = -(^) 2 + 3(^) 2 . 

Furthermore, the contribution from the interference between the two components is given 

by 

(107) = — A? nt = = 3 Bf nt = 6V2 <f> 

We immediately notice that the admixture of mixed-symmetry components leads to 
the breaking of the flavour-dependent relation (39) between the unpolarized and po¬ 
larized TMDs, while it does not spoil the remaining relations among polarized TMDs. 
Furthermore, the up- and clown-quark contribution to the TMDs are no longer propor¬ 
tional. 
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Fig. 2. - Density of quarks in the k± plane for net transverse polarization of quarks and proton 
in perpendicular directions. The left and right panel show the results for up and down quarks, 
respectively. 


7'2. Results for TMDs. - In this subsection we report a few results for the TMDs 
in the LCCQM which can be explicitly calculated from the program of ref. [96]. In 
particular we discuss the spin densities in the transverse-momentum plane given by 


(108) p (k x ,k y , (A,sj_), 


1 


1 


fi + — ft T + AA g 1L + X S^k 1 — g 1T 


M 


+ s\e ij k^hi+ks\k i ^hi L 


+ s\Sfh i + s\ 2k 1 k? - k 2 ± 6 ij 


j )si 


M 1 


± 2M 2 hlT 


where, for a generic TMD j, we introduced the first-a; moment defined as 
(109) j(k\) = J dxj(x,k 2 x ). 

As discussed in sect. 2, the unpolarized TMD /i, the helicity TMD g\L, and the transver- 
sity TMD hi in eq. (108) correspond to monopole distributions in the momentum space 
for unpolarized, longitudinally and transversely polarized quarks, respectively. They 
can be obtained from the overlap of LCWFs which are diagonal in the orbital angular 
momentum, but probe different transverse momentum and helicity correlations of the 
quarks inside the nucleon. 

All the other TMDs require a transfer of orbital angular momentum between the 
initial and final state. The hf T TMD describes the distortion due to the transverse polar¬ 
izations in perpendicular directions of the quark and the nucleon [100]. In this case, the 
nucleon helicity flips in the direction opposite to the quark helicity, with a mismatch of 
two units for the orbital angular momentum of the initial and final LCWFs. In fig. 2 we 
show the results for both up and down quarks in the case of a 5't/(6)-symmetric LCWF. 
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Fig. 3. - Quark densities in the k± plane for net longitudinal polarization of quarks in a trans¬ 
versely polarized proton for up (left panel) and down (right panel) quark. 


The results for definite quark and nucleon polarizations in transverse directions are 
obtained by adding the monopole contributions from fi and hi in eq. (108). In the case of 
quark and nucleon transversely polarized in perpendicular directions ( p(k x , k y , s x , S y ) = 
p(k x , k y , s y , S x )), one has from eq. (108) the sum of the monopole contributions from fi 
and hi, and of the quadrupole contribution from hj~ T , ignoring the contributions from 
the T-odd TMDs which are vanishing in the absence of gluon degrees of freedom. Since 
the quadrupole distortion induced by h^ T is quite small with respect to fi and hi, the 
density for definite polarization differs slightly from a monopole distribution. 

Among the distributions in eq. (108), the dipole correlations related to gir and hj~ L 
have characteristic features of intrinsic transverse momentum, since they are the only 
ones which have no analog in the spin densities related to the GPDs in the impact 
parameter space [101,102,36]. In particular, g\T and h^ L correspond to quark densities 
with specular configurations for the quark and nucleon spin: giT describes longitudinally 
polarized quarks in a transversely polarized nucleon, while h^ L gives the distribution of 
transversely polarized quarks in longitudinally polarized nucleon. Therefore, giT requires 
hclicity flip of the nucleon which is not compensated by a change of the quark helicity, 
and vice versa hf fj involves helicity flip of the quarks but is diagonal in the nucleon 
helicity. As a result, in both cases, the LCWFs of the initial and final states differ by 
one unit of orbital angular momentum and the associated distributions have a dipole 
structure. The results in the SU (6)-symmetric version of the LCCQM for the densities 
with longitudinally polarized quarks in a transversely polarized proton are shown in 
fig. 3. The results for definite quark and nucleon polarizations are obtained by adding 
the monopole contribution of fi (the contribution from the Sivers function is ignored 
because we do not include gauge-field degrees of freedom). As shown in fig. 4, the sideways 
shift in the positive (negative) x direction for up (down) quark due to the dipole term 
oc XS l k l -hgiT is sizable and corresponds to an average deformation (k x ) = 55.8MeV, 
and (k x ) = — 27.9McV. The dipole distortion cx A s l k 1 ^ h^ L in the case of transversely 
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Fig. 4. - Quark densities in the k± plane for longitudinally polarized quarks in a transversely 
polarized proton for up (left panel) and down (right panel) quark. 


polarized quarks in a longitudinally polarized proton is equal but with opposite sign, 
since in our model h^ L = —gir- These model results are supported by a recent lattice 
calculation [79-81] which gives, for the density related to gir, (fc“) = 67(5) MeV, and 
(k%.) = —30(5) MeV. For the density related to h^ L , they also find shifts of similar 
magnitude but opposite sign: (fc“) = —60(5) MeV, and (kf) = 15(5) MeV. 

In the program of ref. [96] one can also calculate and simultaneously visualize the 
effects of SU(6) breaking for the spin densities, and for the x and k\ dependence of the 
TMDs. For example, we summarize a few results which can be easily verified following 
the calculation in the program: first of all, one finds that the k 2 ± dependence of the 
TMDs is not Gaussian. In particular, the k\ dependence is the same for up and down 
quark within the SU (6)-symmetric version of the model, while the admixture of mixed- 
symmetry components breaks this flavour independence. 

7'3. Observables. - One of the observables which is largely sensitive to effects of 
SU(6 ) breaking is the inclusive double-spin asymmetry A\ in DIS with lepton and target 
nucleon longitudinally polarized. It can be expressed in terms of the unpolarized f?(x) 
and polarized g\(x ) parton distributions as 


( 110 ) 


A i 


E q e 2 g xgf(x) 
E g e 2 q x fl(x)' 


which becomes, in the case of proton and neutron target, 


( 111 ) 


A P = ^9i(x)+gf(x) An = 4gf(x)+g?(x) 

1 4 f?(x) + f?(x) ’ 1 4 f?(x) + f?(x)’ 


where we used isospin symmetry in such a way that the structure functions of the neutron 
are related to those of the proton by interchanging u and d flavours. 
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Fig. 5. The inclusive double-spin asymmetry A\ in DIS off proton (left panel) and neutron 
(right panel) as a function of x. The theoretical curves are obtained with g\(x ) and fi(x) from 
the LCCQM with SU(6) symmetry as follows: both function LO to the ( Q 2 ) = 2.5 GeV 2 of 
the experiments (solid curves) and both at the low scale of the model (dashed curves). The 
experimental data for A\ are from refs. [107-110] and for A" from refs. [111-114]. 


We notice that in a S'17(6)-symmetric model, one has gi(x) = —4 gf(x), which implies 
AI = 0 at the scale of the model. At higher scale, A " y? 0 due to evolution, but the 
effects remain small. This is illustrated in fig. 5 where we show the results for the proton 
and neutron at the initial scale of the model (dashed curves) and after leading order 
(LO) evolution to Q 2 = 2.5GeV 2 . We also see that experimentally A" (extracted by 
subtracting deuteron and proton data, or from 3 He data, modulo nuclear corrections) 
is found clearly non-zero, giving a signature of SW(6)-breaking effects. Following the 
calculation in the Mathematica program of ref. [97], we can use this sensitivity to SU (6) 
breaking to fit the parameter S of the model in eqs. (103), (104) to the experimental data 
for Ai. In [97] we give different examples for the strategies which can be used in the 
fitting procedure. Here we discuss only one of them which seems the most suitable for 
the LCCQM. In order to decide the criteria of the fit, we should answer the following 
questions. First, in which x-range and with what accuracy is the model applicable? 
Second, how stable are the results under evolution? A related key question emerging 
not only here but in any nonperturbative calculation concerns the scale at which the 
model results for the parton distributions hold. From the point of view of QCD where 
both quark and gluon degrees of freedom contribute, the role of the low-energy quark 
models is to provide initial conditions for the QCD evolution equations. Therefore, 
we assume the existence of a low-scale Q q where glue and sea quark contributions are 
suppressed, and the dynamics inside the nucleon is described in terms of three valence 
(constituent) quarks confined by an effective long-range interaction. In fact, glue and 
sea quark degrees of freedom might be thought of at this low scale to be contained in 
the structure of the constituent quarks, which are massive objects. The actual value of 
Q q is fixed evolving back unpolarized data, until the valence distribution matches the 
condition that the second moment {x(Qq)) vb \, be. the momentum fraction carried by 
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Fig. 6. - The inclusive double-spin asymmetry A\ in DIS off proton (left panel) and neutron 
(right panel) as a function of x. The theoretical curves are obtained from LO evolution to 
Q 2 = 2.5 GeV 2 of the PDFs calculated in the LCCQM with admixture of SU(6) components in 
the nucleon wave function. The parameter describing the percentage of the SU( 6)-symmetric 
and SU (6)-breaking components is obtained from the fit to the experimental data, with the result 
S = 7.25. The experimental data for A f are from refs. [107-110] and for A " from refs. [111-114]. 


the valence quarks, is equal to one [106]. Following [122], we start with the LO-value 
of (x(Q 2 )) va i = 0.35 at 10 GeV 2 [123] and using LO evolution equations we find the 
matching condition (x(Q^)} va \ = 1, at Qq = 420 MeV. Although there is no rigorous 
relation between the QCD quarks and the constituent quarks, which requires a more 
fundamental description of the transition from soft to hard regimes, this strategy reflects 
the present state of the art for quark model calculations [103-105], and has been validated 
with a fair comparison to experiments [23,45,103,106]. 

As can be seen in fig. 5, the description of the experimental data is reasonable. For 
x > 0.15 the model describes the Ax data within an accuracy of about 30%. The 
description improves in the valence-x region of x > 0.25. Since the model contains no 
antiquark- and gluon-degrees of freedom, it is not surprising to observe that it does 
not work at small x. In conclusion, it can be said that the results are weakly scale 
dependent, and the model well catches the main features of the observable A\ in its range 
of applicability, namely in the valence-ir region. Therefore, we choose to fit the parameter 
describing the admixture of S'C/(6)-breaking terms in the nucleon wave function using 
the LO results for Ai of proton and neutron evolved at the average ( Q 2 ) = 2.5 GeV 2 of 
the available experimental data, and restricting ourselves to the valence region x > 0.3. 

The results of the fit are: S = 7.25 degrees with \ 2 = 52.41 for a total of N = 28 
experimental points (% 2 ed = X 2 /(A r — 1) = 1.94). The fitted value of S corresponds to 
a percentage of 98.4% (1.6%) for the SU (6)-symmetric (-breaking) component of the 
nucleon wave function. The results of the fit are shown in fig. 6, with the error band 
corresponding to the lcr region. We see that with a small percentage of SU (6) breaking 
we are able to give an overall good description of the asymmetry for both proton and 
neutron target in the valence region. 
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Fig. 7. - The semi-inclusive double-spin asymmetry All in DIS of pions off a proton target as 
function of x. The dashed curves correspond to the LCCQM results in the S'[/(6)-symmetric 
version, while the solid curves include the contribution from SU (6)-breaking terms, with a 
percentage determined from the fit of the model to the A\ (see text). For the fragmentation 
function D\ we used the parametrization at Q 2 = 2.5 GeV 2 from ref. [115]. The data are from 
refs. [116,117]. 


The results of the fit can be also tested with other observables. In particular we 
consider the double spin asymmetrsy A P LL which can be accessed in SIDIS of hadrons off 
proton target. For a more extensive discussion about the calculation within the LCCQM 
of the azimuthal asymmetries in SIDIS related to T-even TMDs we refer to [45], while 
for comprehensive reviews of recent and planned experiments to access the TMDs we 
refer to [27,124,125]. Assuming the Gaussian ansatz for the k\ dependence of the /i 
and gi TMDs, this asymmetry can be written as 

(U9] 4 Fll __ EqeqZff?(3W(z) 

1 J LL Fuu Ea e l x fi( x ) D i( z ) ’ 

which reduces to A\ in eq. (110) if no hadrons are observed in the final state. In eq. (112), 
-Di(z) is the unpolarized fragmentation function describing the hadronization process of 
the struck quark decaying into the detected hadrons, with z the energy fraction taken 
out by the detected hadron. In the calculation we used for D\{z) the LO parametriza¬ 
tion [115] at Q 2 = 2.5GeV 2 . In fig. 7, we show the results for All in DIS production 
of pions off proton target. In particular, the theoretical curves are obtained with the 
model results of gi{x) and fi(x) evolved at LO to Q 2 = 2.5 GeV 2 . The dashed curves 
show the results from the S'C/(6)-symmetric version of the LCCQM, and the solid curves 
correspond to the LCCQM predictions with a percentage of S'l/(6)-breaking terms as 
obtained from the fit of A\. In both cases, we show the predictions only for x > 0.3, 
corresponding to the range where we performed the fit for A \. We clearly see that the 
inclusion of S'[/(6)-breaking terms leads to a quite good agreement with the data in the 
valence region. 

Another observable which is particularly sensitive to SU(6) breaking is the electric 
neutron form factor G^,. It is well known that in the non-relativistic SU(6) constituent 
quark model G^ is identically equal to zero. The inclusion of relativistic effects, like in 
the LCCQM, produces non-zero results. However, the predictions remain small and do 
not reproduce the behaviour of the experimental data, as shown by the dashed curve 
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Fig. 8. - The electric form factor of the nucleon. The dashed curve shows the prediction within 
the iS't/(6)-symmetric version of the LCCQM. The solid curve is the LCCQM results with the 
inclusion of 1.6% of S(7(6)-breakmg component in the nucleon wave function. The references 
to the data can be found in [121]. 


in fig. 8. Corrections can come from the meson-cloud of the nucleon [118-120]. The 
meson-cloud contribution was recently calculated within the LCCQM in ref. [120] and it 
was found quite smooth, significant only at Q 2 < 0.5 GeV 2 , but not able to reproduce 
the trend of the data. Only the inclusion of SU (6)-breaking terms can give a substantial 
improvement. This is shown by the solid curve in fig. 8, obtained within the LCCQM 
with the percentage of S , [/(6)-breaking terms which was obtained from the fit to the 
asymmetry A\. Remarkably, the good agreement with the experimental data provides 
an important consistency check for our estimate of the S't/(6)-breaking contribution to 
the nucleon wave function. 

8. — Conclusions 

In this work we presented a study of the transverse-momentum-dependent parton 
distributions in the framework of quark models. In particular we discussed several quark 
models, introducing the different formalisms for the practical calculation of the TMDs 
and identifying the common building blocks besides the specific assumptions for modeling 
the quark dynamics. We sorted these models in different classes: the light-cone models, 
the covariant parton model, the mean-field models and the spectator models. Most 
of these models predict relations among the leading-twist T-even TMDs. In particular, 
there are in total four independent relations among the leading-twist T-even TMDs: three 
of them are flavour independent and connect polarized TMDs, while a fourth flavour- 
dependent relation involves both polarized and unpolarized TMDs. Since in QCD the 
eight TMDs are all independent, it is clear that such relations should be traced back 
to some common simplifying assumptions in the models. First of all, it was noticed 
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that they break down in models with gauge-field degrees of freedom. Furthermore, most 
quark models are valid at some very low scale and these relations are expected to break 
under QCD evolution to higher scales. Despite these limitations, such relations are 
intriguing because they can provide guidelines for building parametrizations of TMDs to 
be tested with experimental data and can also give useful insights for the understanding 
of the origin of the different spin-orbit correlations of quarks in the nucleon. We have 
shown that these model relations have essentially a geometrical origin, and can be traced 
back to properties of rotational invariance of the system. In particular, we identified 
the conditions which are sufficient for the existence of the flavour-independent relations. 
They are: 

1 ) the probed quark behaves as if it does not interact directly with the other par- 
tons [i.e. one works within the standard impulse approximation) and there are no 
explicit gluons; 

2 ) the quark light-cone and canonical polarizations are related by a rotation with axis 
orthogonal to both the light-cone and quark transverse-momentum directions; 

3) the target has spherical symmetry in the canonical-spin basis. 

For the flavour-dependent relation, one needs a further condition for the spin-flavour 
dependent part of the nucleon wave function. Specifically, it is required 

4) SU (6) spin-flavour symmetry of the wave function. 

On the basis of the above assumptions, we were able to derive the model relations among 
TMDs within two different approaches. 

The first approach is based on the representation of the quark correlator entering the 
definition of TMDs in terms of the polarization amplitudes of the quarks and nucleon. 
Such amplitudes are usually expressed in the basis of light-cone helicity. However, in 
order to discuss in a simple way the rotational properties of the system, we introduced 
the representation in the basis of canonical spin. In this framework, we showed that 
the conditions l)-3) are sufficient for the existence of all three flavour-independent re¬ 
lations. We also showed that a subset of these three relations can be derived relaxing 
the assumption of spherical symmetry and using the less restrictive condition of axial 
symmetry under a rotation around a specific direction. 

The second approach is based on the representation of TMDs in terms of quark 
wave functions. In particular, we expressed the TMDs as overlap of light-cone wave 
functions, and we derived the relation with the corresponding representation in terms of 
overlap of wave functions in the canonical-spin basis. After discussing the consequence 
of spherical symmetry on the spin structure of the wave function, we were able to obtain 
an alternative derivation of the relations among polarized T-even TMDs. Finally, for the 
remaining relation among polarized and unpolarized T-even TMDs, we used the SU(6) 
symmetry for the spin-isospin dependence of the nucleon wave function. 

On the basis of this study, we have shown how and to which extent the conditions 
l)-4) are realized in the different classes of quark models. In particular we verified that all 
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the models satisfying the TMD relations also satisfy the above conditions, while models 
where the TMD relations do not hold fail with at least one of the above conditions. 

As specific example we discussed in details a light-cone constituent quark model, 
giving the necessary ingredients to perform the calculation of the T-even TMDs. The 
calculation can be reproduced numerically using two Mathematica programs which are 
available on-line. In particular, the first program allows one to reproduce the model cal¬ 
culation for i) the T-even TMDs; ii) the spin densities in the transverse-momentum space 
as a function of the quark and nucleon polarizations; iii) the k 2 ^ dependence of the x 
moments of the TMDs, with a comparison of the model results with the Gaussian ansatz. 
The calculation can be reproduced using the SU (6)-synnnetric version of the light-cone 
constituent quark model as well as introducing the effects of SU (6)-symmetry breaking 
in the light-cone wave function which lead to the violation of the relation between un¬ 
polarized and polarized TMDs. The second Mathematica program allows one to obtain 
predictions for different observables, which are particularly sensitive to SU (6) breaking 
and can be used to fix the free parameter of the model corresponding to the percentage 
of SU (6)-breaking terms in the LCWF of the nucleon. In particular, in this program we 
present different strategies for fitting the available experimental data of three observables: 
i) the inclusive polarized asymmetry A±; ii) the ratio / F% of the neutron to proton 
unpolarized structure function of DIS; iii) the nucleon electroweak form factors. In these 
notes we discussed, as an example, the fit of the double-spin asymmetry A\ in DIS. Using 
the results from this fit, we also discussed predictions for the semi-inclusive double-spin 
asymmetry All in DIS of pions off proton target and for the electric neutron form fac¬ 
tor. The good agreement of these observables with the experimental data provides an 
important consistency check for our estimate of the SU (6)-breaking contribution to the 
nucleon wave function. 

This exercise provides a good example of the practical value of models in phenomeno¬ 
logical studies, showing how model parameters related to particular assumptions on the 
quark dynamics can be tuned to describe available experimental data, and then can be 
used to learn new information on the partonic structure of the nucleon. 
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Appendix A. 


Spinors and polarization four-vectors 

We collect in this Appendix the different types of free spinors and polarization vectors. 
The free canonical Dirac spinor u(k , a) and polarization four-vector e ti (k, a) are given by 


(A.l) 

(A.2) 


u(k, a) = 
a) = 


' y/E -\-m 1 


X<J, 


e a ■ k k (e a ■ k) 

to ’ ° m(E + to) 


where %-f = (J), Xj. = (°), and the polarization three-vectors are = ^(=Fl,— *, 0 ) 

for s z = ±1, and e Q = (0,0,1) for s z = 0. The free light-cone Dirac spinor UL G (k, A) 
and polarization four-vector e^ c (k, A) are given by 


(A.3) u LC (k,+) = - 


(A.4) el c (k,±) = 



(y/2k + +rn\ 


( -k L ^ 

1 

kn 

11 T ( Jc -^ - - 

y/2k + -\ -TO 

V2 3 / 2 fc+ 

y/2k + —m 

’ ULC ^ > V23/2fc+ 

kL 


V / 


' e_L± • k ± 

°’ k+ ’ C±± 




/.+ k l -™ 2 J 
k ’ 2 k+ 


with e±± = (-pi, — i). Both types of spinors and polarization four-vectors coincide in 

the rest frame krest — (m, 0 ) 


(A.5) u(k iest ,a) = ulc( krest, &) = m , 

(A. 6 ) S^ikrestp) = e^c (krest, cr) = (0, £ a ) . 

The “good” light-cone spinors are the simultaneous eigenstates of the operator 75 and 
the projector P + = | 7 - 7 + 


(A.7) 


P+u G (X) = u G (X), 75 tiG(A) = Xu G (X), 


u G ( A) 


I 

75 



Xx, 


and one can write 

(A- 8 ) P+ = 53«g(A)4(A). 
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Table II. - Decomposition in the canonical-spin basis i/)^ 1CT2CT3 of the components of the 3 Q 
LCWF in the light-cone helicity basis V , AiA 2 a 3 ' components are grouped according to the 
values of total orbital angular momentum l z . 





lz = -1 


0 

II 





^||| 

V'tti 

V’TJ.T 
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Z 1 Z 2 Z 3 
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Appendix B. 

Components of the 3Q LCWF in the light-cone and canonical polarization 
bases 

Based on eq. (66), table II shows explicitly how the components of the 3Q LCWF 
in light-cone polarization basis are decomposed in the canonical-spin basis. We used 
for convenience the notations Zi = cos y, U = km sin ^ and = km sin for the 

components of the rotation matrix of eq. (40). For example, from the first row 

of table II, we have 

(B.l) i’+++ = Z 1 Z 2 Z 3 V’tTT + 21^3 V’jti + z lhZ3 + I 1 Z 2 Z 3 V’jqj 

+I1I2Z3 V’lj.f + I1Z2I3 V’lf j. + Z1I2I3 V’m + hhh V’Jj.p 
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Table III. - Decomposition in the canonical-spin basis of the components of the scalar quark- 
diquark LCWF in the light-cone helicity basis -!/’>• The components are grouped according to the 
values of total orbital angular momentum l z . 





II 

o 

- +1 




V't 

7 

iz 

= 0 

v>+ 

z 

i 

iz 

= +1 

+ 1 

—r 

z 


It is interesting to note that any single component of the 3Q LCWF in the canonical-spin 
basis contributes to all components in the light-cone helicity basis, and vice versa. So 
even if one considers that the wave function has only components with £ z = 0 in the 
canonical-spin basis, the components of the wave function in the light-cone helicity basis 
present all the values i z = —1,0, +1, +2, the orbital angular momentum being generated 
by the rotation matrices ■ 


Appendix C. 


Connection to a quark-diquark picture 

We show in this Appendix how the 3Q picture can be connected to a quark-diquark 
picture. In the latter, one considers the whole spectator system as an object with the 
quantum numbers of two quarks, namely a diquark. One may also assume that this 
diquark does not contain any internal orbital angular momentum. From a 3Q picture, 
this amounts to set &2 = &3 = ko /2 and mo = 2m with kn and uid the light-cone 
momentum and mass of the diquark, and m the mass of a valence quark. 

C l. Scalar diquark. - The scalar diquark is obtained by coupling the two spectator 
quarks so to form a system with total angular momentum j — 0. The LCWF of the 
scalar quark-diquark system can be written in terms of the 3Q LCWF as follows: 



The total orbital angular momentum of a given component is given by the expression 
l z = A — A with A, A = ±|. 

The corresponding LCWF in the canonical-spin basis is defined through 


(c.2) = 

& 

and can consistently be written as 


(C.3) 



1 

71 





ko 

~2’ 



<1 
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The explicit decomposition of eq. (C.2) is displayed in table III. 
Spherical symmetry in the canonical-spin basis reads 

(C.4) E N 61 , 4>)\ao' M 0 ’ <t>)]*AA' i’a' = V’a. 

A 'a' 


and in particular implies 


(C.5a) ^ = (-1)^^, 

(C.5b) ip\ = 0, 


in agreement with eqs. (69), (70) and (C.3). 

C'2. Axial-vector diquark. The axial-vector diquark is obtained by coupling the two 
spectator quarks so to form a system with total angular momentum j = 1. The LCWF 
of the axial-vector quark-diquark system can be written in terms of the 3Q LCWF as 
follows: 



The total orbital angular momentum of a given component ^\\ D is given by the expres¬ 
sion l z = A — A — \d with A, A = ±| and A^ = +1,0, —1. 

The corresponding LCWF in the canonical-spin basis is defined through 

(C.7) V4 d = E dV\ d , 

CTCTD 


with the rotation for the axial-vector diquark given by 


(C.8) 
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H = 



cos 2 e -f 

— \[2 H sin - cos 

k% sin 2 ^ \ 

x/2 sin cos ^p 

cos 2 ^ - sin 2 6 -f 

—a/ 2 fc_R sin ^p cos ^p 

k\ sin 2 S -f 

y /2 Jcl sin cos ^p 

cos 2 e -f ) 


Provided that Od^d) = 0(ku/ 2), we can consistently write the axial-vector quark- 
diquark LCWF in the canonical-spin basis as 


(C.10) ^{k,k D )=il^ n [k 

V4> (k, ~k D ) = E 




ku kD 

~ 2 ~’ 2 


A 7 k D k D \ , , A / 7 k D k D 




ciT 


2 2 


{k, k D^ — V’ctU ffc- 


kn k D 
~2’ ~2 


The explicit decomposition of eq. (C.7) is displayed in table IV. 
Spherical symmetry in the canonical-spin basis reads 


(C.ll) 


E 

A' a'a'r 


HO, (/))}„<?> \ U (0,<t>)]a D a' HOHTaA' H'a' = Ho 


where 


(C.12) 


/i+fs0 e -i<t> _j^sinfle"^ 
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sint 
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^75 smy 
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and in particular implies 

(C.13a) 

(C.13b) 

(C.13c) 


rH-o n = (-i ) 7 


.A+u+ctd A 

-CT£) V -*-/ l T(T(T£ > '> 
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in agreement with eqs. (69)-(71) and (C.10). 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 



Copyright© 2013. IOS Press. All rights reserved. 


Models for TMDs and numerical methods 


241 


Table IV. - Decomposition in the canonical-spin basis ipl aD of the components of the axial- 
vector quark-diquark LCWF in the light-cone helicity basis ip\\ D - The components are grouped 
according to the values of total orbital angular momentum 4 . 
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Summary. — We present some of the latest developments in the field of Gener¬ 
alized Parton Distributions (GPD). Experimentally, a lot of data has been recently 
released from the DESY and Jefferson Lab (JLab) facilities. Theoretically, much 
progress has been made with the recent emergence of fitting codes and algorithms 
which provide some first 3-d imaging insights on the quark structure of the nucleon. 
In this paper, we concentrate our discussions on the deep virtual compton scattering 
process and to the quark sector. 


1. — Introduction 

Much of what we have learned on the structure of the nucleon these past 40 years or 
so has come from the scattering of high energy leptons (from a few 100 MeV to a few 
100 GeV). 

One of the most elementary lepton scattering experiments is the elastic lepton-nucleon 
scattering process eN —> e'N'. Such experiments were first carried out at Stanford in 
the 50’s by Hofstadter and collaborators. In this process, one accesses the “form factors” 
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Fig. 1. - Top left: elastic scattering eN —* e'N' where the complex structure of the nucleon 
is parametrized in terms of FFs. Top right: deep inelastic scattering eN —> e'X where the 
complex structure of the nucleon is parametrized in terms of PDFs. Bottom left and right: deep 
exclusive scattering eN —> e'(M, 7 ) where the complex structure of the nucleon is parametrized 
in terms of GPDs. Bottom left: “handbag diagram” for Deep Virtual Compton Scattering 
(DVCS); Bottom right: “handbag diagram” for Deep Virtual Meson Production (DVMP). 


(FF) of the nucleon. See fig. 1 (top left). The FFs depend only the squared momentum 
transfer of the lepton to the nucleon Q 2 = — (e — e') 2 (or equivalently t = (N — N') 2 ). 
They reflect the composite nature of the nucleon. With a (vector) virtual photon probe, 
one can define two FFs iq (t) and F^it). There are two FFs because the nucleon has 
a spin 2 • Its spin can be flipped {F%(i)) or not {F\{t)) in the process. If ones uses an 
axial or a pseudo-scalar probe, one can define two more FFs: Gq(t) and Gps(t). In a 
frame where the nucleon goes to the speed of light along a certain direction, the FFs 
give access, via the equivalent of a Fourier transform on the t variable, to the transverse 
spatial density of electromagnetic (or axial) charges in the nucleon. 

Another class of elementary lepton scattering experiments is inclusive electron-nucleon 
scattering eN —» e'X, generically called “Deep Inelastic Scattering” (DIS). Such exper¬ 
iments were started in the late 60’s at the Stanford Linear Accelerator Center (SLAC) 
laboratory. One accesses in such process the “Parton Distribution Functions” (PDF) of 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 






Copyright© 2013. IOS Press. All rights reserved. 


Deep virtual Compton scattering: From data to GPD 


247 


the nucleon. See fig. 1 (top right). The PDFs depend, at QCD first order ( i.e . omit¬ 
ting log(<3 2 ) corrections), only on one variable, xb = 2 mN (E -e ,) ' the so-called Bjorken 
variable. In the quark sector, at QCD (Quantum Chromo-Dynamics) leading twist, i.e. 
keeping only the leading power terms in a qs expansion, there are three PDFs which 
can be accessed in principle: fi(xs), g i{xb) and hi(xs), according to the polarization 
of the target (respectively, unpolarized, longitudinally and transversely polarized (given 
a polarized lepton beam)). In a frame where the nucleon goes to the speed of light along 
a certain direction, the PDFs can be interpreted as the probability to find a parton with 
the longitudinal momentum fraction xb in a nucleon. 

At the end of the last century, a third class of process has come under intensive 
investigation, theoretically as well as experimentally. It is exclusive electron-nucleon 
scattering eN —> e'N'(M , 7 ), where M stands for a meson and 7 for a photon. This class 
of processes is generically called “Deep Exclusive Scattering” (DES). See fig. 1 (bottom). 
The cross-sections of these processes are much smaller than those of the elastic or DIS 
processes. Only with the recent advent of the high luminosity lepton beam facilities 
combined with high-resolution detectors to ensure the exclusivity of the reaction, can 
these processes be accessed in an efficient way. The structure functions of the nucleon 
which are accessed in DES are the so-called “Generalized Parton Distributions” (GPDs). 
The theoretical formalism was introduced and first developped in the mid 90’s by D. 
Muller et al. [1], X. Ji [2] and A. Radyushkin [3]. There are more particles and kinematic 
degrees of freedom in DES and therefore GPDs depend on more variables. At leading- 
order QCD, there are precisely three, which are x, t; (which is actually equivalent to xs' 
£ = 2 -xb ) anc ^ ^ the quark sector, at QCD leading twist, there are eight GPDs: 
H, H, E, E. Ht, Ht, Et, Et- In DVCS and DVMP, only the first four can be accessed at 
QCD leading twist and they reflect the four independent spin/helicity transitions between 
the initial and final nucleons/quarks in the “handbag” diagrams of the bottom part of 
fig. 1. The GPDs give rise to several interpretations: in a frame where the nucleon goes 
to the speed of light along a certain direction, they represent the probability amplitude 
of finding a quark in the nucleon with a longitudinal momentum fraction x + £ and of 
putting it back into the nucleon with a longitudinal momentum fraction x — £ (plus some 
transverse momentum “kick”, which is represented by t). Also, at £ = 0, they can be in¬ 
terpreted as the probability amplitude of finding in a nucleon a parton with longitudinal 
momentum fraction a: at a given transverse impact parameter b±, which is the conjugate 
variable of t [4-6]. One sees then how the information contained in a traditional PDF, such 
as the ones measured in DIS, and the information contained in a FF, as measured in elas¬ 
tic lepton-nucleon scattering, are now combined and correlated in the GPD description. 

In the forward limit (£, t —> 0), GPDs actually reduce to PDFs and their first x-mo¬ 
ment are equal to FFs. Also, their second ^-moment gives access to the quark orbital 
contribution to the nucleon spin. One shoud finally stress that the factorisation between 
the hard process of the upper part of the “handbag diagrams” and the lower “blob” 
which is parametrized by the GPDs in fig. 1 is valid for large Q 2 and small t. We refer 
the reader to the proceeding of the lecture of M. Diehl or to reviews [7-10] for the detailed 
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Fig. 2. - Reference frames and relevant variables for the description of the e p —»■ e'p7 reaction. 


theoretical formalism and these general properties of the GPDs. 

In the next section, we are going to explain the relation between GPDs and exper¬ 
imental observables. For the rest of the paper, we will actually focus on the DVCS 
channel. The reason, besides sake of space of these proceedings, is the absence, at QCD 
leading twist/order, of any strong coupling a s in the DVCS “hard” amplitude, compared 
to the DVMP one (see bottom diagrams of fig. 1), which makes the interpretation of 
DVCS more straightforward. Indeed, a s is “running” and, in particular, is rising as Q 2 
(or more generally, the scale associated to the quark-gluon vertex to which Q 2 is pro¬ 
portional) decreases. The low-scale regime of a s is not fully under control and therefore 
it is believed that the corrections to the simple QCD leading twist “handbag” diagram 
should be much more important in DVMP compared to DVCS. Also, the DVMP dia¬ 
gram involves, besides GPDs, another non-perturbative QCD quantity, the final meson 
distribution amplitude whose form is still under debate. The DVCS channel is therefore 
considered, at least theory-wise, as the “cleanest” and the “gloden channel” to access 
GPDs. 

2. — From GPDs to data 

In order to fully describe the 3-body final state reaction ep —> epy, there are four 
independent variables. They are usually chosen as Q , xb, t and <f>. We have already de¬ 
fined Q 2 , xb and t. The variable 4> is the azimuthal angle between the electron scattering 
plane and the hadronic production plane. See fig. 2. 

We recall that the GPDs depend on three variables: x, £ and t with £ equivalent to 
xb- At QCD leading order, GPDs do not depend on Q 2 . Like for PDFs, this absence of 
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Q 2 dependence reflects the fact that the virtual photon interacts with pointlike quarks. 
At QCD higher order, there is a Q 2 dependence but it can be predicted and calculated 
through the so-called evolution equations. We therefore omit it in the following. 

We thus see that if the variables £ and t can be measured, x is not experimentally 
accessible. The variable x which, we underline, is different from Xg , is a “mute” variable 
which is integrated over, due to the loop in the handbag diagrams (see fig. 1). Precisely, 
the DVCS amplitude is proportional to: dx^zirp^ + ■ ■ ■ (where the ellipsis stand 

for similar terms in E, H and E). The x _^ +ie term is the propagator of the quark 
between the incoming virtual photon and the outgoing photon. The previous expression 
can be decomposed into a real and an imaginary part: PP(/J^ da:) — z7rP(£,£,f). 
This means that the maximum information that can be extracted from the experimental 
data at a given (£, t) point is H(±£, £,t), when measuring an observable sensitive to 
the imaginary part of the DVCS amplitude, and J J*} 1 da:, when measuring an 
observable sensitive to the real part of the DVCS amplitude. 

If ones reduces the range of x from {—1,1} to {0,1} in the convolutions, there are 
therefore in principle eight GPD-related quantities that can be extracted: 


(1) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 

with 


(9) 


Re{7d} = P f d x[H(x,£,t) — H(—x,£,t)]C + (x,£), 
J o 

Re{£} = P [ dx [E(x, £, t) - E(-x, £, t)] C + (x, £) , 

J o 

Re{7d} = P f da: H(x,£,t) + H(— x,£,t) C~(x,£), 
Jo L J 

Re{£} = P f dx E(x,£,t) + E(—x,£,t) C _ (x,^), 
Jo - 1 

Im {H} = H{Z,Z,t)-H{-S,Z,t), 

Im{£} = E(£,€,t) - E(-£,£,t), 

Im {H} = H(Z,£,t) + H(-S,S,t), 

Im {£} = E(U,t) + E(S,S,t) 


C ± (x,0 = 


± 


x-C x + (, 


These are called the Compton Form Factors (CFFs) (be aware of slightly different nota¬ 
tions in the literature (—tt factors in the definition of the “Im” CFFs, ” signs for the 
“Re” CFFs,...), for instance with ref. [11]). 

GPDs and CFFs, like FFs and PDFs, are defined for each quark flavor. Experi¬ 
mentally, the flavor decomposition can be done by measuring GPDs on the proton and 
on the neutron (DVMP provides also additional ways to carry out this flavor decom¬ 
position). For the proton, the combination of GPDs or CFFs accessed is -ff p (£,£,f) = 
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a(ep -»ep7) oc 



Fig. 3. - The cross-section of the ep —> epy reaction is proportional to the squared ampli¬ 
tude: |Moves + Mbh| 2 - The DVCS process is proportional to GPDs while the BH process is 
proportional to FFs. The two processes interfere. 


and for the neuton #"(£,£, t) = §i? d (£,£,t) + !#“(£, £,f) 
(and similarly for E, H and E). 

Another issue is that the ep —> epy reaction is not purely made of the DVCS pro¬ 
cess. The latter is accompanied by the Bethe-Heitler (BH) process, in which the final 
state photon is radiated by the incoming or scattered electron and not by the nucleon 
itself. See fig. 3. The BH process, which is not sensitive to GPDs, is experimentally 
indistinguishable from the DVCS and interferes with it, thus complicating the matter. 
Considering that the nucleon form factors F\ and F 2 are well known at small t. the BH 
process is however precisely calculable theoretically. Depending on the (xb, Q 2 , t, <j>) 
phase space regions, it can largely dominate or be negligible compared to DVCS. 

Finally, since we have four GPDs, i.e. eight CFFs, the question arises of how to access 
them separately. We recall that the four GPDs reflect the four various spin/helicity 
nucleon/quark independent combinations in the handbag diagram. Therefore, the way 
to separate each of the eight CFFs consists in using the spin degrees of freedom of the 
beam and of the target and measure various polarization observables. In ref. [11]. first- 
order analytical relations between the ep —> epj observables and the CFFs have been 
derived. We present here a few of them: 

(10) A a LU oc sin <j >Im {F{H + £(Fl + F 2 )H - kF 2 £ + ...}, 

(11) A a UL oc sin (j> Im j F{H + £(F\ + F 2 ) (h + - £kF 2 £ + ... j , 

(12) Aa LL oc (A + B cos <j>) Re |Fi7d + £(F\ + F 2 ) (fC+ X ^-£) + ...}, 

(13) Act ut oc sin<(>Im { k(F 2 7i — F\£) + ...}, 

where Act stands for a difference of polarized cross-sections, with the first index refer¬ 
ring to the polarization of the beam (“U” for unpolarized and “L” for longitudinally 
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polarized) and the second one to the polarization of the target (“U” for unpolarized, “L” 
for longitudinally polarized and “T” for a transversely polarized target), k = Vt- is 
a kinematical factor. In eqs. (10)—(13), one recognizes the Fj and F 2 nucleon FF which 
come from the interference with the BH process. 

Neglecting terms multiplied by kinematical factors such as £, Xb and k , one can 
see that, on a proton target, A <jlu is dominantly sensitive to Im{7Y p }, AajjL to 
A cjll to Re{7d p } and A ctjjt to Im {7i p } and Im{£ p }. In the case of a neu¬ 
tron target, the sensitivity of these spin observables to the CFFs is not the same due to 
the different values of the FFs (Fi « 0 in particular). Thus, on a neutron target, A ulu 
is dominantly sensitive to Im{£”} and Im{7f n }, Acf ul to Im{7Y"}, A a LL to Re{7Y"} 
and Actut to Im{7f"}. Here, we have displayed explicitly the “p” and “n” superscripts 
to underline that GPDs on the proton and on the neutron are not equal, as mentioned 
earlier. One also notes in general that single spin observables are sensitive to the “Im” 
CFFs, while double-spin observables are sensitive to the “Re” CFFs. 

In summary, given the deconvolution issue regarding x, the interference of the DVCS 
and BH processes, the large number (eight at leading twist) of independent quantities to 
be extracted from the data and the quark flavor separation to carry out, it is clearly a non¬ 
trivial task to extract the GPDs from the experimental data and, ultimately to map them 
in the three variables x, (, t. It requires a broad experimental program measuring several 
DVCS (or DVMP) spin observables on several targets over large ranges in xb, t and Q 2 . 

The first stage of any general program of measuring GPDs can a priori be to extract 
the eight CFFs from the data for a given £, t point, in a model-independent way as much 
as possible. This would be only the beginning of the program, since the x dependence 
would still need to be deconvoluted using in principle a model with adjustable parameters. 
At this stage, let us mention that there might actually be a couple of ways around this 
issue: firstly, if the Double-DVCS process, (i.e. with a virtual photon in the final state) 
can be measured, then varying the virtuality of the final state photon provides an extra 
lever arm and this allows to measure the GPDs at each x , £, t values (though with some 
limitations if the final photon is timelike) [12,13]. Secondly, dispersion relations could 
in principle reduce from eight to five the number of GPD quantities to be extracted, by 
expressing the real part CFFs defined by eqs. (l)-(4) in terms of integrals over ( of the 
respective imaginary part CFFs defined by eqs. (5)-(8), plus a real subtraction constant 
(at fixed ( and t). This strategy requires one to measure data over a very wide range in 
( (at fixed t) unless one has good reasons to truncate the integral or to extrapolate. We 
refer the reader to refs. [14-17] for discussions on this subject. 

3. - The DVCS data 

In this section, we shortly review the existing experimental data related to DVCS. 
Only these past ten years, experimental data which can lend themselves to GPD inter¬ 
pretation and of sufficient precision have been obtained. 

We start by the ep -a epy cross-sections which have been measured in the Hall A 
of JLab [18]. Figure 4 shows these 4-folcl (beam-polarized and unpolarized) differential 
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Fig. 4. - (Colour on-line) The figure on the top shows the difference of (beam) polarized cross- 
sections for DVCS on the proton, as a function of the (j> angle, measured by the JLab Hall 
A Collaboration [18]. The average kinematics is ( xb) = 0.36, ( Q 2 ) = 2.3 GeV 2 and (— t) = 
0.28 GeV 2 . The figure on the bottom shows the total {i.e. unpolarized) cross-section as a function 
of 4>. The red curves show a fit to the data. The BH contribution is represented by the green 
curve. The difference between the data and the BH is attributed to the DVCS whose twist-3 
contribution is estimated by the dot-dashed curve (i.e. it is very small). 


cross sections dx B dQ 2 dtd<t> (*- e - without any integration over an independent variable) at 
(; x B ) = 0.36, {Q 2 ) = 2.3 GeV 2 and (-t) = 0.28 GeV 2 . 

The particular shape in <f> of the unpolarized cross section (upper panel of fig. 4) is 
typical of the BH process. In this case, the final state photon is radiated by the beam or 
the scattered electron and, more precisely, in a very peaked cone along their direction. 
This means that this outgoing photon can barely be out of the electron-proton plane. 
In other words, the BH process is strongly peaked around <f> = 0° where, a priori , it 
completely dominates the cross-section. 

The difference of beam-polarized cross-sections, i.e. Aolu, is displayed in the lower 
panel of fig. 4. It allows to extract the imaginary part of the DVCS amplitude (see 
eq. (10)). This observable has been measured for two other Q 2 values and thus has 
permitted to extract the Q 2 dependence of this imaginary part of the amplitude. At QCD 
leading order, as we discussed, it is predicted to be Q 2 independent. This Q 2 -dependence 
is presented on fig. 5, where it can be seen that it seems to follow this “scaling” law 
and, therefore, to confirm that one indeed accesses the leading twist handbag process 
at the JLab kinematics. Of course, the Q 2 domain covered by the Hall A experiment 
to study this Q 2 dependence is quite limited and this conclusion, although clearly very 
encouraging, should be taken with caution. 

At this stage, we should also mention that the (unpolarized) ep —> epy cross-section 
has also been measured at much higher energy (30 < W < 120 GeV, 2 < Q 2 < GeV 2 
where W is the center-of-mass energy of the y*-p system), by the HI and ZEUS Collab- 
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Fig. 5. - The figure shows the Q 2 dependence of the imaginary part of the proton DVCS 
amplitude extracted from the polarized cross-section shown in fig. 4 which was measured at 3 
different Q 2 values. 
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orations [19,20]. At such large W ( i.e. low r fl ), the DVCS process is sensitive mostly to 
“gluon” GPDs which we do not cover in this short paper. 

In the Hall B of JLab, the CLAS Collaboration which uses a large acceptance spec¬ 
trometer, has measured the beam spin asymmetry of the ep —> epy process. This asym¬ 
metry is ratio of the difference of (beam) polarized cross section A <jlu to the unpolarized 
one. Following the notation previously introduced, this asymmetry is denoted Ajjj . It 
arises from the interference of the DVCS process (when the outgoing photon is emitted by 
the nucleon) and the BH process (when the outgoing photon is radiated by the incoming 
or scattered lepton). It is an observable which is relatively straightforward to extract 
experimentally since, in a first-order approximation, normalization factors such as the 
efficiency/acceptance of the detector and, more generally, many sources of systematic 
errors cancel in the ratio. 

For Alu, a shape close to a sin</> is seen, as was expected from eq. (10). This asym¬ 
metry was fitted by a function of the form 1+eco °^" d COS 90 - Figure 6 shows the fitted the 
value of this fitted asymmetry at = 90 ° for the « 60 (xb,Q 2 , t) bins. 

The JLab CLAS Collaboration has also measured DVCS asymmetries with a longi¬ 
tudinally polarized target (A UL ) [ 22 ]. Due to the limited statistics, the sin(^) moment 
of Aul (see eq. (11)) could be extracted only for 3 ( xs,Q 2 ,t ) bins. The values of these 
sin(</>) moments are shown in fig. 7. 

Finally, at higher energies (W ~ 4.5GeV), the HERMES Collaboration, which can 
polarize its target longitudinally as well as transversely, has measured an essentially 
complete set of DVCS asymmetries: Alu, Aul , All, Aut, Alt- In addition, HERMES 
could use an electron beam as well as a positron beam. This has led to the measurement 
of a novel asymmetry Ac, i.e. the beam charge asymmetry. The combination of the 
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Fig. 6. - Solid circles: DVCS beam spin asymmetry at <j> = 90 ° as a function of t for differ¬ 
ent ( xb,Q 2 ) bins, as measured by the JLab Hall B/CLAS Collaboration [21]. See this latter 
reference for a description of the curves and references to the few other data points. 



Fig. 7. - The sin(</>) moments of the 1TSA [22], Left: three bins — t, integrated over £; right: 
three bins in integrated over t. The curves are described in ref. [7]. 
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Fig. 8. - Overview of all DVCS azimuthal asymmetry amplitudes measured at HERMES. Figure 
taken from ref. [23]. See therein for the references to the data. 


beam charge, beam and target polarizations degrees of freedom has led to the fit of a 
impressive series of (j) moments which are displayed in fig. 8. 

4. — From data to GPDs 

Now that so many DVCS data have been accumulated, as shown in the previous sec¬ 
tion, one can ask the question how to extract the GPD information from them. These past 
two years, three groups (Mueller and Kumericki [24], Moutarde [25] and Guidal [26-29]) 
have developped fitting codes and algorithms aimed at extracting the GPD information 
from the DVCS data. 

In this paper, due to space and time limits, we limit ourselves to a brief description of 
the quasi-model independent fitting procedure of refs. [26-29]. The procedure consists, 
at a given experimental (£, —t) kinematic point, in taking the CFFs as free parameters 
and in extracting them from DVCS experimental observables using the well established 
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DVCS and BH theoretical amplitudes [11,30]. This task is not trivial. One has to fit 
eight parameters, i.e. the eight CFFs of eqs. (1)—(8), out of a limited set of data and 
observables (especially at JLab kinematics), with limited precision. This leads in general 
to an underconstrained problem. However, as some observables are in general dominated 
by a few particular CFFs, as we saw with eqs. (10)—(13), one actually manage to extract 
a few specific CFFs. 

With this fitting algorithm, one managed to determine: 

- The Im{7f} and Re{7f} CFFs at (xb) ~ 0.36, and for several t values, by fitting 
simultaneously [26] the JLab Hall A proton DVCS beam-polarized and unpolarized 
cross sections [18]. This could indeed be expected since A glu is dominated by 
Im{7f} (eq. (10)) while the unpolarized cross-section is dominated by Re{7Y}. 

- The Im {TL} and Im{7f} CFFs, at (xb) ~ 0.35 and (xb) ~ 0.25, and for several t 
values, by fitting simultaneously [28] the JLab CLAS proton DVCS beam-polarized 
and longitudinally polarized target spin asymmetries [21,22]. Again, this could be 
expected since A ulu (or equivalently Abu) is dominated by Im{7Y} (eq. (10)) and 
Act ul (° r equivalently A UL ) is dominated by Im{7f} (eq. (11)). 

- The Im{7Y}, Re{7Y} and Im{7f} CFFs, at (xb) ~ 0.09, and for several t values, by 
fitting simultaneously [27,29] the series of HERMES beam-charge, beanr-polarized, 
transversely and longitudinally polarized target spin asymmetry moments [31-34]. 
Ac allows to constraint Re{7f}, Ai[/Im{7d} and Aul Im{7Y}. Unfortunately, the 
other asymmetries, due to unsufficient precision in the data, didn’t allow in this 
approach to constrain the other CFFs (while in principle, with “ideal” infinitisemal 
resolution, they should have). 

In fig. 9, the results of these fits are compiled and shown as empty squares. Each panel 
has the same scales for ease of comparison. The results of the other two approaches are 
also shown: the stars are the result of the CFF fit of ref. [25] and the curves the result 
of the model-based fit of ref. [24] (solid: without the Hall A data of ref. [18] and dashed: 
including the Hall A data in the fit). The solid points show the predictions of the VGG 
model [7,30,35], which is not the result of a fit, but of a model whose parameters have 
been fixed. Except for Re{7f} where there are marked differences between the different 
approaches, it seems that all these works show the same trends within error bars. 

The results of the quasi-model-independent fit of refs. [26-29] have average uncertain¬ 
ties of the order of 30%. This is due to the limited precision of the data and/or the limited 
number of experimental observables to be fitted. Obviously, having more observables to 
fit simultaneously and more precise data (which can be foreseen in the near future) can 
only reduce these uncertainties. Also, one has to keep in mind that all eight CFFs are 
kept as free parameters. If, guided by some theoretical considerations, one can remove 
some of the CFFs from the fit and thus reduce the number of free parameters, error bars 
on the results will obviously diminish. For instance, in ref. [25] (stars on fig. 9), all GPDs 
but H have been neglected resulting in smaller uncertainties (an additional error has 
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Fig. 9. - The Im{7J}, Re{7d} and Im{7J} CFFs (noted respectively as Him, Hn e and Hi m in the 
figure), as defined in eqs. (1), (5) and (7), as a function of —t. The empty squares show the 
results of our works, the stars the result of the CFF fit of ref. [25], the curves the results of the 
model-based fit of ref. [24] and the solid points show the predictions of the VGG model [30,7,35]. 


then to be introduced in order to take into account the neglect of the other GPDs; an 
attempt of the estimation of such addditional error has been done in ref. [25]). For the 
present time, in the approach of refs. [26-29], the uncertainties reflect all the ignorance 
on all GPDs other than the ones which come out from the fits and their full potential 
influence. In particular, it is found in ref. [28] that the central value on the fitted Im{7d} 
CFF would vary by a factor of « 3 whether one would fit the JLab Hall A proton DVCS 
cross sections [18] by taking into account only the H GPD or by taking into account all 
four GPDs. 

In fig. 9, some general features and trends can be distinguished. We comment them 
briefly in the following: 

- Concerning Im{7-(}, it seems that, at fixed —t, this CFF increases as Xb decreases 
( i.e . going from JLab to HERMES kinematics). This is reminiscent of the x- 
dependence of the standard proton unpolarized parton distribution as measured in 
DIS, to which the GPD H reduces in forward kinematics (£ = t = 0). Another 
feature is that the t-slope of Im{7d} seems to increase with xb decreasing. This 
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could then suggest that low-a; quarks (the “sea”) would extend to the periphery of 
the nucleon while the high-x (the “valence”) would tend to remain in the center 
of the nucleon. Indeed, as was mentioned in the introduction, the f-dependence of 
GPDs can be interpreted as a reflection of the spatial distribution of some charge 
in some specific frame. 

Rc{7d} has a very different f-dependence than Im{7f} both at JLab and at HER¬ 
MES energies: while Im{7f} decreases with —t increasing, Re{7f} increases (at 
least up to — t « 0.3 GeV 2 ) and may change its sign, starting negative at small —t 
and reaching positive values at larger —t: all four aproaches (empty squares, stars, 
solid points and solid curves) show this “zero-crossing” at JLab kinematics. We 
also notice that both VGG and the dashed curve of the model-based fit of ref. [24] 
overestimate the fitted values for Re{7f} compared to the work of refs. [26-29]. 

- Concerning Im{7f}, we notice that it is in general smaller than Im{7f}, which 
can be expected for a polarized quantity compared to an unpolarized one. There 
is very little Xb dependence. The f-dependence is also rather flat. The weaker 
f-dependence of Im{7f} compared to Im{7Y} suggests that the axial charge (to 
which the H GPD is related) has a narrower distribution in the nucleon than the 
electromagnetic charge. 

5. Conclusion 

In this paper, we have given a short introduction to the field of generalized parton 
distributions and reviewed all the relevant experimental data, focusing on DVCS and on 
the valence region. We have shown how some new first 3D information on the structure 
of the nucleon could be extracted from the data, thanks to the recent emergence of DVCS 
data fitting codes. 

Several new experiments are planned and new data expected in the coming years at 
JLab 6 and 12 GeV, COMPASS and HERMES (where new data analysis are still under 
progress with a recoil detector) which should provide soon stronger constraints on the 
extraction of GPDs. A rich harvest of data related to DES and GPDs lies therefore in 
front of us and with the contiunuation of the development of dedicated fitter codes and 
advances in theory; all hopes are permitted for the extraction of the GPDs. 
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Analysis tools for azimuthal asymmetries 
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Summary. — The statistical tools discussed during these lectures can be applied 
in the analysis of the data from real experiments, for example in the extraction of 
single-spin or double-spin azimuthal asymmetries. The extraction might be rela¬ 
tively easy if there is a reasonable amount of statistics, there are no gaps in the 
acceptance or significant inefficiencies in the detectors. Otherwise, powerful statis¬ 
tical tools have to be applied. During the lectures, the least-squares, the unbinned 
(standard and extended) and binned maximum-likelihood methods of asymmetry 
extraction have been introduced. In this write up, only the method of standard 
maximum likelihood is discussed. Maximum likelihood is a technique for estimating 
the values of parameters given a finite sample of data. It is approximately unbiased 
and efficient. 


1. — Definition of azimuthal asymmetries 

The complete expression for the polarized lepton-proton cross-section is given in [1] 
which is basically the same for semi-inclusive deep inelastic scattering, for hadron pair 
production, for exclusive meson production, and for deeply virtual Compton scattering. 
The cross-section is presented as a superposition of unpolarized and polarized cross- 
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sections <jxy with various polarization states of target ( S ) and beam (P): 
( 1 ) er = cfuu + Pl&lu + Sl&ul + PlSl&ll + St&ut + PlSt&lt ■ 


In axY the first subscript, X, specifies the lepton beam polarization, and the second 
one, Y, the target polarization. The lepton beam and the target can be unpolarized (U), 
longitudinally (L) or transversely (T) polarized. 

In accordance with the Trento convention [2], the beam (or the target) azimuthal 
spin-asymmetry A is defined as the cross-section asymmetry for two opposite spin states 
of the beam (or the target), 


( 2 ) 


1 d <J^(<f>) — da*~((j)) 
P da^ (</)) +da*~ (4>) ’ 


where P is the beam (or the target) polarization, and the subscript stands for a 

positive (negative) polarization state. The definition of the azimuthal angle <f> between the 
lepton and the hadron planes is also given in [2]. The azimuthal modulations associated 
with beam or target spin asymmetries are defined [2] as, e.g., 


( 3 ) 


- . ,, _ / d</> sin (j) (cl- dcP~ (</>)) 

/ dcj) (da^(<j>) + do^ (</>)) 


The integration in eq. (3) results in a denominator that is the (^-independent part of the 
unpolarized cross-section auu- 

Experimentally, the cross-sections are derived from the number of events or yield 
dNeglecting radiative and smearing effects, the yield is related to the cross- 
section by the acceptance e of the spectrometer diV - *^ oc edcr - *^. The acceptance 
is a multiplicative factor that does not depend on the polarization state of the target or 
beam and thus should cancel in the asymmetry definition given by eq. (2). However, if 
the asymmetries are calculated in bins of one kinematic quantity while integrated over 
the others, the effect of the acceptance cancellation may not happen. In this case simpler 
asymmetry extraction methods, like the moments method or the method of least squares 
(X 2 method) are biased. In addition, these methods are not applicable for low statistical 
samples since they make incorrect error propagation assuming Gaussian distribution of 
events in a bin. The solution might be the usage of the unbinned maximum likelihood 
method [3,4] in asymmetry extractions. 


2. — Maximum-likelihood method 

Consider a random variable x (here x can represent also a multidimensional vector) 
which is distributed according to a probability density function (p.d.f.) f(Q\ x), where 
9 (Oq, 9\... 9 n ) is a set of n parameters which values are unknown. If the functional 
form of the p.d.f. f(6; x) is known, the method of maximum likelihood is a technique for 
estimating the values of the parameters. 
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Suppose a measurement of a random variable x has been repeated N times, yielding 
the values x\, Xi ... Xn- The probability for the first measurement to be in the interval 
[x\,X\ +dxi] is f(9; xi)dxi. Since the measurements are all assumed to be independent, 
the probability to have the first one in [x±,xi + dxi], the second in [X 2 , X 2 + da^] and so 
forth, is given by 


( 4 ) 


N 

XT Xi )d 


l 


Xi . 


If the hypothesized p.cl.f. and parameter values are correct, a high probability is expected 
for the parameter values close to the true values. In contrast, a parameter value far away 
from the true value should yield a low probability. Since daq do not depend on the 
parameters, the same reasoning also applies to the following function L: 

N 

( 5 ) m=Y[Md; Xi ) , 


which is called likelihood function. The parameter values are found as the point in the 
parameter space where the likelihood function, the joint of N probability densities, is at 
its maximum. It is usually easier to work with log L, 

N 

(6) log L(9) = ^log/j(6>; x,) . 


Since both are maximized for the same parameter values 0, the parameters are those 
which maximize the log-likelihood function or, equivalently, minimize the negative log- 
likelihoocl function: 


( 7 ) 


-log L(0) 


N 

XX°g /i(0; x i) ■ 




Thus, as long as the likelihood function is a differentiable function of the parameters 9 , the 
maximum-likelihood estimators 9 , i.e. the parameters, are found solving the likelihood 
equations 


( 8 ) 


0 log L 
d9i 


i = 0,1,... n . 


Any multiplicative ^-independent factor in the p.d.f. f(0; x) may be omitted, since the 
purpose of interest is the maximum (minimum) of the (negative) log-likelihood function 
log L. If more than one local maximum (minimum) exists, the highest (lowest) one is 
taken. 
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It is important to note that the p.d.f. should be normalized to unity: 


(9) 


f(9 ; x) dx = 1 


If this is not the case, 

(10) jf(0;x) Ax=M{9), 

the normalization of the p.d.f. to unity can be arranged by taking into account the 
normalization integral M{9 ): 


( 11 ) 


f m x) 

J A f(0) 


dx = 1 . 


In evaluating the log-likelihood function, it is important to include all normalization 
factors that depend on 9: 


N 

(12) log L(9 ; x) = ^2 lo S /( x i ) - N log M{9) . 

i=l 

The normalization integral may be omitted if it does not depend on parameters 6. 

The extended maximum-likelihood method differs from the standard method in that 
the normalization of the p.d.f. is allowed to vary. This is essential for the measure¬ 
ments where the number of samples obtained is itself a physical quantity [5]. Otherwise 
the properties of standard and extended maximum-likelihood methods are generally the 
same. 

The uncertainties on the parameters are evaluated from the inverse of the covariance 
matrix, i.e. the matrix of second derivatives: 


(13) V 1 (Q i ,9j) = cov 1 (9 i ,9 j ) = - 

2'1. Graphical illustration of statistical uncertainties of parameters. - Let us consider 
one parameter case: 0q- If expanding the log-likelihood function in a Taylor series about 
the maximum-likelihood estimate 9 0 , 


d 2 log L 

dOidOj 


(14) log L(9q) = log L(9 0 ) 


9 log L 
89n 


$ 0—^0 


(9 0 -9 0 ) + — 


d 2 log L 


(6>o — 0 q ) 2 


J 0q—0q 


by definition of f?o, logL(0o) = logL m ax and the second term in the expansion is equal 
to zero. Ignoring higher-order terms in eq. (14): 


(15) 


1 T to _1_ \ 1 T 1 (00 — 9 0 ) 2 

log L{9 o ±<j) = log L max - --r- 

2 cr z 


log L max - - . 
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9q — a 


Qa + o 


Fig. 1. - A log-likelihood function showing la limits for one (left) and two (right) parameter 
cases [4]. 


This is the definition of the statistical uncertainty in the maximum-likelihood method 
which means that a change in the parameter 9 of one standard deviation a from its 
maximum likelihood estimate leads to a decrease in the log-likelihood of 1/2 from its 
maximum value. It has been shown that the likelihood function becomes a Gaussian 
curve and the log-likelihood function becomes a parabola in the large sample limit [3,4]. 

The graphical illustration of the interpretation of the statistical uncertainty is given in 
fig. 1. The log-likelihood function logL as a function of Oo is a parabola. The standard 
deviation of 9 0 is estimated by changing the value of 9 0 until logL(0 o ) decreases by 
1/2. The horizontal lines indicate the logL max and logL max — 1/2 and the vertical lines 
correspond to the maximum-likelihood estimate of 9q and 9q ± a. 

In the case of more than one parameter, in the large sample limit, the likelihood is a 
multidimensional Gaussian. The log-likelihood function is harder to illustrate graphically, 
though for the two-parameter case it can still be shown as a contour. The case when 
the two parameters are correlated, is illustrated on the right side of fig. 1. The positions 
of the true values and the maximum-likelihood estimates in the parameter space are 
shown along with a contour corresponding to logL = log L max — 1/2. The fact that the 
parameters are correlated is seen from the fact that the contour is tilted. In the large 
sample limit the tangents to the curve correspond to 9o ± oo and 9\ ± ay. Since the two 
parameters 9q and 9 i are correlated, the covariance or the correlation coefficient should be 
included in the reporting fit results. For small samples, the likelihood function can take 
complicated shapes, and there might be more than one local maximum. For a given log- 
likelihood function, a scan through parameter values can verify whether the maximum is 
a local or a global one. The uncertainties on parameters are still determined by findings 
the points in the parameter space where the log-likelihood function logL changes by 1/2. 

2'2. Advantages and disadvantages. - The reliability of the result using this or that 
method has to be proved by Monte Carlo studies. For large statistical samples, most 
of the estimators are unbiased (oc 1/N) and efficient. For low statistics, the unbinned 
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maximum-likelihood method is preferred. It provides the best estimation of uncertainties, 
since propagating the uncertainties no assumption of Gaussian distribution of events is 
needed (in contrast to the least-squares method). If there are correlations between the 
parameters, these correlations can be taken into account propagating the uncertainties. 

In the cases when the bin size is large and the desired information is smaller than the 
bin size, there is no loss of information due to the binning in the unbinned maximum- 
likelihood method. Instead all the events enter the fit with their characteristic behaviors. 

For most the cases in the data analysis, the maximization cannot be performed ana¬ 
lytically, especially when working in more than one dimension (more than one variable or 
more than one fit parameter). The differentiation of logL may end up with an equation 
that cannot be solved analytically, instead numeric computation methods should be used. 
This implies reliance on the existing software packages. Usually the supplied programs 
do not maximize, but minimize the negative log-likelihood function (see eq. (7)). 

3. - MINUIT 

One of the function minimization softwares in HEP is MINUIT [6]. This package 
was originally written in Fortran [6]. It has been converted to a C ++ class [7] which is 
a straightforward conversion of the original Fortran version. MINUIT is integrated in 
PAW (Fortran) and ROOT (C ++ ) packages. It does multi-parameter function minimiza¬ 
tion, analyzes the shape of the function around the minimum and performs parameter 
uncertainty evaluation. The function to be minimized might be the y 2 or the negative 
log-likelihood. 

The minimization algorithm requires the calculation of derivatives of the function with 
respect to the parameters and this is normally done numerically by the fitting routine. 
To find the minimum of the function, it is recommended to use the MINUIT function 
MIGRAD [6,8]. As discussed in sect. 2, in the case of maximum-likelihood method, the 
p.d.f. should be properly normalized. The consequence of not normalizing is usually that 
the fit simply does not converge, some parameters running away to infinity. On its way 
to the minimum, MIGRAD may have traversed a region which has unphysical behavior, 
e.g., the p.d.f. gets negative values. In order to leave that region, penalties have to 
be assigned to these parameter values (i.e. low probabilities to these parameter values, 
or large negative values to logL) or a smoothening of the p.d.f. has to be performed 
(transform the p.d.f. with a function which is always positive and goes asymptotically to 
zero for p.d.f. going to minus infinity). In order to insure good and fast convergence, the 
analyzer can supply starting values for the parameters. Limits on variable parameters 
should be used only when needed in order to prevent the parameter from taking an 
unphysical value. When a satisfactory minimum has been found using limits, the limits 
should then be removed if possible, in order to perform the uncertainty analysis without 
limits. 

The calculation or interpretation of the resulting parameter uncertainties is consider¬ 
ably more complicated. Whatever method (y 2 or maximum likelihood) is used, in order 
to calculate the parameter uncertainties, the analyzer should define (with ErrorDef com- 
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mand) what is meant by one “error” (one or two standard deviations). In MINUIT the 
uncertainty on a parameter is defined as the change of the parameter which would pro¬ 
duce a change of the function value equal to 1. If the function is a negative log-likelihood 
function, then the one standard deviation is chosen by setting ErrorDef = 0.5( 1 ) or, 
alternatively, the log-likelihood function should be multiplied by 2. In the simplest case 
when the function is exactly parabolic at the minimum, this is equivalent to defining the 
uncertainty as the inverse of the second derivative at the minimum. To calculate the un¬ 
certainties of the parameters, it is recommended to use the Minuit function HESSE [6,8]. 
It does calculate the full matrix of second derivatives of the function with respect to 
the current values of parameters, and inverts it, printing out the resulting error matrix. 
Hence the error matrix produced by HESSE contains the parameter correlations which is 
a very important property of HESSE. Although a parameter may be either positively or 
negatively correlated with another, the effect of correlations is always going to increase 
the uncertainties on the parameters. After HESSE, the uncertainties are usually quite 
accurate, unless there has been a problem, e.g., highly correlated parameters, etc. 

MINUIT, when it prints out the parameter and uncertainty values, also gives some 
indication of how reliable it thinks they are. It is important always to check the outputs 
of MINUIT (what exactly to check was discussed on the slide 53 of ref. [9]). The resulting 
estimate of 6 will be close to the true value of 9 but it is unlikely to coincide exactly. 
How good is the estimate? This has to be tested by Monte Carlo studies. 


4. — Implementation of the maximum-likelihood method 

Let us consider the case of an unpolarized target and a longitudinally polarized 
beam( 2 ). In this case the cross-section given by eq. (3) reduces to 

(16) u = a vu + P L a LU . 


The p.d.f. that describes the yield of the experimental data (see sect. 1) reads 


(17) d N(0; x,y,z,P h± ,</>,P L ) 


X 


X 


e(x,y,z,P h ±,(j)) 

auu ( 0 ; x, y, z, Ph±,<f>) + Plplu (O', x, y, z, Ph±,<t>, Pl) 
e(x, y, z, Phx,<t>)vuu(x, y, z, P h ±) 

1+ (x, y, z, P h i l) cos <j>+ A^ 20 (x, y, z , P h ±) cos 2cj> 

+ ( x , V, z, P h ±) sin <j) 

f(0;x,y,z,P h x,<t>,P L ) , 


( 1 ) This is due to the fact that — log L = x 2 /2. The default value of ErrorDef = 1 corresponds 
to one standard deviation for y 2 function. 

( 2 ) The case of longitudinally polarized target is similar and for a transversely polarized target 
there is an additional dependence on the angle (j> a (the definition of this angle is given in [1]). 
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where x, y , z and Ph± are the well-known kinematic variables, e is the acceptance func¬ 
tion that may depend on the same kinematic variables as the cross-section, ajju is the 0- 
independent unpolarized cross-section. In the maximum-likelihood method, the polariza¬ 
tion is treated as any other kinematic variable. The azimuthal modulations of the cross- 
section given in [1] result in the corresponding asymmetry modulations: , A 

and A s ^. While maximizing the likelihood function, 


T , Q , tt f(0; Xi,y i ,z i ,Ph± i ,<f>i,PL i ) 

L(0) = ll- \iTa\ - 


the various azimuthal amplitudes of the asymmetry are considered as free parameters 
9. In fitting the parameters 9 , the acceptance efficiency e and the azimuthal averaged 
cross-section auu in the numerator can be omitted since they do not depend on the fit 
parameters. However, they have to be taken into account in evaluating the normalization 
integral J\f: 

(19) JV{9) = j dxdydzdP h ±d(j)dP L e(x,y,z,P h ±,(j))auu{x, y,z,P h ±) 

x 1 + A c ^(x, y, z, P h _ l) cos 0 + A c ^ 2<t> (x, y, z , P h ±) cos 20 
+PlAZ* (x, y , 2 , P h _ l) sin 0 . 


The polarized part of the normalization integral can be ignored if the unpolarized and 
the polarized cross-sections are factorized and, in addition, if the net polarization of the 
whole data set is equal to zero [10], 

(20) P^LT = P^U~ , 

with L~* and LA~ being the corresponding luminosities. If necessary, this condition can 
be reached by weighting events recorded with one polarization state [10]: 

(21) logL = J>log 1 + A™^ cos 0 + A™^ cos 20 + PJ0 A?^0^ sin 0 

*=l 
N^~ 

+ ^2 log 1 + cos 0 + ^uu 2<l> cos 20 + Pf ■^lu’ sin 0 
i =1 

+N log Afuu (9) , 

where ui = (P' l ~IS~)/ (P - *L - *) is the weight that is chosen in such a way that scales 
down the sample with higher net polarization. If the zero net polarization of the data 
sample is achieved, then the unpolarized part of the normalization integral Muu(9) can 
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be computed numerically, 


Nmc 

(22) Nuu{0) = f 1 + A uu > { x iyi z ’ p hi-) cos^ + A™^ (x, y,z, P h ±) cos2</> , 

i 


using a Monte Carlo simulation that generates the unpolarized part of the cross- 
section with isotropic azimuthal distribution. After the reconstruction of this simu¬ 
lated data in the experimental acceptance, the events will be distributed according to 
e(x, y, z, Phi,4) x auu{x, y, z, Phi)- It is important that all the kinematic distributions 
apart from the azimuthal one are well reproduced by the Monte Carlo simulation. In 
that case, all distortions of the angular distribution (including the gaps) are purely due 
to the spectrometer acceptance since the angular distribution itself was generated flat. 

The normalization integral can be omitted at all if it does not depend on the fit 
parameters 0. This can be arranged by fixing the unpolarized azimuthal modulations of 
the asymmetry by already measured values. In this case (the net polarization still should 
be equal to zero) the denominator of eq. (18) would not depend on the fit parameters 
and can be omitted. 

4'1. Beam/target polarization balancing. - Introducing weights in the likelihood func¬ 
tion is quite useful not only for beam/target polarization balancing but also for other 
purposes, e.g., background subtraction, hadron identification, etc. In this case, a bit 
more is needed in order to evaluate the statistical uncertainties properly. According to 
ref. [11], the covariance matrix has to be corrected, 

(23) V- 1 = T{T'~ X T) , 

where the matrices T and T' are the covariance matrices 

d 2 log L' 
ij = dQidOj „ 

with logL given by eq. (21) and logL' given as 


(24) 


d 2 log L 


Tii do, no, 


AT 


(25) log L = ^2 u i l°g [l + C0S 0 C0S + P L -^LU* sin ^ 

i =1 
N*~ 

+ 'Y2 log [l + ^-uu^ cos ) + ^UU 2 ^ C0S ^ + Pl ^LU* S l n ^ 


i=1 


It is important to note that if the MINUIT package is used for minimization of 
the negative log-likelihood function, then for proper error propagation, both covariance 
matrices have to be evaluated by the MINUIT function HESSE. 
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Conclusions 

Several asymmetry extraction methods have been discussed during the lecture. The 
unbinned maximum-likelihood method has been pointed out as the preferred method in 
case of low statistics and large acceptance effects. It is important to note that there 
are no perfect estimators though in practice one usually assumes perfect efficiency and 
zero bias. In case of doubts, one should check the reliability of the estimation of the 
parameter values with Monte Carlo tests. 

The second part of the lecture was dedicated to exercises testing the goodness of the 
fit methods using a toy Monte Carlo. The aim was to generate data according to a 
given distribution and extract the corresponding asymmetries with this or that method, 
increasing and decreasing the statistics, generating acceptance effects, etc. The full list 
of exercises is given on slides 33 and 47 of ref. [9]. Some of the codes performing the 
simulation and the extraction of asymmetries can be found in [12]. 

* * * 

I would like to thank the organizers for invitation to this very interesting school. Also 
I would like to thank E. Avetisyan and A. Movsisyan for their help in preparation of 
the exercises. 
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Summary. — This lecture discusses the COMPASS experiment at Cern perform¬ 
ing deep inelastic scattering of polarised muons off polarised targets. The main 
results from the measurements performed since 2002 with longitudinal and trans¬ 
verse target polarisation are presented. The second part of the lecture discusses 
the plans and preparations for future measurements related to generalised parton 
distributions and transverse-momentum-dependent distribution functions. These 
experiments comprise deeply virtual Compton scattering as well as hard exclusive 
meson production in muon scattering off a liquid-hydrogen target on the one hand 
and Drell-Yan dimuon production using a negative pion beam and a transversely po¬ 
larised proton target on the other hand. During the GPD muon experiment, precise 
data will also be taken on hadron production and transverse-momentum-dependent 
distributions with the unpolarised proton target. 


1. Introduction 

Partons were discovered at Slac in the 1960’s when scattering electrons from nuclei 
at large momentum transfers Q 2 . The observed Q 2 independence of the hadronic part of 
the cross-section, the structure functions, revealed point-like constituents in the nucleon. 
Later these partons were identified with the quarks. The eventually observed weak Q 2 
dependence of the structure functions could be attributed to the splitting of partons, 
i.e. quarks and gluons, into partons with a smaller momentum fraction in the infinite 
momentum frame. At the electron-proton collider Hera at Desy the spin-independent 
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Phenix/Star 


Fig. 1. Laboratories and experiments studying spin-dependent structure functions of the nu¬ 
cleon. 


quark and gluon distributions were then finally studied with high precision at very large 
momentum transfer and down to tiny momentum fractions. 

A detailed understanding of the nucleon structure must include spin degrees of free¬ 
dom and ultimately should explain the nucleon spin of \/2h. The first attempt to study 
the spin-dependent structure functions of the nucleon was made at Slac followed by the 
Emc experiment at Cern which showed in 1988 that the quark spins contribute little to 
the nucleon spin. Triggered by this entirely unexpected result, experiments were subse¬ 
quently launched at Cern (Smc, Compass), Slac (E142/3, E154/5), Desy (Hermes), 
and Rhic (Star, Phenix) in order to check the Smc result and to measure the structure 
functions of the neutron/deuteron (fig. 1). The results confirmed the findings by Emc for 
the proton and revealed a similar situation for the neutron. The effects in the proton and 
neutron cancel in the fundamental Bjorken sum rule, which links the difference of pro¬ 
ton and neutron spin-dependent structure functions to the neutron weak decay constant 
9v19 A- 

After the small quark spin contribution to the nucleon spin was established unam¬ 
biguously, the focus turned on the gluon polarisation. In this situation the COMPASS 
Collaboration was founded in 1996 and the experiment was approved in 1998 with first 
data taking in 2002. Contrary to the previous Smc experiment, which focused on in¬ 
clusive scattering, the COMPASS spectrometer is optimised for large hadron acceptance 
and hadron identification in semi-inclusive deep inelastic scattering (SIDIS). The primary 
goals of the first phase of COMPASS until 2012 are measurements of the spin-dependent 
quark distributions or the light flavours gl (or A q), the size of the gluon polarisation gf 
or (or A g), and the Collins and Sivers asymmetries and thus transversity h\ (or A tq) 
and the Sivers function f^ T . After a description of the COMPASS spectrometer in sect. 2, 
these results will be discussed in sects. 3 and 4. Another large part of the programme 
not presented here concerns hadron spectroscopy and tests of chiral perturbation theory 
including a dedicated measurement of the pion polarisability. 
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Fig. 2. - The Compass spectrometer, for a description see text. 
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Section 5 covers the approved COMPASS plans for the nearer future 2014-2016/7. 
Here the Collaboration will focus on generalised parton distribution functions (GPDs) 
and transverse-momentum-dependent (TMD) parton distribution functions. The former 
will be studied in deeply virtual Compton scattering off a liquid-hydrogen target and the 
latter by Drell-Yan (DY) reactions of a negative pion beam impinging on a transversely 
polarised proton target. 

2. — The COMPASS experiment at CERN 

A schematic view of the COMPASS spectrometer [1] is presented in fig. 2. A polarised 
muon beam of energy 160-200 GeV and with a polarisation of about 80% impinges from 
the left on a solid-state polarised target consisting of two or three cells with proton or 
deuteron target material polarised in opposite directions. The usable beam intensity is 
typically 2 x 10 7 /s during a 9.6 s long spill. The repetition rate varies and was typically 
about 1/40 s. The momentum of each beam particle is measured in the beam momentum 
station. Downstream of the target, the scattered muon and produced hadrons are de¬ 
tected in a two-stage magnetic spectrometer with the two dipole magnets, SMI and SM2. 

Charged particles are tracked in the beam regions by scintillating fibre stations (Scifi) 
and by silicon detectors. In the inner region close to the beam, gaseous detectors of the 
micromegas and GEM types are deployed. Both are based on very small multiplication 
gaps with high field strength where the electron avalanche develops. The positive charges 
produced in these gaps can be evacuated rapidly which leads to high rate capabilities. 
The backbone of tracking in the intermediate region are multiwire proportional chambers 
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solenoid 2.5T 

dipole magnet 0.6T 
acceptance ± 180 mrad 


Fig. 3. - The Compass polarised target system. 


(MWPC). Finally, the large area tracking away from the beam region is covered by drift 
chambers (DC, W45) and drift tubes (Straws, Muon Wall 1 and 2, Rich Wall (not 
shown)). 

The velocity of charged particles is measured in a ring-imaging Cherenkov detector 
(RICH), which can separate pions and kaons from 9GeV up to 50GeV. The Cherenkov 
photons are emitted along the 3 m long path in the radiator volume filled with the heavy 
C 4 F 10 gas. In total 116 mirrors reflect light from ultraviolet to visible to the photon 
detectors with about 80 k analog read-out channels. The inner quarter of the photon 
detector is made by multianode-photomultiplier tubes, while the outer part relies on 
MWPCs with a photosensitive Csl cathode. 

The energy of charged particles is measured in sampling hadron calorimeters (HCAL 1 
and 2 ), while neutral particles, in particular high-energy photons, are detected in elec¬ 
tromagnetic calorimeters (ECAL1 and 2). They comprise lead glass modules as well as 
scintillator/lead “shashlik” modules in the inner high-radiation region. 

Event recording is triggered by the scattered muon, which is “identified” by its ability 
to traverse thick hadron absorbers, located just upstream of the Muon Wall detectors. 
The event selection is based on various systems of scintillator hodoscopes and logic mod¬ 
ules applying selections criteria like target pointing and energy loss in the scattering. The 
patterns causing a trigger were optimised by Monte Carlo simulations. The spectrometer 
has about 250 k read-out channels, which can be recorded with a frequency of 20 kHz for 
an event length in the order of 40 kByte. 

The heart of the experiment is the polarised target system (fig. 3). While the muon 
beam comes naturally polarised due to the parity violation in the decay of the parent 
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Fig. 4. - Polarisation build-up for the 3-cell ammonia target in 2007 for the outer cells (upper 
curves) and central cell (lower curve). 


pions, polarising protons and deuteron is very difficult. Gas targets cannot be used 
with the muon beam due to the low beam intensity compared to electron beams. An 
advantage of muon beams is the high muon energy, which presently cannot be reached 
by electron beams. The polarised target system comprises a 2.5 T solenoid magnet, 
a 0.6 T dipole magnet, a 3 He/ 4 He dilution refrigerator, a 70 GHz microwave system 
and an NMR system to measure the target polarisation. The target material is cooled 
down to about 60 mK in frozen spin mode. In the presence of the 2.5 T field all free 
electrons are polarised. Their polarisation is transferred to the protons and deuterons 
by microwave irradiation. This process of dynamic nuclear polarisation can only be used 
with few materials. In COMPASS irradiated ammonia (NH 3 ) and lithium-6 deuteride 
( 6 LiD) were selected as proton and deuteron targets, respectively. Lithium-6 is very close 
to a system of a free deuteron and a hclium-4 core and has essentially the same magnetic 
moment as the deuteron. Thus 6 LiD corresponds to two deuterons plus a helium nucleus. 
Typically, polarisations of 85% for protons and 50% for deuterons were reached (fig. 4). 
A key feature of COMPASS is that both target polarisations are present simultaneously 
in separate target cells along the beam, e.g. <—” for the two-cell configuration till 
2004 and >,, —>” for the three-cell configuration from 2006 onwards. Thus in an 
asymmetry measurement most systematic uncertainties cancel. Using the dipole and 
solenoid magnet, the magnetic field can be rotated from, e.g., pointing downstream 
to transverse to upstream. The spin follows the magnetic field adiabatically and thus 
the spin orientations can be changed within 30 min. Such a field rotation is performed 
typically once per day for the longitudinal polarisation in order to cancel potentially 
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Table I. Data taking of COMPASS. 


Period 

Beam 

Target 

Polarisation 

2002-2004 

muon 

“deuteron” 

long. & transv. 

2005 

Cern accelerator shutdown 


2006 

muon 

“deuteron” 

long. 

2007 

muon 

“proton” 

long. & transv. 

2008-2009 

hadron 

hydrogen, nuclear 

- 

2010 

muon 

“proton” 

transv. 

2011 

muon 

“proton” 

long. 

2012 

hadron 

Ni 

- 

2013 

Cern accelerator shutdown 



remaining systematic effects. The field can also be kept transverse for measurements with 
transverse target polarisation. Here the polarisation is inverted by repolarising typically 
once per week. In the shutdown year 2005 the superconducting target magnet was 
replaced by a new one, increasing the angular acceptance from ±70mrad to ±180mrad. 

The experiment has been taking data since 2002 (table I). The years 2008-2009 
were dedicated to the hadron spectroscopy programme of COMPASS with pion, kaon and 
proton beams. In 2012 the pion polarisability will be measured using a negative pion 
beam and a thin nickel target. Later in this year a pilot run for deeply virtual Compton 
scattering and hard exclusive meson production will take place. 


3. — Longitudinal spin structure results 

3'1. Quarks. - Studies of the longitudinal spin structure of the nucleon in deep inelas¬ 
tic scattering (DIS) proceed via the determination of cross-section asymmetries. Such 
measurements require a longitudinal polarisation of both the incoming lepton and the 
target nucleon. The process is sketched in fig. 5. Measured is the event number asymme¬ 
try A exp = (N^ — N^')/(N <= + N^), where the single and double arrows indicate the 
beam and target polarisations, respectively. As in COMPASS the two target polarisations 
are measured simultaneously with the same beam, flux and acceptance cancel to first 
order and A exp is proportional to the virtual-photon nucleon cross-section asymmetry 


(1) 


A\ — 


1 


fPnPrD 


-A, 


exp* 


Here P M and Ft denote the beam and target polarisations, and D is the depolarisation 
factor, which describes the polarisation transfer from the lepton to the virtual photon. 
The ratio of the spin-averaged cross-section due to all polarisable nucleons in the target 
to that of all nucleons in the target is the dilution factor /. The factors D and / lie 
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Fig. 5. - Sketch of semi-inclusive deep inelastic scattering off a nucleon. 


between 0 and 1. For the targets used, the dilution factor varies from about 0.15 for NH 3 
to 0.4 for 6 LiD. 

In terms of the parton distribution functions (PDF) 171 and / 1 , the asymmetry Ai is 
given in leading order (LO) by 

(9] A = J2 q ^9i(x,Q 2 ) 

[ } 1 Z q e 2 q h(x,QZ) 

and for semi-inclusive DIS by 

. h J2q e q9l{ x i Q 2 )Di q (z, Q 2 ) 

Here, Q 2 = — (k — k') 2 is the negative square of the 4-momentum transfer and 
x = Q 2 /(2Pq) is the Bjorken scaling variable, indicating the momentum fraction of the 
nucleon carried by the struck quark in the infinite momentum frame. For SIDIS, the frag¬ 
mentation functions (FF) D qq describe the fragmentation of a quark q into a hadron h. 
In addition to Q 2 they depend on the the laboratory energy fraction z = which 

the observed hadron carries with respect to the total energy transfer v from the lepton 
to the nucleon. 

The proton [2] and deuteron [3] asymmetries measured by COMPASS are presented 
as a function of x in figs. 6 and 7, respectively. Only asymmetries for Q 2 > 1 GeV 2 are 
shown. The inclusive asymmetries, i.e. not requiring an additional hadron, are shown 
on the left, followed by the asymmetries for identified pions and kaons. Note that kaon 
measurements for the proton only exist from COMPASS. The spin-dependent structure 
functions g\ and gf corresponding to the inclusive asymmetries are shown in figs. 8 and 9. 
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Fig. 6. - Proton asymmetries [2] compared to Hermes results [4] and the DSSV fit [5]. 


The fundamental Bjorken sum rule links the first moment of the non-singlet 
structure function g± s (x, Q 2 ) = g\(x, Q 2 ) — Q 2 ) to the ratio of the axial to vector 
coupling constants in the neutron beta decay gA and gv 
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Fig. 7. - Deuteron asymmetries [3] compared to Hermes results [6]. 
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X 

Fig. 8. - Proton structure function xg\ as a function of x at the Q 2 of the measurement. 


The neutron structure function g" can be obtained from the proton and deuteron struc¬ 
ture functions and the coefficient function C^ s describing higher-order corrections is 
known from theory to third order in a s . 

From the Compass proton and deuteron data this sum rule can be tested very accu¬ 
rately. We obtain \gA/gv\ = 1.28±0.07 (stat.)±0.10 (syst.) compared to 1.2694±0.0028 
from neutron (3 decay. The values are in excellent agreement and thus the Bjorken sum 
rule is confirmed at the 10% level (fig. 10). 
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Fig. 9. - Deuteron structure function xgi as a function of x at the Q 2 of the measurement. 
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Fig. 10. - Integral f 1 pf rs ( x) da; of the non-singlet structure function uj vs as a function of the 

Jasmin 

lower integration limit x m i n . 


From the semi-inclusive asymmetries, the quark distributions can be determined for 
the various flavours starting from eq. (3). The information on the initially struck quark 
is partly preserved in the fragmentation process and parametrised by the FFs. An up 
quark prefers to fragment into a positive pion while a down quark prefers fragmenting 
into a negative pion. Using isospin symmetry and the rather well-known fragmentation 
functions of up and down quarks as well as the poorly known fragmentation functions of 
strange quarks, one can build a system of equations containing the measured inclusive 
asymmetries, the asymmetries for identified hadrons as well as the wanted PDFs of the 
individual flavours. A fit with six flavours (u, d, s and antiquarks) did not show any 
significant difference for strange quarks and antiquarks. Therefore a five-flavour fit with 
As = As was used for the result shown in fig. 11 as a function of x [2]. The up-quark 
polarisation is strongly positive at x > 0.1, i.e. the spins of the up (down) quark point 
predominantly in the same direction as that of the proton (neutron). The down-quark 
polarisation is negative and the combined strange and antistrange quark polarisation is 
slightly negative. The latter comes from the region x < 2 x 10~ 2 , while for larger x the 
distribution As rather vanishes. 

Of particular interest are the first moments of the spin-dependent quark distributions 
A q = J Aq(x) dx. They are given for Q 2 = 3 GeV 2 in table II. The regions unmeasured 
by COMPASS, 0 < x < 0.004 and 0.7 < x, were extrapolated using the PDFs from the 
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Fig. 11. - The quark helicity distributions xAu, xAd, xAu, xAd and xAs at Qd — 3GeV 2 as 
a function of x. The values for x < 0.3 (black dots) are derived at LO from the Compass 
spin asymmetries using the DSS fragmentation functions [7]. Those at x > 0.3 (open squares) 
are derived from the values of the polarised structure function gi(x) quoted in [8,9] assuming 
A q = 0. The bands at the bottom of each plot show the systematic errors. The curves show 
the predictions of the DSSV fit calculated at NLO [5]. 


DSSV fit [5]. The range 0.3 < x < 0.7 was taken from the inclusive data assuming that 
the sea quark distributions vanish in this region. The result is summarised in table II 
and compared to the DSSV fit. The sum of all quark contributions AS = A q 


Table II. - Full first moments of the quark helicity distributions at Q\ = 3GeV 2 . The unmea¬ 
sured contributions at low and high x were estimated by extrapolating the data towards x = 0 
and x = 1 and by using the DSSV parametrisation [5]. 


Extrapol. full moment DSSV 


A u 

0.71 

± 

0.02 ± 

0.03 

0.71 

± 

0.02 

± 

0.03 

Ad 

-0.34 

± 

0.04 ± 

0.03 

-0.35 

± 

0.04 

± 

0.03 

A u 

0.02 

± 

0.02 ± 

0.01 

0.03 

± 

0.02 

± 

0.01 

Ad 

-0.05 

± 

0.03 ± 

0.02 

-0.07 

± 

0.03 

± 

0.02 

As(As) 

-0.01 

± 

0.01 ± 

0.01 

-0.05 

± 

0.01 

± 

0.01 

Au v 

0.68 

± 

0.03 ± 

0.03 

0.68 

± 

0.03 

± 

0.03 

A d v 

-0.29 

± 

0.06 ± 

0.03 

-0.28 

± 

0.06 

± 

0.03 

AE 

0.32 

± 

0.03 ± 

0.03 

0.22 

± 

0.03 

± 

0.03 
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Fig. 12. - Preliminary hadron multiplicities from COMPASS for 7r + , tv~ , K + and K~ as a function 
of x in various z bins. The curves are obtained with the DSS fragmentation functions and 
MRST04 PDFs. 
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obtained from the semi-inclusive COMPASS data as 0.32 ± 0.03 ± 0.03 agrees very well 
with the inclusive COMPASS result from gf of ao = 0.33 ± 0.03 [8]. The DSSV fit yields 
a considerably smaller value of 0.22 ± 0.03 ± 0.03. The observed difference comes mainly 
from the negative behaviour of As(x) assumed at small x. It should be noted that the 
results for A s(x) crucially depend on the used fragmentation functions as illustrated in 
ref. [2]. From the new, preliminary hadron multiplicities for an isoscalar target (fig. 12) it 
is obvious that fragmentation into (negative) kaons is not described well by the DSS [7] 
fragmentation functions, which were used both in the COMPASS analysis and in the 
DSSV fit. This casts some doubt on the reliability of the present determinations of the 
strange quark polarisation from semi-inclusive data. More data and further work on the 
fragmentation functions is required. 

32. Gluons. - Following the discovery of the small quark spin contribution to the 
nucleon spin, a scenario was put forward, where the gluon spin masks the contribution 
of the quark spins via the axial anomaly. Even values of 6 h for Ag = g(x) dx were 
proposed [10]. With more data and slightly increasing quark spin contribution, the value 
for A g dropped to about 2 h, still four times the nucleon spin. A large negative orbital 
angular momentum L z is required in this scenario to restore the nucleon spin of 1/2 (h) 

(5) - = — AS + Ag + L z . 
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q 

q 


Fig. 13. - Sketch of the photon-gluon fusion process. 


The gluon polarisation can be determined from scaling violations in the spin-dependent 
structure function g\. However, the present range in Q 2 is insufficient to obtain Ag(x) 
or its first moment with a sufficient precision. In SIDIS one has a direct handle on the 
gluon polarisation via the photon-gluon fusion (PGF) process (fig. 13). The measured 
cross-section asymmetry for PGF events is directly proportional to the gluon polarisation 

(6) Hf GF oc ( apGF)RpGF(Ag/g) 

averaged over the covered range in the gluon momentum fraction x g . However, there 
are competing processes yielding the same final state as PGF. Therefore Monte Carlo 
simulations are required in order to determine the fraction of PGF events I?pgf hr the 
sample as well as the average analysing power (dpGF) of the hard process. At COMPASS 
the following final states were studied: 

pairs of light hadrons with high transverse momentum px with respect to the virtual 
photon in events with Q 2 > 1 GeV 2 (LO) ( [11] and preliminary results), 

pairs of light hadrons with high ~pt in events with Q 2 < 1 GeV 2 (LO) [12], 

- single charmed mesons ( D°,D *) (LO) ( [13] and preliminary LO, NLO results), 

- single hadrons in events with Q 2 < 1 GeV 2 (NLO, in preparation). 

The cleanest of these processes is open-charm production via PGF because there is basi¬ 
cally no physics background. The D° meson is identified via its decay D° —> K + tt~ +c.c. 
The cross-section is small and combinatorial Kn background is large. Looking however 
at D° from D* + —> D°tt+ +c.c., the situation improves drastically due to the additional 
detection of the slow n s (fig. 14). 

In light-hadron production contributions from leading-order scattering and QCD- 
Compton processes are much larger and thus 1 ?pgf is smaller. The stronger dependence 
on Monte Carlo simulations introduces a larger model dependence, which can however 
be controlled. All COMPASS LO results for the gluon polarisation are in agreement and 
shown in fig. 15 together with results from Smc and Hermes. A preliminary NLO analysis 
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COMPASS 2007 (D* tagged) 



M k _ - M_. (MeV/c 


Fig. 14. - (Colour on-line) Mass spectrum of reconstructed D° mesons from D* decay. Also 
shown is the combinatorial background of Kn pairs with wrong charge combination (“wcc”, 
red). The structure left of the D° peak is a reflection of the D° —> Kivn 0 decay, which can also 
be used in the determination of the gluon polarisation (preliminary 2007 data). 
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Fig. 15. LO results for Ag/g from analyses of hadron production via PGF as a function of the 
gluon momentum fraction x g . 
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Fig. 16. - Cross-section as a function of the transverse momentum of the produced hadron in 
three bins of the centre-of-mass pseudo-rapidity g. The curves show preliminary results of NLO 
resummed calculations by the W. Vogelsang, Tubingen. 


of the open-charm data yields A^/^Inlo = —0.20 ± 0.21 (stat.) ± 0.08 (syst.). The main 
effect in going from LO to NLO is a shift of the average probed gluon momentum fraction 
x g to larger values (x g ) = 0.28^ o ;;[q. All results for the gluon polarisation are small, but 
nevertheless a significant contribution to the nucleon spin of 1/2 h cannot be excluded. 
However, scenarios with gluon polarisations in the order of several h are ruled out, a 
finding also confirmed by the Rhic experiments in polarised pp collisions. 

Finally, COMPASS is working in collaboration with theorists on an analysis of single¬ 
hadron production in analogy to the Rhic 7t° analysis at much higher energies. A first 
result indicates that this method is applicable at COMPASS energies as well. In fig. 16 
the agreement of the preliminary analysis and calculations is shown for three scales 
p = pt/2, P = Pt and p = 2 pt- For the smallest scale excellent agreement between data 
and theory is observed over almost five orders of magnitude. However, the small-scale 
and the rather large-scale dependence ask for further improvements on the theory side. 
Nevertheless, it is likely that from these data a precise and reliable determination of 
A g/g in NLO can be obtained in the future. 

4. — Transverse spin structure results 

Apart from the spin-averaged PDFs /i and the spin-dependent PDFs gi, a third 
structure function, hi or transversity, is needed to describe the nucleon at the twist-2 
level. Like g\ for the longitudinal case, h\ describes the polarisation of quarks in the 
transverse case. Since hi is chiral odd, it needs to be coupled to a chiral-odd fragmen¬ 
tation function in order to appear in the photon-nucleon cross-section. There two such 
functions presently being used, the Collins function H j 1 for single hadrons and the in¬ 
terference fragmentation function (IFF) Hf for hadron pairs. Both lead to azimuthal 
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s 



Fig. 17. - Definition of the Collins and Sivers angles. The vectors s and s' are the hadron 
transverse momentum and the spin of the initial and struck quark, respectively. 


cross-section asymmetries for scattering off transversely polarised targets. 

The three PDFs mentioned above exhaust the information on nucleon structure at 
twist-2 if intrinsic transverse momenta kr of quarks are integrated over. In total there 
are eight intrinsic-transverse-momentum (fc^j-dependent PDFs at leading twist, all of 
which vanish upon integration apart of fi(x, kr), gi(x, kr) and h\{x,kr) which reduce 
to the above mentioned PDFs. Of the TMD distributions the Sivers function f ^ T and the 
Boer-Mulders function h ^ are of particular interest. The former describes unpolarised 
partons in a transversely polarised nucleon, the latter transversely polarised partons in 
an unpolarised nucleon. 

4'1. Transversity. The azimuthal cross-section asymmetry Aut oc 7lcsin$c gen¬ 
erated by transversity and the Collins effect shows a sin <f>c dependence with an ampli¬ 
tude of 


( 7 ) 


Aq oc 


J2 q e2 q h l( X ) H t' h/q ( Z ^PT) 

e qfl( X )Di /q {z) 


where 3 is the energy fraction carried the hadron, pt the hadron’s transverse momentum 
and D\ (z) the standard FF. The angle <t>c = <t>h — 4>s — ^ is given by the azimuthal angles 
4>h and 4>s of the hadron and the nucleon spin as defined in fig. 17. 

A similar expression is obtained for the 2-hadron case with the IFF for the azimuthal 
cross-section asymmetry proportional to Ars sin (f>us sin 9 


( 8 ) 


A h 


RS 


Y Jq e 2 q K(x)H^ hh/q (z,Ml h ) 

Y.ASl{x)D h ^\z,Ml h ) 


Here H q {z, M 2 ) and Di(z, M 2 ) denote the 2-hadron spin-dependent and spin-independ¬ 
ent fragmentation functions, respectively. The angles are defined in fig. 18. 

The preliminary results of the 2010 proton data for the Collins asymmetry are shown 
in fig. 19 (top). Large asymmetries of opposite sign are observed for positive and negative 
hadrons. Their magnitudes increase with xb and exceed 5% at large x. The preliminary 
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Fig. 18. - Definition of the azimuthal angles <j)R and (j>s for two-hadron production in deep 
inelastic scattering, where l, l ', q and pi are the 3-momenta of beam, scattered muon, virtual 
photon and hadrons. Note that the azimuthal plane is defined by the directions of the relative 
hadron momentum and the virtual photon [14]. 
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Fig. 19. - Preliminary Collins (top) and Sivers (bottom) asymmetries for the proton as a function 
of x, z and pr from the 2010 data. 
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Fig. 20. - Deuteron (top) and proton (bottom) 2-hadron asymmetries, integrated over 6 as a 
function of x, z, and Mhh■ For details and the curves showing predictions see ref. [14], 


2-hadron proton (2007) and deuteron (2002-2004) results are displayed in fig. 20 both 
for the deuteron (top) and the proton (bottom) [14]. As for the 2-hadron asymmetries, 
also the Collins asymmetries for the deuteron are compatible with zero (not shown here). 
This is an important result indicating that up and down quark transversity distributions 
have opposite sign. 

4'2. Transverse-momentum dependent distributions. - The transverse-momentum 
(kx )-dependent Sivers function causes an azimuthal asymmetry 

(9 ) 

T, q <%fi( x >PT/z)Di /q (z) 

which arises from a final state interaction. The cross-section asymmetry is proportional 
to Assures, where the Sivers angle = <j>h — <l>s is given by the difference of the 
azimuthal angles of the hadron and the spin vector as shown in fig. 17. 

The latest COMPASS results for the proton are shown in fig. 19. A rather strong pos¬ 
itive asymmetry is observed for positive hadrons increasing with x and reaching asym¬ 
metries of up to 4%. For negative hadrons the asymmetry is compatible with zero for 
x < 0.1 with an indication of an increasing asymmetry at the largest x values. There is a 
hint of decreasing Sivers asymmetry with increasing mass of the hadronic final state W. 
This trend first observed in the 2007 data [15] persists in the new 2010 data and might 
explain the somewhat larger asymmetries observed by Hermes [16]. 

For the deuteron the asymmetries appear to vanish over the full kinematic range 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 





















Copyright©2013. IOS Press. All rights reserved. 


Spin physics at COMPASS: Present and future 


289 


COMPASS hiD 

(25% of 2004 data) /; 

reliminary 

. I ::: ; :! 

• h+ 

• h- 

• t i i j i 
iC i 

* f f 

• 

1 

i i * 

•**h 

* f 


10‘ 2 


10' 1 


0.8 ) 0.5 1 

Z p; [GeV/c] 



Fig. 21. - Cahn (top) and Boer-Mulders asymmetries for 6 LiD target and positive and negative 
hadrons as a function of x, z, and Pt- The kinematic factors are divided out. 


accessible to COMPASS [17,18] both for the Sivers and the Collins asymmetries. This 
important result points to a cancellation of the up and down quarks asymmetries. All 
Collins and Sivers asymmetries were—or will be—also evaluated for identified pions and 
kaons. 

Two preliminary spin-averaged asymmetries obtained for an unpolarised isoscalar tar¬ 
get ( 6 LiD) are shown in fig. 21. The upper cos cj> asymmetry is due to the Cahn effect and 
reaches almost 10% at large pr- The lower cos 20 asymmetry originates from the Boer- 
Mulders TMD distribution describing transversely polarised partons in an unpolarised 
nucleon. Large asymmetries are observed—this time at small Xg —despite the fact that 
it is a deuteron-like target, where most of the other asymmetries are suppressed. The 
sin0 asymmetry (not shown), however, is small. 

5. — COMPASS plans for the future 

The COMPASS Collaboration submitted in 2010 a proposal for new measurements to 
the CERN programme committee (SPSC) [19]. The proposal was approved in December 
2010 and experiments will start in 2012 with a pion/kaon polarisability measurement 
(not discussed here). The future programme starting 2014 after the accelerator shutdown 
focuses on TMD distributions and GPDs. A polarised Drell-Yan experiment will take 
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Fig. 22. - Handbag diagram for the DVCS process at leading twist. 


place in 2014 and in 2015/2016 deeply virtual Compton scattering (DVCS) and hard 
exclusive meson production (HEMP) will be studied with an unpolarised target. A pilot 
run for the latter experiment is planned already for late 2012. In parallel with the GPD 
programme high statistics SIDIS data will be taken. 

5'1. GPD programme. - The novel concept of generalised parton distributions is by 
now well established and widely considered as the tool to get a more detailed understand¬ 
ing of how quark and gluons build up the nucleon. GPDs are universal distributions which 
contain as limiting cases nucleon form factors on the one hand and PDFs on the other. 
The distributions H? and H? (/ = u, d , s, g ) describe processes where the nucleon lrelic- 
ity is preserved and contain as limiting cases the PDFs /i and gi, respectively. Processes 
where the nucleon helicity is flipped are described by the GPDs E? and & for which no 
such limiting case exists. GPDs correlate transverse spatial and longitudinal momentum 
and thus provide a kind of “nucleon tomography”. They depend on four variables x, £, t, 
and Q 2 . The cleanest process to assess GPDs is DVCS shown in fig. 22, which also defines 
the relevant momentum fractions, x (not the Bjorken scaling variable) and £, and the 
momentum transfers, t and Q 2 . The former two variables represent respectively average 
and half the difference between the initial and final longitudinal momentum fractions of 
the nucleon, carried by the parton throughout the process. The Bjorken scaling variable 
xb is in this kinematics related to the skewness as £ ~ Xb/{“2 — Xb) in the Bjorken limit. 

The interest in these distributions was boosted, when X.-D. Ji showed that there is a 
sum rule for the total angular momentum jf of a quark or a gluon and the corresponding 
GPDs [20] 

i r 1 

(10) J f (Q 2 ) = -hmj d xx[H f (x,€,t,Q 2 )+E f (x,£,t,Q 2 )], 

which holds for any value of £. Knowing the quark spin contribution to the nucleon spin, 
one can—in principle—determine the orbital angular-momentum contribution. This is 
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Fig. 23. - (Colour on-line) Kinematic domains for measurements of hard exclusive processes 
shown for the Compass (green area enclosed by the lines y = 0.9 and y = 0.05), Hermes and 
JLab fixed-target experiments and the Hera collider experiments HI and Zeus. 



presently the only unambiguous method to assess the angular orbital momentum and to 
solve the nucleon spin puzzle. However, an actual measurement will require a world-wide 
effort of various experiments. The kinematic domains of some experiments are displayed 
in fig. 23. COMPASS will explore the uncharted territory in between the collider region 
and that of the lower-energy fixed-target Hermes and JLab experiments. 

The DVCS process interferes with the Bethe-Heitler (BH) process due to identical 
final states (fig. 24). The cross-section then contains five terms 

(11) d (7W-W7 = dcr BH + dtr? vcs + P M dAcr DVCS + e M 3?e I + P^Qrn J, 

where I denotes the DVCS-BH interference term. A characteristic feature of this cross- 
section is its (f> dependence, the azimuthal angle between lepton scattering plane and 
real-photon production plane (fig. 25). 

In 2009 COMPASS performed a preparatorial measurement with a 40 cm long liquid- 
hydrogen target to validate the Monte Carlo simulations and to demonstrate the feasi¬ 
bility of the measurement. The result is shown in fig. 26. An important feature is that 
the normalisation can be fixed at small Xb, where the well-known BH process dominates. 
The observed </> distributions nicely match the MC prediction, although statistics is poor. 
In the largest xb bin a clear contribution from DVCS is visible. 

From eq. (11) one can build the sum S and difference V of the pp —> /rpq cross-section 
for simultaneous change of lepton charge and polarisation P M of the incoming lepton 
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Deep VCS 

Fig. 24. DVCS and Bethe-Heitler processes. 



Bethe-Heitler 


beam (+ to — and <— to —>) 

(12) V = du^ - der^ = 2(d<r° vcs + 3?e I) 

S = dcr^ + der^ = 2(dCTQ H + der^ 08 + 3m/). 

The muon beam used at COMPASS has exactly this behaviour that negative muons have 
opposite polarisation than positive muons due to the weak pion decay. Upon integration 
over the azimuthal angle 4> (fig. 25) the interference contribution to S vanishes [21] and 
after subtraction of the BH cross-section, one obtains the DVCS cross-section. This 
cross-section depends on the squared momentum transfer t from the initial to final 
nucleon (fig. 22). At small Xb one has the relation (t\{xb)) ~ 2 B(xb) if the ex¬ 
clusive cross-section is parametrised as dcr/d t oc exp[— B(xB\\t\. The transverse dis¬ 
tance r i is measured between the struck quark and the centre of mass of the spectator 
system. Thus, independent of any GPD parametrisation, one obtains a measure of 
the transverse nucleon size as a function of Xb- Using a parametrisation of the type 
B{xb) = B 0 + 2a'\og(x 0 /x b), one can characterise the t slope of the cross-section by 
the parameter a' shown in fig. 27. The projected precision of a f-slope measurement is 
presented in fig. 27. A new electromagnetic calorimeter, ECALO, will improve the preci¬ 
sion of the measurement and enlarge the accessible range towards larger xb- Combined 



Fig. 25. - Definition of angles for the DVCS process. 
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Fig. 26. - Event numbers as a function of <f> for three bins in xb obtained from a Monte Carlo 
simulation (top) and data from a test run in 2009 (bottom). The Monte Carlo simulation is 
normalised to the lower xb bin where BH dominates. The curves in the lower plot are the same 
as the solid (total) and dash-dotted (BH) curves in the upper plot. 


with the Hera data and future JLab data a comprehensive picture of the evolution of 
the nucleon’s transverse size with xb will be achieved in a model-independent way. For 
the 2012 pilot DVCS run we project already a significant measurement combining the 
three central xb bins of fig. 27 into one large Xb- 

For DVCS with £ = 0 there is only a pure transverse momentum transfer t = — Aj_. 
The Fourier transform of the Aj_ dependence of the GPD H* (x, 0, — Aj_) for fixed x 
describes the spatial distribution of partons of species / carrying the momentum fraction 
x. This is sketched in fig. 28. Here the impact parameter b is the transverse distance 
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Fig. 27. - (Colour on-line) Projections for the measurement of the xb dependence of the f-slope 
parameter B(xb) of the DVCS cross-section calculated for 1 GeV 2 < Q 2 < 8GeV 2 (red filled 
dots, right). The left vertical bar on the points indicates the statistical error only while the 
right one includes also the quadratically added systematic uncertainty, using only ECAL1 and 
ECAL2 (upper row) and also an additional ECALO calorimeter (lower row). For comparison 
some Hera results with similar ( Q 2 ) are also shown [22,23]. Dashed horizontal lines indicate the 
xb range of these measurements. Two different slopes are indicated for a ' = 0.125 GeV 2 and 
0.26 GeV 2 . 


sea quarks pion valence 

gluons cloud quarks 




Fig. 28. - Nucleon tomography, a) The Fourier transform of the — dependence of the GPD 
H^(x, 0, — A5.) for fixed x describes the distribution of the transverse distance b = |fej_ | of 
partons, carrying the fraction x of the nucleon’s longitudinal momentum P, from the centre 
of momentum of the nucleon, b) Sketch of tomographic views of the transverse spatial parton 
distribution in the nucleon at certain parton longitudinal momentum fractions x. Figure adapted 
from ref. [24]. 
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0 


Fig. 29. - (Colour on-line) Projected statistical accuracy for a measurement of the dependence 
of the beam charge-and-spin asymmetry on <j>. As an example the 2-dimensional bin 0.03 < 
xb < 0.07 and 1 GeV 2 < Q 2 < 4GeV 2 is shown. Predictions are calculated using the VGG 
model [25]. The black (solid) and blue (dash-dotted) curves correspond to two different variants 
of this model. The green curves show predictions based on the first fit of world data [26] including 
JLab Hall A (dashed line) or not (dotted line). 


between the struck quark and the centre of mass of the whole nucleon. Thus for x —> 1 
the distribution must shrink towards zero. 

The (j) dependence of the difference V , the sum S and the asymmetry A = T>/S of the 
DVCS cross-sections defined in eq. (12) allow for the extraction of quantities related to 
Compton form factors (CFF) which in turn depend on the GPDs. With an unpolarised 
target, COMPASS DVCS results will mainly provide information on the CFF 7i and thus 
constrain the GPD H. For details of the <f> dependence see ref. [19] and references therein. 
Results will be obtained in (xg,Q 2 ) bins. An example for the projected precision in such 
a bin is shown in fig. 29 for the beam charge-and-spin asymmetry A. 

Some handle on the flavour separation of GPDs may be obtained from measurements 
of hard exclusive meson production, where the meson replaces the real photon of DVCS. 
Contrary to the DVCS case, gluon GPDs contribute in leading order in HEMP and 
BH interference does not exist. It is foreseen to measure cross-sections for a large set 
of mesons (n, r /, p, u, <f>, J /• i/>, ...), which are all sensitive to different combinations of 
quark and gluon GPDs. The GPD E can in principle be assessed using a transversely 
polarised target. Such measurements are under consideration for a later stage of the 
programme. 

Another physics topic, which will be pursued in parallel with DVCS, is the study of 
spin-independent TMD distributions like the Boer-Mulders distribution and of fragmen¬ 
tation functions, in particular for strange quarks. Also the spin-averaged strange quark 
PDF needs further studies. Up to now COMPASS used polarised NH 3 and 6 LiD. With 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 
















Copyright©2013. IOS Press. All rights reserved. 


296 


G. K. M ALLOT 



Fig. 30. - The Camera recoil detector. 


the liquid-hydrogen target a clean unpolarised proton measurement will be possible for 
the first time in COMPASS. 

A major rearrangement of the spectrometer target region will be necessary for the 
GPD measurements. The polarised target has to be removed and a recoil proton detector, 
the Camera detector, will be installed. It consists of two concentric scintillator barrels of 
3.6 m length and 2.2 m diameter for the outer barrel (fig. 30). The photomultiplier signals 
will be digitised with 1 GHz to cope with the high rate and pile-up. Camera is essential 
to ensure the exclusivity of the observed reactions. It houses on the central axis a 2.5 m 
long liquid-hydrogen target. In order to improve the acceptance of real photons, a third 
electromagnetic calorimeter, ECALO, will be constructed and placed just downstream of 
the Camera detector. Multipixel avalanche photodiodes were chosen for the readout to 
avoid problems due the magnetic field of the close spectrometer magnet SMI. For the 
pilot run in 2012 the Camera detector and part of ECALO will be available. It is also 
planned to replace the MWPCs photodetectors of the RICH by a new system based on 
thick GEMs with Csl coating. This is in particular important for the HEMP and FF 
measurements. 

5'2. Drell-Yan programme. - The second approach to the transverse nucleon structure 
in the future COMPASS programme is via the Drell-Yan process shown in fig. 31. The 
advantage in DY processes is that fragmentation functions are not involved. However, 
this has to be paid by a convolution of two distribution functions. A completely sym¬ 
metric situation is the scattering of a polarised antiproton off a polarised proton. A more 
accessible option which in addition guarantees high luminosity is pion-proton scattering. 
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Fig. 31. - Sketch of the Drell-Yan process. A quark and antiquark from target and projectile 
fuse into a virtual photon decaying into a A t+ A t_ pair. 


A negative pion contains an anti-up-quark as valence quark, just like an antiproton. The 
DY process then proceeds via the fusion of an anti-up-quark from the pion and a up 
quark from the proton and the cross-section is given by ct dy oc fa |n— f' u | p , where 
/ and /' are generic place holders of PDFs. The process is strongly dominated by the 
up-quark distributions. 

Using a transversely polarised proton target, one can study TMD distributions like 
the Sivers and Boer-Mulders distributions. Theory predicts that these naive T-odd TMD 
distributions obey only a restricted universality. Contrary to normal PDFs they should 
change sign when observed in SIDIS and DY, respectively. 


(13) 


/it|dy At | DIS 


and 


h ± \ — ~h ± 

n i r>Y — ' t i 


DIS ‘ 


This sign change is due to going from a final-state interaction in SIDIS to an initial- 
state interaction in DY (fig. 32) [27]. A violation of this prediction would imply drastic 
consequences on how cross-sections are calculated in QCD. Therefore it has generated 
widespread interest in a direct comparison of TMD distributions obtained from SIDIS 
and DY, respectively. Plans for future polarised DY experiments exist at various lab¬ 
oratories (table III). The COMPASS DY experiment is planned and approved for 2014. 
It will use a 190 GeV negative pion beam and a transversely polarised proton (NH 3 ) 
target. The measurement will primarily assess transversity hi and the T-odd Sivers and 
Boer-Mulders TMD distributions, fi T and hf for up quarks. For all of these COMPASS 
SIDIS measurements exist, showing non-vanishing asymmetries for the proton. 




Fig. 32. - Graph for single-spin asymmetries for SIDIS (left) and DY (right) from ref. [27]. 
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Table III. Future Drell-Yan experiments. 


Facility 

Type 


s (GeV 2 ) 

Time-line 

Rhic (Star, Phenix) 

collider, 

pit pit 

200 2 , 500 2 

> 2015 

Rhic (internal target) 

fixed target, 

pit pit 

500 

> 2016 

Rmc(AnDY) 

collider, 

pit pit 

500 2 

> 2013 

J PARC 

fixed target, 

pp ^ 

60 4-100 

> 2017 

Gsi(Pax) 

collider, 

pit pit 

200 

> 2020 

Gsi (Panda) 

fixed target, 

pp 

30 

> 2017 

Nica 

collider, 
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To avoid the J/ij) region and the region of background from charm decays, the exper¬ 
iments will focus on dimuon masses 4GeV < < 9GeV. The region below the J/tp 

mass, 2 GeV < M pp < 2.5 GeV, will also be studied but analysis will be more involved. 
Here the signal-to-background ratio will be unfavourable, in the order of unity. A first 
dimuon mass spectrum taken in a short test run in 2009 is shown fig. 33. 

The measurable azimuthal asymmetries depend on the angles 4>s and ej) defined in 
fig. 34 and on the Feynman variable xp = — x p , where x n and x p are the momentum 


COMPASS DY beam test 2009 
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Fig. 33. - Event numbers vs. the dimuon mass from a short beam test in 2009. The save region 
is above 4 GeV, away from the prominent J/ip peak. 
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Fig. 34. - Definition of the azimuthal angle (j>s of transverse target spin St in the target rest 
frame. 


fractions carried by the involved quarks in the pion and proton, respectively. The COM¬ 
PASS acceptance in the (x v , x p )-plane is shown in fig. 35. It is large for xp > 0 and 
reaches about 50% at a^ « 0.4. The projected A S r^ n ^ s asymmetry measurement in the 
high-mass region 4GeV < < 9GeV is compared to predictions in fig. 36. The 

planned measurement will certainly be able to answer the sign question of T-odd TMD 
distributions and allow for a comparison of the absolute size of the effects in SIDIS and 
DY. However, a determination of the shape of the Sivers TMD distribution in DY will 
only be possible in the less clean low-mass range (fig. 37 left) or with further measure¬ 
ments. The shaded grey area and the central line in figs. 36 and 37 correspond to a 
calculation based on a TMD PDF fit to data [28]. For the other curves see ref. [19]. 
The Boer-Mulders related asymmetry At cos 2 <fi will be determined with high precision 
in both the low- and high-mass regions. 



Fig. 35. 
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Fig. 36. - Theoretical predictions and expected statistical (left) and systematic (right) error for 
a measurement of the Sivers asymmetry in the high-mass region. 



Fig. 37. - Projections for measurements of the (Sivers), Ay COS ^ s (Boer-Mulders), 

^sm(2<#>+<#> s ) ^sin(20 r/> s ) aS y mme t r i es f or the l 0 w-mass region (left) and the high-mass region 

(right) as a function of the variable xf = x-n — x p . 
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Fig. 38. - (Colour on-line) Layout of the target region for the DY measurement. The polarised 
target left is followed by massive hadron absorber. To the right the tracking stations and the 
first spectrometer (red) are shown. 

Major modifications will be required to the COMPASS spectrometer for the DY mea¬ 
surements. As the measurement is statistics limited optimising the luminosity is manda¬ 
tory. This in turn brings up serious radiation and detector occupancy issues, which can 
be solved using a massive hadron absorber downstream of the target. The polarised 
target has to be moved upstream with all attached services by about 3 m to create space 
for the absorber as shown in fig. 38. The absorber itself will consist of a tungsten core 
surrounded by alumina (AI 2 O 3 ) and concrete blocks. Alumina was chosen to minimise 
multiple scattering. This is an essential element to disentangle the oppositely polarised 
target cells in the track reconstruction. On the downstream side a stainless-steel section 
will replace the alumina part. 

6. — Conclusions 

After the measurement of the pion polarisability in 2012 and the accelerator shutdown 
in 2013, COMPASS will focus on the 3-dimensional and transverse structure of the nucleon. 
In a pilot GPD run at the end of 2012 first data will be collected and a result for the t 
slope of the ^-integrated deeply-virtual-Compton-scattering cross-section be obtained. 

The year 2014 will be dedicated to the Drell-Yan measurement with a negative pion 
beam and a transversely polarised proton target. This will bring the first result for the 
size and the sign of the T-odd TMD distributions in Drell-Yan reactions. In 2015 and 
2016 the production runs for the GPD measurement with a pure liquid-hydrogen target 
will take place, comprising deeply virtual Compton scattering and hard exclusive meson 
production. Simultaneously, data on the spin-independent TMD distributions and on 
fragmentation functions will be taken. With this programme COMPASS will continue to 
make major contributions to the field of nucleon structure. 
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* * * 

I acknowledge the precious help of many Compass colleagues in preparing this lecture 
and thank the organisers for the inspiring school. 
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Summary. — An overview is presented of the upgrade of JLab’s cw electron accel¬ 
erator from the current maximum beam energy of 6 GeV to the upgraded maximum 
energy of 12 GeV. Construction of the 12 GeV upgrade project has started in 2008. 
A broad experimental program has been developed to map the nucleon’s intrinsic 
correlated spin and momentum distribution through measurements of deeply exclu¬ 
sive and semi-inclusive processes, and to probe the quark and gluon confinement by 
studying the spectrum of mesons with exotic quantum numbers. Other programs 
include the forward parton distribution function at large xb, the quark and gluon 
polarized distribution functions, measurements of electromagnetic form factors of 
the nucleon ground state and of nucleon resonance transitions at high Q 2 , and the 
exploration of physics beyond the Standard Model in high-precision parity-violating 
processes. The higher beam energy is also well suited to explore quark hadronization 
properties using the nucleus as a laboratory. 


1. Introduction 

The challenge of understanding nucleon electromagnetic structure still continues after 
more than five decades of experimental scrutiny. From the initial measurements of elastic 
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form factors to the accurate determination of parton distributions through deep inelastic 
scattering (DIS), the experiments have increased in statistical and systematic accuracy. 
It was realized in recent years that the parton distribution functions represent special 
cases of a more general, and much more powerful way of characterizing the structure 
of the nucleon, the generalized parton distributions (GPDs) [1-5]. The GPDs describe 
the simultaneous distribution of particles with respect to both position and momentum. 
In addition to the information about the spatial density (form factors) and momentum 
density (parton distribution), these functions reveal the correlation of the spatial and 
momentum distributions, i.e. how the spatial shape of the nucleon changes when probing 
quarks of different wavelengths. 

The concept of GPDs has led to completely new methods of “spatial imaging” of the 
nucleon, either in the form of two-dimensional tomographic images, or in the form of 
genuine three-dimensional images in two-dimensional transverse space and longitudinal 
momentum space. GPDs also allow us to quantify how the orbital motion of quarks in 
the nucleon contributes to the nucleon spin—a question of crucial importance for our 
understanding of the dynamics underlying nucleon structure. The spatial view of the 
nucleon enabled by the GPDs provides us with new ways to test dynamical models of 
nucleon structure. The mapping of the nucleon GPDs, and a detailed understanding of 
the spatial quark and gluon structure of the nucleon, have been widely recognized as 
the key objectives of nuclear physics of the next decade. This requires a comprehensive 
program, combining results of measurements of a variety of processes in electron-nucleon 
scattering with structural information obtained from theoretical studies, as well as with 
expected results from future lattice QCD simulations. 

While GPDs, and also the more recently introduced transverse-momentum-dependent 
distribution functions (TMDs), open up new avenues of research, the traditional means 
of studying the nucleon structure through electromagnetic elastic and transition form 
factors, and through flavor- and spin-dependent parton distributions must also be em¬ 
ployed with high precision to extract physics on the nucleon structure in the transition 
from the regime of quark confinement to the domain of asymptotic freedom. These av¬ 
enues of research can be explored using the 12 GeV cw beam of the JLab upgrade with 
much higher precision than has been possible before, and can help reveal some of the 
remaining secrets of QCD. Also, the high luminosity available will allow us to explore 
the regime of extreme quark momentum, where a single quark carries 80% or more of 
the proton’s total momentum. 

The strong force is mediated by the exchange of gluons between quarks as well as 
between gluons. The presence of gluons has been observed in high energy e + e _ collisions 
where they generate a third jet of particles in addition to the two jets coming from the 
fragmentation of the produced qq pair. A clear understanding of the role of gluons in 
interactions at the lower energies is still missing. Models that describe the interaction 
through gluon flux tubes predict that the glue plays an active role and can be excited 
and lead to novel states of mesons and baryons (hybrid states). The search for some of 
these hybrid states is the focus of the photo-production experiments in the new Hall D, 
and are also studied with CLAS12. 
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Fig. 1. - The Jefferson Lab continuous electron beam accelerator facility showing the components 
needed for the 12 GeV upgrade. 


The plan for this report is to give a brief overview in sect. 2 of the upgrade of the 
JLab accelerator to 12 GeV and discuss the experimental equipment that is currently 
under construction to carry out the science program during the first 5 years of operation. 
In sect. 3 and sect. 4 I discuss the program to study the generalized parton distribution 
function (GPDs) and the transverse momentum-dependent functions (TMDs) using po¬ 
larization degrees of freedom, which covers a major portion of this contribution. They 
are the main ingredients to develop the multi-dimensional representation of quarks in 
the nucleon in coordinate and momentum space. In sects. 5 through 9, I discuss some of 
the other programs: structure functions and form factors at high Q , gluonic excitations, 
quark and hadrons in the nuclear medium, and physics beyond the Standard Model. 
This is an overview and covers a broad future physics program, I will not be able to go 
into depth of any of the topics discussed. The phenomenological underpinnings of much 
of the material, especially the part related to GPDs and TMDs, has been presented in 
lectures and seminars in the earlier part of the school by experts, and I refer the reader 
to these contributions for details. 
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New Capabilities in Halls A, B, & C, and a New Hall D 


9 GeV tagged polarized photons 
and a 4jt hermetic detector 


Super High Momentum Spectrometer (SHMS) 
at high luminosity and forward angles 


CLASI2 high luminosity, 
large acceptance. 


High Resolution Spectrometer (HRS) Pair, 
and specialized large installation experiments 


Fig. 2. - Baseline experimental equipment to support the scientific program for the JLab 12 GeV 
energy upgrade. Description in the text. 


2. — The electron accelerator and the 12 GeV experimental equipment 

The Jefferson Lab electron accelerator is shown schematically in fig. 1. The two lin¬ 
ear accelerators are based on superconducting radio frequency technology. Spin-polarized 
electrons are generated in the gun and pre-accelerated to 50MeV in the injector shown 
at the upper left end of the racetrack. Electrons are injected into the north linac and 
boosted to about 600 MeV. They are then bent in the arcs by 180 degrees and injected 
into the south linac to be accelerated up to 1200 MeV. This is repeated four more times 
when the final maximum energy of 6000 MeV is reached. For the energy upgrade five 
accelerating cryo-modules with four times higher gradients per unit length are added to 
both linacs to reach a maximum energy at the existing end stations of nearly 11 GeV. 
One arc and one more path through the north linac are added to accelerate the beam to 
12 GeV and transport it to the new Hall D. Major equipment upgrades are planned to 
support a broad program in nuclear physics. The experimental base equipment is part 
of the 12 GeV upgrade scope, and is shown in fig. 2. In Hall D, a large hermetic detector 
is under construction with a solenoid magnet at its core. It has tracking capabilities and 
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photon detection over nearly the full 47 t solid angle. The bottom left panel shows the 
new CLAS12 spectrometer, with large solid angle coverage and increased luminosity for 
electron scattering experiments. The top panel on the right shows the pair of focusing 
magnetic spectrometers in Hall C including the new super-high momentum spectrometer 
SHMS on the left. In Hall A, the existing high-resolution spectrometer pair HRS 2 will 
be retained. The Hall will also house large installation equipment for specialized experi¬ 
ments. The solenoid detector in Hall D, CLAS12, and the SHMS in Hall C are part of the 
base equipment, and are projected to be available for physics by the end of 2014. There 
are additional pieces of equipment proposed that are outside the scope of the 12 GeV 
project and require separate funding. In Hall A several proposals are under consider¬ 
ation, a super bite spectrometer (SBS) with large solid angle, a spectrometer toroidal 
magnet spectrometer for a parity violation experiment in electron-electron scattering, 
and a solenoid detector for parity violation experiments in DIS and for SIDIS experi¬ 
ments (SOLID). There are also plans to incorporate a large acceptance RICH detector 
into CLAS12 for improved charged particle identification capabilities, and various ancil¬ 
lary detectors for neutron detection and quasi-real photon tagging. Complementing the 
new equipment that is under construction, are the highly polarized electron gun, high 
power cryogenic targets, and several polarized targets using NH 3 , ND 3 , HD, butanol, 
and 3 He to support a broad range of polarization measurements. 


3. Generalized parton distributions and deeply virtual Compton scattering 

It is now well recognized [2,6-8] that deeply virtual Compton scattering and deeply 
virtual meson production are most suitable for accessing the twist-2 vector GPDs H, E 
and the axial GPDs H , E in x, £, t, where x is the momentum fraction of the struck 
quark, £ the longitudinal momentum transfer to the quark, and t the transverse mo¬ 
mentum transfer to the nucleon. Having access to a 3-dinrensional image of the nucleon 
(two dimensions in transverse space, one dimension in longitudinal momentum) opens 
up completely new insights into the complex internal structure and dynamics of the nu¬ 
cleon. In addition, GPDs carry information of more global nature. For example, the 
nucleon matrix element of the energy-momentum tensor contains 3 form factors that 
encode information on the angular momentum distribution J q {t) of the quarks with fla¬ 
vor q in transverse space, their mass-energy distribution M q (t), and their pressure and 
force distribution d\{t). How can we access these form factors? The only known process 
to directly measure them is elastic graviton scattering off the nucleon, which is all but 
impossible in practice. However, these form factors also appear as moments of the two 
vector GPDs [9], thus offering prospects of accessing gravitational form factors through 
the detailed mapping of GPDs. The quark angular momentum form factor in the nucleon 
is given by 


f +1 

J q (t) = J d xx[H q (x,£,t) + E q (x,t;,t)], 
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Fig. 3. - Projected data for the azimuthal dependence of the beam spin asymmetry Alu- 
and the mass-energy and force-pressure distribution 

r + l 

M?(i) + 4/5d?(i)f 2 = J d xxH q (x,£,t). 

The mass-energy and force-pressure distribution of the quarks are given by the second 
moment of GPD H, and their relative contribution is controlled by £. A separation of 
M%(t) and d\ (t) requires measurement of these moments in a large range of £. The beam 
helicity-dependent cross-section asymmetry is given in leading twist as 

A lu « sin^[F 1 (t)H + aFi+F 2 )H}dc/ ) , 

where <f> is the azimuthal angle between the electron scattering plane and the hadronic 
production plane. The kinematically suppressed term with GPD E is omitted. The 
asymmetry is mostly sensitive to the GPD H(x = £, £, t). In a wide kinematics [10,11] the 
beam asymmetry Alu was measured at Jefferson Lab at modestly high Q 2 , £, and t, and 
in a more limited kinematics [12] the cross section difference Actlu was measured with 
high statistics. Moreover, a first measurement of the target asymmetry Aul = A<Tj/£/2 f7 
was carried out [13], where 


A ul « sin + £(Fi + F 2 )H\. 
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Fig. 4. - Projected data for the t-dependence of the longitudinal target spin asymmetry Ajjj. 

The combination of Am and Ajjj allows the separation of GPD H{x = £, £, f) and 
H(x = £,£,t). Using a transversely polarized target the asymmetry 

Ajjt ~ cos</>sin(</> — ^ s )[t/4M 2 (F 2 i? — FjE)\ 

can be measured, where <j) a is the azimuthal angle of the target polarization vector relative 
to the electron scattering plane. Ajjt depends in leading order on GPD E. Measurement 
of Ajjt can thus be the most efficient way of determining GPD E. 

First DVCS experiments carried out at JLab [10-13] and DESY [14] showed promising 
results in terms of the applicability of the handbag mechanism to probe GPDs. The 
12 GeV upgrade offers much improved possibilities for accessing GPDs. Figure 3 shows 
the expected statistical precision of the electron beam asymmetry Am for ep —> epj for 
some sample kinematics. Using a longitudinally polarized target one can also measure 
the target spin asymmetry in ep —> epy with high precision. Figure 4 shows the expected 
statistical accuracy for the moment A^f. Using a transversely polarized target, the 
transverse target spin asymmetry Ajjt can be measured. The t-dependence of Ajjt is 
shown in fig. 5 for a single bin in Q 2 and x. 

Measurements of all 3 asymmetries and the unpolarized cross section will enable the 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 












Copyright© 2013. IOS Press. All rights reserved. 


310 


V. D. Burkert 



t 


Fig. 5. - Projected data for the f-dependence of the transverse target spin asymmetry 
^sm0 c °s4—<A s £_d e p en d ence of Ajjt is shown for a single bin at Q 2 = 2 GeV 2 and x = 0.25. 


separation of GPDs H, H and E at some specified kinematics. To obtain a complete 
picture of the quark distribution in the nucleon, the GPDs need to be measured for 
both flavors tt-quarks and d-quarks. This requires measurement of DVCS not only on 
the proton but also on the neutron. Figure 6 shows projections of the DVCS exper¬ 
iment to measure the beam-spin asymmetry for the neutron en(p s ) —* ejn^ps) If the 
f-depenclences are known, a Fourier transformation of, e.g., GPD H u (x = £,f) gives in¬ 
formation about the u-quark distribution in impact parameter space. Similarly for GPD 
H q and GPD E q . Figure 7 shows examples of simulated images of the polarized u and 
d quark distributions in transverse space using a model parameterization of GPDs [7]. 
Detailed spatial information is obtained, quite equivalent to X-ray imaging in CAT scan 
of the human body. 

At sufficiently high energies, deeply virtual meson production (pseudo-scalar mesons 
or vector mesons) will play an important role in disentangling the flavor- and spin- 
dependence of GPDs (see table I). In exclusive mesons only the longitudinal photon 
coupling in j*p —> Nrri enables direct access to GPDs through the handbag mechanism 
and must be isolated from the transverse coupling. There is evidence that transverse 
contribution cannot be neglected at currently available energies of 6 GeV [15], and the 
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Fig. 6. Projections of the DVCS experiment for beam-spin asymmetry Apu on the neutron for 
one bin in Q 2 , xb, t. The different lines indicate asymmetries for different values of the nucleon 
spin carried by u and d quarks as predicted by the VGG model [16]. The magnitude of Alu on 
the neutron is predicted much smaller than what has been measured on the proton. 


dominance of the handbag mechanism in the longitudinal cross section must first be 
established at the upgrade energy before meson production can be incorporated in global 
fits that include exclusive meson production data aiming at the extraction of GPDs from 
these data. 

4. — Semi-inclusive deeply inelastic scattering and TMDs 

Semi-inclusive deeply inelastic scattering (SIDIS) processes, where the leading, high 
momentum hadron is detected in coincidence with the scattered lepton, are used for “fla¬ 
vor tagging” of quarks to select contributions from different quark species. Currently, the 
emphasis is to study SIDIS processes that encode information on the transverse momen¬ 
tum distributions of quarks, information that is not otherwise accessible. For example, 
azimuthal distributions of final state particles in SIDIS provide access to the orbital 
motion of quarks and play an important role in the study of transverse-momentum- 
dependent distributions (TMDs) of quarks in the nucleon. 

TMD distributions describe transitions of a nucleon with one polarization in the ini¬ 
tial state to a quark with another polarization in the final state. The diagonal elements 
in table II are the momentum, longitudinal and transverse spin distributions of par- 
tons, and represent well-known parton distribution functions related to the square of the 
leading-twist, light-cone wave functions. Off-diagonal elements require non-zero orbital 
angular momentum and are related to the wave function overlap of L = 0 and L = 1 
Fock states of the nucleon. The clriral-even distributions and g\T are the imagi¬ 
nary parts of the corresponding interference terms, and the chiral-odd and h\L are 
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d.v(z,b±) 


u.v(T,b x ) 



Fig. 7. - Left panel: slice of a 3-D tomographic image of a human brain from a CAT scan. 
Right panel: simulated quark distributions in a transversely polarized proton [7]. The arrow 
indicates the direction of the proton polarization. The centroids of the d-quarks (left column) 
appear shifted upwards and the distributions appear deformed from the symmetric distribution 
in unpolarized protons; the centroids of the it-quark distributions are shifted in the opposite 
direction, generating a u-d quark flavor dipole. 


the real parts. The TMDs and h ^ are related to the imaginary part of the inter¬ 
ference of wave functions for different orbital momentum states and are known as the 
Sivers [17] and Boer-Mulders [18,19] functions. They describe unpolarized quarks in 
the transversely polarized nucleon and transversely polarized quarks in the unpolarized 
nucleon, respectively. The most simple mechanism that can lead to a Boer-Mulders func¬ 
tion is a correlation between the spin of the quarks and their orbital angular momentum. 
In combination with a final state interaction that is on average attractive, already a 
measurement of the sign of the Boer-Mulders function, would thus reveal the correlation 
between orbital angular momentum and spin of the quarks. 

Similar to the extraction of GPDs, TMD studies will greatly benefit from the higher 
energy and luminosity available at 12 GeV. A comprehensive program is in preparation at 
JLab to study these new quark distribution functions. The aim is to measure all relevant 
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Fig. 8. - (Colour on-line) Kinematic coverage and projected uncertainties of the 4-dimensional 
7r + yield in Q 2 , x, z, and pr ■ The color code shows the relative errors in each bin. 




Fig. 9. - (Colour on-line) The cos 2<j> moment (Boer-Mulders asymmetry) for pions as a function 
of Q 2 and Pt for Q 2 > 2 GeV 2 with CLAS12 at 11 GeV from 2000 hours of running. Values 
are calculated assuming H^- U ^ 7r = —_Hj L ' u_ *' 7r . Only statistical uncertainties are shown. The 

yellow band between the two curves indicates the range of two model predictions. 
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Table I. - Sensitivity of deeply virtual Compton scattering and deeply virtual meson production 
processes to the leading twist GPDs for different quark flavors. 



Process 

Flavor 

q/q/9 


n.e.H.e 

pDVCS 

4 u + d + s 

q + q. a s g 


nDVCS 

4 d + u + s 

q + q, a s g 

(polarized) deuteron 

n.e 

P + 

u — d 

q + q.g 

ImCHE*) in Aj T 

P ° 

2u + d 

q + q.g 

Uf 

2 u - d 

q + q.g 

0 

s 

q + q.g 

J/4>.r 


9 

(ir+7r - )(_ 0 

2 u - d 

q - q 

interfere with (7r + 7r — )^_i 

K*°Z+ , K* + Z° 

d — s 

2 q - q 

SU(3) 

K* + A 

2 u — d — s 

2 q - q 

SU(3) 


7T + 

A u — Ad 

2 q - q 


*° 

2Au + Ad 

q - q 


V 

2Au - Ad + 2As 

q - q 


K*°Z+ , K* + Z° 

d — s 

2q+q 

SU(3) 

K* + A 

2 u — d — s 

2 q+ q 

SU(3) 


SIDIS processes in the full 4-D phase space available in Q 2 , x, z and pr- Figure 8 
shows the phase space coverage and statistical precision expected for semi-inclusive ir + 
production. Some examples of kinematics coverage and statistical precision in the Boer- 
Mulders asymmetry for pions are presented in fig. 9. 

Several experiments will measure the Mulders-Kotzinian asymmetry on longitudinally 
polarized proton target and on 3 He target. Figure 10 shows an example of the expected 


Table II. - Leading-twist transverse momentum-dependent distribution functions. U, L, and T 
stand for transitions of unpolarized, longitudinally polarized, and transversely polarized nucleons 
(rows) to corresponding quarks (columns). 


| N/q | 

U 

L 

T \ 

u 

f i 

hi 

1 L \ 

Si 

hi L 

T 

flT 

9 it 

hi | 
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0 0.2 0.4 0 0.2 0.4 

X 


Fig. 10. Projected ^-dependence of the polarized spin target asymmetry at 11 GeV with 
CLAS12 for kaons for one bin in Q 2 , z,pt- 


asymmetry and statistical precision for charged kaon production. Several experiments 
have been proposed to study the Sivers asymmetries on polarized 3 He and on polarized 
hydrogen. Examples of kinematic dependences are shown in fig. 11. Although pions 
have been the main focus of SIDIS experiment in the past, the K + and channels 
have recently emerged as of high interest as well. Results from the HERMES experiment 
show unexpectedly large Boer-Mulders asymmetries for kaons compared to pions, and the 
opposite signs for K _ and . Several experiments will measure semi-inclusive processes 
for kaon productions. With the excellent particle identification and high luminosity 
expected for CLAS12, these puzzling issues can be addressed efficiently. Figure 10 shows 
the statistical precision for K + and K _ production on longitudinally polarized hydrogen 
in one kinematic bin in Q 2 , z, and px- 

The experimental effort will produce high-quality asymmetry data in a large range of 
the 4-dimensional space in Q 2 , x, z , px- The challenge will be to extract from these large 
amounts of data the TMDs that encode the quark’s intrinsic spin-momentum correlations. 

5. — Inclusive structure functions and moments 

Polarized and unpolarized structure functions of the nucleon provide a window into 
the internal quark longitudinal momentum and helicity densities of nucleons. The study 
of these structure functions provides insight into the two defining features of QCD— 
asymptotic freedom at small distances, and confinement and non-perturbative effects at 
large distance scales. After more than three decades of measurements at many accelerator 
facilities worldwide, a truly impressive amount of data has been collected, covering several 
orders of magnitude in both kinematic variables x and Q 2 . However, there are still 
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Fig. 11. - Projected data for the Sivers function vs. x for different transverse momentum bins 
(left panel) and vs. pr for different x bins. 


important regions of the accessible phase space where data are not available or have large 
uncertainties, and where significant improvements are possible through high-luminosity 
experiments at 12 GeV. 

One of the open questions is the behavior of the structure functions in the extreme 
kinematic limit x —> 1. 

In this region effects from the virtual sea of quark-antiquark pairs are suppressed, 
making this region simpler to model than the small-a; region. This is also the region 
where pQCD can make absolute predictions. However, the large-a; domain is difficult to 
reach as cross-sections are kinematically suppressed, the parton distributions are small 
and final states interactions (partonic or hadronic) are large. First steps into the large- 
x domain became possible at energies of 5-6 GeV [24, 26]. The interest triggered by 
these first results and the clear necessity to extend the program to larger x (for recent 
reviews see [27,28]) provided one of the cornerstones of the JLab 12 GeV upgrade physics 
program. 

5T. Valence quark structure and flavor dependence at large x. - The unpolarized 
proton structure function F!f(x) has been mapped out in a large range of x leading to 
precise knowledge of the quark distribution u{x). The corresponding structure function 
Ftf ix) is well measured only for x < 0.5 as nuclear corrections, using deuterium as 
a target, are large and very uncertain at x > 0.5. Corrections for Fermi motion are 
clearly insufficient. A new technique, tested recently at JLab [29], proved very effective 
in reducing the nuclear corrections. The experiment uses a novel radial time-projection- 
chamber (rTPC) with gas-electron-multiplier (GEM) readout as detector for the low- 
energy spectator proton in the reaction en(p s ) —> ep s X. Measurement of the spectator 
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F 2 " / F,i> d / u 




Fig. 12. - (Colour on-line) Projected data for the ratio F£/FJf (left) and d/u (right) for 11 GeV 
beam energy. The error bars in the right panel contain both statistical and systematic uncer¬ 
tainties. The yellow area shows the uncertainty of current data due to poorly known nuclear 
corrections. 


proton for momenta as low as 70 MeV/c and at large angles minimizes the poorly known 
nuclear corrections at large x. The techniques will be used with CLAS12 to accurately 
determine the ratio d{x)/u{x) to much larger x values. Figure 12 shows the projected 
data for FQ^x)/F%{x) and d{x)/u(x). A dramatic improvement is projected at large x. 
Another experiment in Hall A measures inclusive scattering on two mirror nuclei 3 He 
and 3 H for which the nuclear wave functions are very similar. The cross-section ratio 
a(e 3 He —> e X)/a(e 3 H —> e A') is then largely free of nuclear corrections and the ratio 
of structure functions F%/F% and u(x)/d(x) can be extracted. 

5'2. Spin structure functions and parton distributions. - The lack of precise data in 
the valence quark region and especially at very large x values is even more obvious for the 
spin structure function g±{x, Q 2 ), both on the proton and neutron. New experiments at 
12 GeV will significantly improve our knowledge of the basic spin structure function. Two 
experiments will study polarized parton distributions at x < 0.9 on polarized protons 
and polarized neutrons. Using standard detection equipment, a redesigned polarized 
target adapted to CLAS12 and 30 (50) days of running on a longitudinally polarized 
NH 3 (ND 3 ) target, high-precision results can be achieved as shown in fig. 13. Similar 
coverage is projected using a polarized 3 He as a quasi-neutron target in Hall A. These 
data will discriminate among models in the large-a; region. The projected results shown 
in fig. 13 are with a W > 2 GeV constraint. Studies of hadron-parton duality will tell us 
if this constraint can be relaxed so that spin structure functions may be used for x < 0.9 
in the extraction of parton spin densities from global fits including these data. Results 
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X X 

Fig. 13. - Anticipated results on Af.The four different symbols represent four different Q 2 ranges. 
The statistical uncertainty is given by the error bars while the systematic uncertainty is given 
by the shaded band. 




Fig. 14. - Left panel: expected results for (Ad + Ad)/(d + d). The central values of the data are 
following two arbitrary curves to demonstrate how the two categories of predictions, namely the 
ones that predict A d/d stays negative (LO and NLO analyses of polarized DIS data: GRSV, 
LSS, AAC, GS, statistical model, and a quark-hadron duality scenario) and the ones predicting 
A d/d —* 1 when x —► 1 (leading order pQCD and a quark-hadron duality scenario). The right 
panel shows the expected uncertainties for the asymmetry of the polarized sea quarks. 


on protons and neutrons targets will allow for the extraction of the d-quark polarization 
(Ad + A d)/(d + d), and the asymmetry of the polarized sea x[Au(x) — Ad(x)]. The 
precision expected from these measurements is shown in fig. 14. 
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Fig. 15. - Expected uncertainties for xAG(x). The black solid curve shows the central value of 
the present analysis that includes CLAS EG1 data. The dash-dotted lines give the error band 
when the expected CLAS12 data are included in the LSS QCD analysis. 


5'3. Global analysis of polarized parton densities. - The larger window that will open 
up over the DIS domain with the 12 GeV upgrade will permit to place more stringent 
constraints on the parton distributions in global fits to polarized structure function data. 
JLab data at lower energies had already unique impact at large x. The improvement 
from the 12 GeV upgrade is also significant at low and moderate x , noticeably for the 
polarized gluon distribution AG(x). To demonstrate the precision achievable with the 
expected CLAS12 data, we have plotted in fig. 15 the expected impact of future JLab 
data at 12 GeV on the next-to-leading order QCD analyses of the polarized gluon dis¬ 
tribution [30]. A dramatic improvement can be achieved with the expected data from 
experiment. The data will not only reduce the error band on A G{x), but will likely allow 
a more detailed modeling of its ^-dependence. Significant improvements are expected for 
the quark distributions as well, especially for the polarized s-quark density. 

5’4. Moments of spin structure functions. - Moments of structure functions are related 
to the nucleon static properties by sum rules. Inclusive deep inelastic scattering data 
at JLab have permitted evaluation of the moments at low and intermediate Q 2 [20-25]. 
With a maximum beam energy of 6 GeV, however, the measured fractional strength 
of the moments becomes rather limited for Q 2 greater than a few GeV 2 . The 12 GeV 
upgrade extends this range to much higher Q 2 . 

At sufficiently large Q 2 , the Bjorken sum rule relates the integral T r [~ n (Q 2 ) = 
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Fig. 16. - (Colour on-line) Expected precision on T? for CLAS12 and 30 days of running. CLAS 
EGla [20,21] data and preliminary results from EGlb are shown for comparison. The data and 
systematic uncertainties include estimates of the unmeasured DIS contribution. HERMES [34] 
data, and E143 [35] and E155 data [36] from SLAC are also shown (including DIS contribution 
estimates). The solid line is a model from [37,38]. 


T?(Q 2 ) — r"(Q 2 ) = f[gP(x,Q 2 ) — g™(x,Q 2 )\dx to the nucleon axial charge [31]. Fig¬ 
ure 16 shows the expected precision on Published results and preliminary results 
from CLAS are also displayed for comparison. The hatched blue band corresponds to 
the systematic uncertainty on the CLAS EGlb data points. The red band indicates the 
estimated systematic uncertainty from CLAS12. The systematic uncertainties for EG1 
and CLAS12 include the uncertainty on the unmeasured DIS part estimated using a fre¬ 
quently used model [32], As can be seen, moments can be measured up to Q 2 = 6 GeV 2 
with a statistical accuracy improved several fold over that of the existing world data. 

Finally, moments in the low (~ 0.5 GeV 2 ) to moderate (~ 4GeV 2 ) Q 2 range enable 
us to extract higher-twist parameters, which represent correlations between quarks in 
the nucleon. This extraction can be done by studying the Q 2 evolution of the first mo¬ 
ments [33,39]. Higher twists have been consistently found to have, overall, a surprisingly 
smaller effect than expected. Going to lower Q 2 enhances the higher-twist effects but 
makes it harder to disentangle a high twist from the yet higher ones. Furthermore, the 
uncertainty on a s becomes prohibitive at low Q 2 . Hence, higher twists turn out to be 
hard to measure, even at the present JLab energies. Adding data at higher Q 2 to the 
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Fig. 17. - (Colour on-line) The magnetic form factor for the neutron. The recent JLab data, 
and projected uncertainties at 12 GeV with CLAS12 (blue open circles) are shown. 


present JLab data set removes the issues of disentangling higher twists from each other 
and of the a s uncertainty. The smallness of higher twists, however, requires statistically 
precise measurements with small point-to-point correlated systematic uncertainties. Such 
precision at moderate Q 2 has not been achieved by the experiments done at high energy 
accelerators, while JLab at 12 GeV presents the opportunity to reach it considering the 
expected statistical and systematic uncertainties of the new experiments. The total 
point-to-point uncorrelated uncertainty on the twist-4 term for the Bjorken sum, /f -n , 
decreases by a factor of 5-6 compared to results obtained in ref. [40]. 

6. — Electromagnetic form factors at short distances 

6'1. Nucleon elastic form factors. - The most basic observables that reflect the com¬ 
posite nature of the nucleon are its electromagnetic form factors. The electric and mag¬ 
netic form factors characterize the distributions of charge and magnetization in the nu¬ 
cleon as a function of the spatial resolving power. Further, these quantities can be 
described and related to other observables through the generalized parton distributions 
discussed in sect. 3. 

Measurements of the elastic form factors continues will remain an important aspect 
of the physics program at 12 GeV, and will be part of the program in several experiments 
at JLab. The magnetic form factor of the neutron requires special experimental setups 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 











Copyright© 2013. IOS Press. All rights reserved. 


322 


V. D. Burkert 


for neutron detection and the in situ neutron efficiency calibration measurement, for 
which CLAS12 is well suited. Figure 17 shows the existing JLab data [41] as well as the 
extension in Q 2 projected for the 12 GeV program. 

Nucleon ground and excited states represent different eigenstates of the Hamiltonian, 
therefore to understand the interactions underlying nucleon formation from fundamental 
constituents, the structure of both the ground state and the excited states must be 
studied. 

6'2. Nucleon resonance transition form factors. - The nucleon resonance transition 
form factors reveal the nature of the excited states and encode the transition charge 
and current densities on the light cone. The N* program at JLab (for recent overviews 
see: [42,43]) has already generated results for the transition form factors at Q 2 up to 
6 GeV 2 for the A(1232), and up to 7.5 GeV 2 for the -/V(1535)Sii. The latest results [44,45] 
on the transition form factors of the Roper resonance V(1440)Pn for Q 2 up to 4.5 GeV 2 , 
have demonstrated the sensitivity to the degrees of freedom that are effective in the ex¬ 
citation of particular states. The JLab energy upgrade will allow us to probe resonance 
excitations at much higher Q 2 , where the elementary quarks degrees of freedom may be¬ 
come evident in the resonance formation through the approach to scaling as constituents 
quarks approach their asymptotic mass values. Figure 18 shows the projected Q 2 de¬ 
pendence of the A\j 2 transition amplitude for the 7V(1440)Pn resonance obtained from 
single pion electro-production. Resonances at higher mass tend to decouple from the 
single pion channel. The transition form factors of those excited states can be efficiently 
measured in double-pion processes [46] such as ep —> ep7r + n~. 

7. — Gluonic excitations of hadrons. 

The presence of gluons has been established in high energy e + e~ collisions where the 
reaction e + e _ —> 3 jets was observed. This process is predicted in perturbative QCD and 
is quantitatively described as the result of hard gluon bremsstrahlung from one of the 
high energy quarks in the annihilation process e + e _ —> qqg. One of the open problems in 
hadron physics is if gluons (or the “glue”) actively participate in processes at low energy, 
such as the excitations of hadrons. The most promising way of establishing the effect of 
the “glue” in spectroscopy is the study of the meson spectrum. 

7'1. Hybrid mesons. - Our understanding of how quarks form mesons has evolved 
within QCD and we expect a rich spectrum of mesons that takes into account not only 
the quark degrees of freedom, but also the gluonic degrees of freedom. Excitations 
of the gluonic field binding the quarks can give rise to excitations of the glue (hybrid 
mesons). A picture of these hybrid mesons is one where these particles are excitations of 
a gluonic flux tube that forms between the quark and antiquark. Particularly interesting 
is that many of these hybrid mesons are expected to have exotic quantum numbers 
J PC = 0" 1 , 1 2" 1 that cannot be achieved in simple qq systems. In the flux 

tube model these states do not mix with conventional meson states which simplifies 
dramatically the search for hybrid mesons. A simple mechanism to produce mesons with 
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Fig. 18. - (Colour on-line) Left panel: evolution of the quark mass with momentum transfer. 
The region left of the blue line is accessible at 6 GeV beam energy, the region left of the red line 
can be accessed at 12 GeV in N* excitations with Q 2 < 12 GeV 2 . Right panel: published and 
projected electro-coupling amplitudes for the Roper resonance with a 12 GeV electron beam. 




exotic quantum numbers using photon beams is illustrated in fig. 19. The isolation of 
mesons with exotic quantum numbers provides strong evidence for gluonic excitations, 
however they do not uniquely identify hybrid mesons. Complex configurations, such as 
4-quark states (qqqq) may have same quantum numbers as gluonic states ( qqG ). For this 
reason it is essential to establish not only the existence of one or two states, but as many 
states as possible to characterize the systematics underlying the measured spectrum. The 
level splitting between the ground-state flux tube and the first excited transverse modes 
is expected to be about lGeV/c 2 , and lattice QCD calculations indicate the lightest 
exotic hybrid (the J PC = 1 l ") has a mass of about 1.9 ± 0.2 GeV. 

There are tantalizing suggestions, mainly from experiments using beams of 7r mesons, 
that exotic hybrid mesons do exist. The evidence is by no means clear cut, owing in 
part, to the apparently small production rates for these states in the decay channels 
examined. It is safe to conclude that the extensive data collected to date with pion 
probes have not uncovered the hybrid meson spectrum. Based on models, such as the 
flux-tube model, we expect the production of hybrid mesons in photon-induced reactions 
to be comparable to the production of normal mesons. Photoproduction of mesons using 
a ~ 9 GeV, linearly polarized photon beam provides a unique opportunity to search 
for exotic hybrids. Existing data are extremely limited for charged final states, and no 
data exist for multi-neutral final states. To carry out such a search, the GlueX program 
in Hall D will look at many different final states involving both charged particles and 
photons, but particular emphasis will be placed on those reactions that have 3 or more 
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Fig. 19. - Possible production mechanisms of mesons with exotic quantum numbers with photon 
beams. In this picture mesons with exotic quantum numbers are preferentially produced in 
reactions with real photons. 


pions in the final state. The discovery potential for GlueX comes first from the very high 
statistics based on 10 7 tagged photons per second on target, which will exceed existing 
photoproduction data by several orders of magnitude. The GlueX experimental search 
in Hall D has a mass reach up to about 2.8 GeV to observe mesons with masses up to 
2.5 GeV/c 2 . 

An alternative approach has been taken in Hall B with CLAS12. This experiment 
will use a quasi-real photon beam whose energy is measured by detecting the electrons 
scattered from the hydrogen production target at very forward electron scattering angles. 
The forward tagger makes use of a high-granularity, high-resolution crystal calorimeter 
to detect the small angle electrons in the energy range of up to 4 GeV. The difference 
to photon energy tagging of real photons is that real photon tagging requires two inde¬ 
pendent interactions— the real photon being generated in an electromagnetic interaction 
with the atomic electrons of the radiator, and the real photon interacting hadronically 
with the proton in the production target. The latter process has a typical probabil¬ 
ity of about -C 1%. In virtual photon tagging there is only one interaction involved 
as the virtual photon is produced in the hadronic interaction in the production target, 
potentially allowing much higher production rates than what can be achieved in real 
photo-production. The experimental challenge is to separate the hadronic interaction 
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Fig. 20. - Events with 3-pions in the final state are generated in specific partial waves (solid 
lines) including one with exotic J PC quantum numbers, and then tracked through the CLAS12 
detector system and then reconstructed (points with error bars). They reconstructed events 
retain their initial partial wave contents. 

in the target from the electromagnetic ones that occur at much higher rates. Another 
benefit is that virtual photons are linearly polarized providing an important degree of 
freedom that can be utilized in the partial wave analysis of multi-particle final states to 
reduce ambiguities. Figure 20 shows the results of a partial wave analysis. The events 
are simulated with different partial wave content, then tracked through the CLAS12 
acceptance and then subjected to a partial wave analysis. The results of the analysis 
show that the initial partial wave content is preserved. 

7'2. Hybrid baryons. - The search for gluonic excitations has so far been limited 
to mesons, although baryons may also be excited through gluonic degrees of freedom. 
Studies of hybrid baryons are equally important to hybrid mesons in the quest to better 
understand the complex confinement mechanisms in hadrons. However, gluonic baryons 
| qqqG) and ordinary 3-quark baryons | qqq) have the same quantum number, making it 
impossible to uniquely identify them. One possibility is to look for an overpopulation of 
states with specific spin-parity J p assignments compared to the number of such states 
predicted in the constituent quark model. The excited glue adds ~ 1 GeV to the mass 
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of hybrid baryons, putting the lowest mass hybrid baryons with strangeness S = 0 into 
the range from 1.8 to 2GeV. 


8. — Quarks and hadrons in the nuclear medium 

8'1. Color transparency. - Color transparency (CT) is a unique prediction of QCD, 
and implies that under certain conditions, the nuclear medium will allow the transmission 
of hadrons with reduced absorption. The phenomenon of CT is predicted in the quark- 
gluon basis and is totally unexpected in a hadronic interaction picture. The following 
conditions must be present to observe CT: the interactions must create a small-size 
object (point-like configuration, PLC) that has a small cross-section when traveling in a 
hadronic medium, and the distance over which it expands to its full hadronic size must be 
larger than the nucleus size. Such conditions require high enough energy transfer to the 
target where the photon couples to PLCs, and the full hadronization occurs outside the 
nucleus. Color transparency effects have been observed at very high energies at hadron 
machines, but at what momentum transfer CT sets in is still a not fully settled question. 
Small increases in nuclear transparency consistent with theoretical predictions have been 
observed at JLab with 5-6 GeV electron beams in pion production. The energy doubling 
of the JLab electron accelerator to 12 GeV will provide much better conditions where 
a significantly increased transparency should be observable with high sensitivity, as is 
shown, e.g., in fig. 21. 

8'2. Quark propagation and hadron formation. - The use of electron beams at 12 GeV 
allows us to address fundamental questions of how colored quarks struck in the interaction 
with high energy photons transform into colorless hadrons. Questions that we want 
to have answered are, how long can a light colored quark remain de-confined? The 
production time T p measures this quantity. Because cle-confined quarks emit gluons, 
T p can be measured via medium-stimulated gluon emission resulting in a broadening of 
the transverse momentum distribution of the final hadrons. Another important question 
to address is: How long does it take to form the color field of a hadron? This can be 
measured by the formation time Tjt. Since hadrons interact strongly with the nuclear 
medium, Tjt can be determined by measuring the attenuation of hadrons in the nuclear 
medium by using nuclei of different sizes. 

These questions can be addressed by measuring the hadronic multiplicity ratio 




1 JVfr S(i/) Q2) {A 

f Nff IS ,<!>) -j 
1 N» ls (v,Q 2 ) > D 


versus all kinematical quantities. In this expression, Nf t is the number of hadrons pro¬ 
duced in DIS events and N® 1S is the number of associated DIS electrons. The numerator 
corresponds to target nucleus A, and the denominator corresponds to deuterium, v is 
the energy transferred by the electron, and 2 is the hadron energy divided by v. In the 
QCD-improved parton model, is given by the ratios of sums over products of the 
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Fig. 21. - Projected color transparency effects in Fe. The open circles represent projected results 
with CLAS12 at 12 GeV. 
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Fig. 22. - Z dependence of the hadronic multiplicity ration (top to bottom in each plot) for 
14 N, 40 Ar, 19 'Au for 16 bins in Q 2 , v. The solid line is a gluon bremsstrahlung model calcu¬ 
lation [47] for 2 > 0.5 for pions. The dotted lines are parameterizations of HERMES 27 GeV 
data. 
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Table III. - Expected hadron production rates for 1, 000 DIS events at 11 GeV beam energy. 
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quark distribution functions with fragmentation functions. The proposed measurement 
will provide two to three orders of magnitude more data than any previous experiment 
in this energy range and will include a much larger collection of hadron species. Ta¬ 
ble III shows the expected rates for the production of a large number of hadron species. 
Examples of projected data for the multiplicity ratio R } f I {z,v 1 p\ 1 Q 2 , </>) are shown in 
fig. 22. 

9. — Search for new physics 

9'1. Search for physics beyond the Standard Model. The Standard Model (SM) of 
High Energy Physics has been highly successful in accurately predicting a large number 
of experimental observations. Its predictions have been probed at the highest energy 
accelerators at HERA, the Tevatron at Fermilab, and now at the LHC at CERN. So far, 
no clear deviations from the SM have been identified. While most of the searches for 
physics beyond the SM involve very high-energy accelerators where new particle types 
may be produced in high-energy collisions, deviations from the SM may also be observed 
in high-precision experiments at lower energies. Parity-violating electron scattering may 
be the best tool to study possible SM-violating effects in precision measurements of the 
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Fig. 23. - Current knowledge of the weak mixing angle in comparison to the SM predictions. 


electro-quark couplings that relate to the weak mixing angle sin 2 @w- New physics such 
as quark compositeness, or new gauge bosons beyond the Z°, may cause small deviations 
from the SM predictions at relatively low energies that can be revealed in very-high- 
precision experiments. With the high luminosity available at JLab such effects maybe 
be detectable. Two experiments have been proposed to measure with high precision 
the weak mixing angle sin 2 0^/ in parity-violating electron-electron scattering (Moller 
scattering), and in deep inelastic electron scattering. Figure 23 shows the Standard 
Model prediction for the energy dependence of the weak mixing angle in comparison 
with measurements. Previous measurements indicate a possible discrepancy for several 
of the data points each one at the > ler level. The new measurements will significantly 
improve the precision of the experimental data base. 

9'2. Heavy photon search. - Recent satellite measurements have shown a dramatic 
excess of positrons ranging in energy from 10 GeV to several hundred 100 GeV. One 
of the leading interpretations for this anomaly involves the existence of a new gauge 
vector boson that couples very weakly to e + e _ pairs and can be produced through 
interaction with the dark matter in the universe, see fig. 24. New light vector particles 
and their associated interactions are ubiquitous in extensions of the Standard Model. 
However, the symmetries of the Standard Model restrict the interaction of ordinary 
matter with such new states. Indeed, most interactions consistent with Standard Model 
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Fig. 24. Possible graphs contributing to the excess of positrons (left) and the coupling of the 
purported A' vector-boson to dark matter (right). 



niA’ (GeV) 


Fig. 25. - Exclusion zones for the ratio of heavy photon to electromagnetic coupling strengths to 
e + e“ pairs vs. the heavy photon mass. The various lines show the exclusion zones from previous 
and planned measurements.The proposed and planned measurements at JLab are shown by the 
lines marked HPS and APEX. The two zones in the upper part are for the HPS and APEX 
experiment to search for narrow peaks in the mass spectrum of the e + e _ pair. The zone marked 
HPS in the lower part includes the search for detached vertices that would indicate the presence 
of a long-lived A' with weak coupling. 


gauge symmetries and Lorentz invariance have couplings suppressed by a high mass 
scale. One of the few unsuppressed interactions is the coupling of charged Standard 
Model particles to a new gauge boson A !, which is quite poorly constrained for small 
coupling constants as shown in fig. 25. 

Heavy photons mix with the ordinary photon through kinetic mixing, which induces 
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their weak coupling to electrons, e « 10 -3 . Since they couple to electrons, heavy photons 
are radiated in electron scattering and can subsequently decay into narrow e + e~ reso¬ 
nances which can be observed above the copious QED background. For suitably small 
couplings, heavy photons travel detectable distances before decaying, providing a second 
signature. Two experiments have been proposed at JLab to extend considerably the 
kinematic zone covered by experiment in the search for the A !. The APEX experiment 
in Hall A uses high-resolution magnetic spectrometers to search for narrow peaks in the 
e + e _ mass spectrum. The HPS experiment in Hall B, in addition to searching for peaks 
in the mass spectrum also searches for detached vertices from the decay of a long-lived 
A '. The latter probes a region with much weaker coupling of the A' to e + e _ pairs as 
seen in the bottom part of fig. 25. 

10. Conclusions 

The JLab energy upgrade and the planned new experimental equipment are well 
matched to an exciting scientific program aimed at studies of the complex hadron struc¬ 
ture in terms of the generalized parton distributions and the transverse-momentum- 
dependent distributions, GPDs and TMDs. They both provide fundamentally new 
insights into the complex multi-dimensional quark structure of the nucleon. The explo¬ 
ration of the gluonic excitations of hadrons is a complementary effort to study the active 
role that gluons play in the excitation spectrum. The high precision afforded by the high 
luminosity and the large acceptance detectors, and the development of novel techniques 
to measure scattering off nearly free neutrons, will enable the exploration of phase space 
domains with extreme conditions that could not be studied before. High-luminosity mea¬ 
surements will also probe part of the phase space where deviations from the Standard 
Model of particle physics might be observed, potentially leading to new discoveries. 

* * * 

I like to thank my colleagues at Jefferson Lab for many discussions on the exciting 
science with the JLab 12 GeV upgrade and for providing me with many of the graphs 
that I included in this contribution. This work was carried out under DOE contract No. 
DE-AC05-06OR23177. 
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Summary. The project of a polarised Electron Ion Collider (EIC) is currently 
discussed intensively in the high energy nuclear physics community. With such a 
facility, a real breakthrough in “spin physics” and the study of the three-dimensional 
structure of the nucleon is expected. This lecture reviews the physics case for an 
EIC, concentrating on the topics discussed at this school, as well as the technical 
challenges and envisaged realisations. 


1. Preface 

There is a common agreement within the high-energy and nuclear physics community 
that a real breakthrough in the study of the spin and three-dimensional structure of the 
nucleon can only be achieved with a new polarised facility that allows for high-precision 
measurements over a wide kinematic range. The golden option for the spin physics 
community would be a polarised Electron-Ion Collider (EIC), a facility that will be able 
to collide polarised electrons with polarised protons and light to heavy nuclei at high, 
variable energies. 

This lecture note provides a brief overview about realisation ideas for an EIC. We 
will first briefly review the science case for an EIC thereby concentrating on the topics 
discussed at this school. A very exhaustive discussion of the open physics questions which 
can be addressed by an EIC can be found in a recent review [1]. 
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Among the projects for realisation we will discuss the two solutions under study in 
the US, concentrating on the more general aspects and the technical challenges. The 
continuous efforts for these projects are documented at the laboratories web pages [2,3]. 
Wherever possible we will give more specific references for the reader interested in further 
details. 

2. Introduction: The physics case of an EIC 

Among the four pillars for the science case of an EIC, as identified in [1], we discussed 
in detail at this school the first two: 

- The spin and flavor structure of the proton. 

- Three-dimensional structure of nucleons and nuclei in momentum and configuration 
space. 

QCD matter in nuclei. 

- Electroweak physics and the search for physics beyond the Standard Model. 

The description of the three-dimensional structure of the nucleon, from which the observ¬ 
able physical world is formed, goes directly to the heart of exploring and understanding 
the QCD dynamics of matter. High energy lepton-nucleon scattering experiments with 
the observation of inclusive Deep-Inelastic Scattering (DIS) processes (IN —» VX ) have 
been performed for decades and have been interpreted as the most common way to inves¬ 
tigate the internal structure of nucleons. Within the standard framework of pertubative 
QCD, the cross-section for this inclusive process, at large momentum transfer Q 2 , can 
be expressed as a convolution of parton distributions with the calculable elementary 
hard interactions [4]. These parton distributions, f a /h( x ,Q 2 )j give the number density 
of a parton a with a certain fraction x of the momentum of the parent hadron h. For 
the proton, unprecedented wide energy scales were reached with the HERA collider at 
DESY (operating till 2007), the only electron-proton collider built so far, and impressive 
progress was made over the last two decades in extracting parton distributions. The 
successful prediction of the scale ( Q 2 ) dependence of these parton distributions has been 
one of the great triumphs of pertubative QCD. The protons at HERA, however, were 
not polarised and most of the topics discussed at this school could be studied so far only 
at fixed-target experiments [5], and hence, over a rather limited energy range. 

The EIC would be the brightest femtoscope scale lepton-collider ever, exceeding the 
intensity of the HERA collider a thousand fold. In addition to being the first elec¬ 
tron collider exploring the structure of polarised protons, an EIC will also be the first 
electron-nucleus collider, probing the gluon and sea quark structure of nuclei for the first 
time. This knowledge about the three-dimensional nucleon structure is also of essen¬ 
tial importance for other fields in high energy physics. Giving just one example, the 
information about the initial spatial distribution of quarks and gluons in the nucleon 
is indispensable for the interpretation of heavy-ion collision data and the quest for the 
Quark-Gluon-Plasma. 
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Along the way for a realisation of such a new, challenging facility, more polarised 
lepton-nucleon scattering data will become available from COMPASS-II at CERN [6] and 
the Jefferson Laboratory experiments operating at the high luminosity CEBAF upgraded 
to an electron energy of 12GeV (JLabl2) [7]. 

Why do we wish to get more? 

While with the JLabl2 facility, the structure of hadrons will be studied in the va¬ 
lence quark region (at relatively high values of x > 0.1) with unprecedented accuracy, 
COMPASS covers the kinematics of intermediate x values exploring the transition from 
the valence to sea quark region with marginal overlap with JLabl2 kinematics. How¬ 
ever, none of the experiments will provide data over a wide range in Q 2 for studying the 
evolution properties of polarised and the novel parton distributions we discussed at this 
school. Neither they will provide data at low x where the gluon contributions dominate. 

For the physics topics discussed at this school, an EIC would be a unique facility in 
providing: 

- a wide kinematic range in x and Q , allowing to fully explore the scaling properties 
of parton distributions and hence derive detailed flavour-dependent information 
and access to gluon distributions; 

- access to low x region, which is so far (and will remain) completely unexplored; 

high enough Q 2 over nearly full kinematic range for a clean interpretation of the 
data within the framework of pertubative QCD; 

high luminosity for fully differential analysis of data, which is essential especially 
for the observables related to the three-dimensional nucleon structure; 

pure nuclear polarized targets without dilution (see [5] for the complications caused 
by using solid-state targets). 

In addition, collider kinematics have many advantages over fixed-target experiment kine¬ 
matics in being, for instance, largely uncorrelated and providing clean separation between 
so-called current (struck quark) and target remnant fragmentation region. 

We will then be able to address questions like: Why is the quark spin content so 
small and which role do the gluons play? How are partons spatially distributed inside the 
nucleon and how do they move in the transverse plane? Do they orbit and carry orbital 
angular momentum? Is there a correlation between orbital motion of partons, their spin 
and the spin of the nucleon? How gets all this modified in a nuclear environment? 

The following two sections provide some more details about the topics discussed at 
this school and the anticipated knowledge we might gain with an EIC. 

2T. Spin and flavour structure of the proton. - Polarised deep-inelastic scattering 
experiments, in course since the late eighties, have established the surprising finding by 
the EMC experiment [8] that the quark’s intrinsic spin contributes only little to the 
proton spin, just about 30%. 
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The challenge to understand the spin structure of the proton has inspired vast theo¬ 
retical and experimental activities [4-6]. Significant progress can be expected from the 
unique capability of an EIC to reach small momentum fractions x down to about 10 -4 
and large momentum resolution scales Q , with high precision. This vastly extended 
kinematic reach will enable the determination of the gluon and quark/anti-quark spin 
contributions to the proton spin to about 10% accuracy or better from global analy¬ 
ses of the spin structure function g{(x,Q 2 ) and its scaling violations [4]. The latter is 
strongly correlated with the x dependence of the polarised gluon distribution. The an¬ 
ticipated accuracy in the determination of the gluon polarisation is especially exciting in 
view of the sparse experimental information available from other clean processes like the 
photon-gluon fusion process tagged via charm production [6]. 

An EIC will further provide unprecedented insight into the flavor structure of the 
nucleon, a key element in mapping the “landscape” of hadron structure. This could 
be achieved by semi-inclusive deep-inelastic scattering (SIDIS) as pioneered by the 
fixed-target lepton scattering experiments HERMES and COMPASS. Here, at least one 
hadron is observed in addition to the scattered lepton providing a means of “flavour 
tagging” [4-6]. At an EIC, semi-inclusive measurements would extend to much higher 
Q 2 than in fixed-target scattering, where the reaction becomes significantly cleaner and 
therefore more tractable theoretically. With the high luminosity of an EIC, the kinematic 
coverage for SIDIS in x and Q 2 will be similar to what can be achieved in inclusive DIS 
and extractions of the light-flavor helicity distributions and their anti-quark distributions 
will be possible with exquisite precision. With dedicated studies of kaon production, the 
elusive strange and anti-strange distributions will also be accessible. Such a detailed 
flavour decomposition will likely give insights into the question why the combined quark 
and anti-quark spin contribution to the proton spin turns out to be so small. 

A key to unravel the spin structure of the nucleon will be the determination of the 
contributions from quark and gluon orbital angular momenta. This quest has motivated 
new theoretical and experimental investigations. 

2'2. Three-dimensional nucleon structure. - The challenge to understand the role of 
orbital angular momentum has inspired new studies of the transverse structure of the 
proton and the correlation between spin and transverse-momentum effects in QCD via 
TMDs [9-12]. A possible three-dimensional imaging of the nucleon has been put forward 
by introducing novel generalised parton distributions (GPDs) [13-15]. 

These new functions offer opportunities to study a uniquely new aspect of the nucleon 
substructure: the localisation of partons in the plane transverse to the motion of the 
nucleon. As such they provide a nucleon tomography. The ability to describe longitudinal 
momentum distributions at a fixed transverse localisation is a prerequisite for studying 
the so-called Ji-relation [16], which links a certain combination of GPDs to the total 
angular momentum of a parton in the nucleon. From this quantity, the still hunted 
orbital angular momentum of partons in the nucleon could possibly be extracted, a 
question of crucial importance for the understanding of the nucleon structure. 

GPDs can be studied in hard exclusive reactions, where the nucleon stays intact and 
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the final state is fully observed. Such exclusive processes are much more challenging to 
be measured than traditional inclusive and semi-inclusive scattering processes as they 
require a difficult full reconstruction of final state particles and their cross-sections are 
usually small, demanding high-luminosity machines. 

Today, our knowledge about GPDs is very sparse and mostly limited to first guesses of 
valence quark GPDs extracted from pioneering measurements at Hermes and JLab [14]. 
Additional information is provided by the HERA collider experiments, however, with 
very low precision. A high-energy high-luminosity EIC will be an ideal machine for the 
studies of hard exclusive reactions and the extraction of quark and gluon GPDs, allowing 
uniquely to study the evolution properties of GPDs and obtaining a transverse image of 
quarks and gluons in the nucleon (or nucleus) [13]. 

A large variety of different exclusive processes will be studied at an EIC. While the 
exclusive production of real photons (deeply virtual Compton scattering) is sensitive to 
singlet quark and gluon GPDs, exclusive electroproduction of mesons (p. J/ip, <j>, 7r, K , 
etc.) will allow one to disentangle the spin and flavor dependences of GPDs. The 
technical challenges for a full event reconstruction will be tracked from the very first step 
of planning interaction regions and spectrometers (see sects. 6 and 7). 

Exclusive processes with nuclei in a collider and, subsequently, the spatial image of 
sea quarks and gluons in nuclei will be studied for the first time, providing indispensable 
knowledge for the interpretation of heavy-ion collision data from RHIC and the LHC. 

The transverse structure of the proton and the correlation between spin and trans¬ 
verse-momentum effects in QCD can be described by so-called transverse-momentum- 
dependent distributions (short TMDs), f a /h( x i fc_L> Q 2 )- Here, k± is the intrinsic parton 
momentum component transverse to that of the nucleon. 

Historically, TMDs have first been suggested to explain the surprisingly large and 
otherwise puzzling single-spin asymmetries observed in hadronic reactions with trans¬ 
versely polarised protons. More recently, these functions have received much attention 
because of the intriguing aspect of certain TMDs being nonzero only in the presence of 
nucleon wave function components with different orbital angular momentum. 

Two TMDs, the so-called Sivers and the Boer-Mulders distributions, are rather ex¬ 
otic in being naive-time-reversal-odd (short: T-odd( 1 )). For a long time T-odd effects 
were believed to vanish due to time reversal invariance [17]. Recently it was shown 
that initial- and finale-state interactions can produce T-odd effects without violating T- 
invariance [18-20]. These T-odd distributions play a crucial role in our understanding 
of nucleon structure. Their observation, already confirmed for the Sivers distribution, 
is a clear indication of parton orbital motion and the presence of non-trivial phases 
from initial- or final-state interaction, that survive in the Bjorken limit. The origin and 
expected process dependence of these functions, challenging the traditional concept of 
factorisation and universality of PDFs, are related to fundamental QCD effects. In fact, 


( x ) Naive time reversal involves the time reversal of three momenta and angular momenta 
without interchange of initial and final states. 
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the symmetry properties of QCD require the Sivers and Boer-Mulders distributions to 
appear with opposite sign in the expressions for DIS and Drell-Yan cross-sections [19], 
the latter describing the lepton-pair production due to quark annihilation in high-energy 
hadron collisions. The experimental verification of this peculiar breaking of universality 
for T-odcl TMD distributions, exhibits an important test for the description of single¬ 
spin asymmetries within the framework of QCD. Its invalidation would have profound 
consequences for our understanding of high-energy reactions involving hadrons. The 
chiral-even Sivers distribution describes the correlation of the parton intrinsic motion 
with the nucleon spin, while the chiral-odd Boer-Mulders distribution relates this in¬ 
trinsic parton motion with its own spin in an impolarised nucleon. Hence, the latter 
distribution has the striking peculiarity that it might give unexpected spin effects even 
in unpolarised processes. 

TMD distributions are most successfully measured in SIDIS involving the spin and/or 
azimuthal angular dependence of the cross-section. As for the previous topics, the wide 
kinematic range and high luminosity achievable with an EIC will provide unique access 
to the flavour structure of TMDs and the gluon distributions. The especially interesting 
dependence on the transverse hadron momentum will be explored over a wide range for 
the first time. This will allow to test uniquely the proposed unified description of TMD 
observables at low and high transverse momenta (see chapter 2.2.5 in [1] and [10]). 

2'3. Some more exciting topics for an EIC. - A fundamental feature of QCD is gluon 
saturation, which arises as a consequence of the fact that gluon distributions at a fixed 
Q 2 cannot grow rapidly indefinitely with decreasing x. The properties of matter in this 
novel saturation regime of strong colour fields in QCD is described by a saturation scale 
which grows both with decreasing x and with increasing nuclear size. Model estimates 
of this nuclear “oomph” give a saturation scale in a large nucleus at EIC energies to 
be of the same magnitude as the saturation scale in a proton at a TeV scale electron- 
proton collider; electron-nucleus collisions therefore provide an efficient method to explore 
saturation in QCD. 

While the physics of an EIC is primarily motivated by the study of strong interactions, 
its physics case is strengthened by its potential to contribute to electroweak studies as 
well. Experience has shown that a new accelerator that pushes the frontiers either in 
energy, and/or luminosity and intensity, is of high interest for studies of electroweak 
physics. An EIC of high energy and luminosity, would provide excellent prospects for 
extractions of electroweak parameters—like, for example, the Weinberg angle—and their 
evolution with Q 2 . Such measurements would complement the precise measurements 
at the Z- pole, and could be used in particular to search for new physics effects. The 
interested reader is referred to chapter 5 and 6 of [1], 

3. — EIC realisations: Introduction 

Worldwide there are four designs for an electron-ion collider under discussion, two in 
the US and two in Europe. In this lecture we will concentrate on the two options under 
consideration in the US as they are the by far most developed designs, which are also 
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most suitable for making breakthroughs in the physics topics discussed at this school. 
Nevertheless, we will briefly outline the two EIC options under consideration in Europe 
at the end of this section. Obviously, if an EIC will be realised, only one of the options 
will be chosen. 

The two designs for an EIC in the US base on existing accelerators at Brookhaven 
National Laboratory (BNL) and Jefferson Laboratory (JLab). At BNL, the addition 
of a new linear electron accelerator to the existing polarised proton and ion beams of 
the operating Relativistic Heavy Ion Collider (RHIC) is under design for the eRHIC 
solution [2]. At JLab, the MEIC/ELIC design employs new electron and ion storage 
rings together with the 12 GeV upgraded existing Continuous Electron Beams Accelerator 
Facility (CEBAF) [3], 

The characteristics of these two designs are very similar as they aim at the same 
science objectives. The most important include: 

highly polarised (> 70%) electron and nucleon beams, 

- ion beams from deuterium to the heaviest nuclei—uranium or lead, 

- centre-of-mass energies from about 20 GeV to about 150 GeV, 

- maximum collision luminosity in the order of ~ 10 34 cm _2 s _1 . 

This anticipated high polarisation, wide kinematic range and high luminosity will 
allow for a precision imaging of the nucleon and for ground breaking new experiments to 
probe our understanding of QCD. Reaching this luminosity frontier for colliders requires 
novel concepts and significant R&D for cooling the proton and ion beams, for highly 
efficient electron linacs and high-intensity polarised electron sources. The development 
of a new technique, coherent electron cooling , is underway at BNL while conventional 
electron cooling is being pushed to high RF power at JLab. Energy recovery linear 
accelerators at high energy and intensity are a key technology for an EIC. Further, 
the eRHIC design demands an increase in the intensity produced by polarised electron 
sources of over an order of magnitude beyond what is available at present. Most of these 
challenges will be discussed in more detail below (see sect. 5). 

For the two designs, the possibility for having multiple interaction regions is foreseen 
and both plan staged realisations till reaching the highest centre-of-mass energies. 

In Europe, two EIC options are under consideration. At CERN, the addition of 
an electron beam to the existing proton and heavy-ion beams of the LHC is under 
discussion for an EIC of very high energy. With an electron beam (either a linac or ring) 
of about 70 GeV, centre-of-mass energies of 1.4 TeV could be reached and a luminosity 
of about 10 33 cm~ 2 s _1 is anticipated. This LHeC will not provide polarised beams and 
will therefore not address most of the topics discussed at this school. 

Feasibility studies for an EIC at the planned Facility for Antiproton and Ion Research 
(FAIR) at GSI in Germany started recently. Under discussion is an Electron-Nucleon 
Collider (ENC), which could be realised by colliding electrons in a 3 GeV storage ring 
with the 15 GeV protons in the High Energy Storage Ring of FAIR. The centre-of-mass 
energy at an ENC would be of about 14 GeV with an expected luminosity of about 
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10 32 cm -2 s -1 [21]. This solution does not (yet) envisage variable beam energies and 
would hence be quite limited in its kinematic range. Also the luminosity would lay 
about an order of magnitude below the values expected for the designs at RHIC or JLab. 
However, the studies for an ENC at FAIR just started and the performance parameters 
are still very preliminary. 

4. — EIC realisations: Baseline designs at BNL and JLab 

We first describe the general layouts for the EIC designs at BNL and JLab. As novel 
high-luminosity colliders they face many technical challenges. In the subsequent sections 
we will give some more details about specific technical innovations and required R&D for 
the accelerator part, which might already be mentioned in the layout description. The 
general concept of detector design is outlined in sect. 7. 

4'1. eRHIC at BNL. - The eRHIC design is based on one of RHICs existing hadron 
rings and a new multi-pass Energy-Recovery Linac (ERL) located inside the RHIC tunnel, 
as schematically shown in fig. 1. Using the ERL as the electron accelerator assures high 
luminosity in the 10 33 -10 34 cm' 2 s _1 range, and provides a natural staging of eRHIC. 

Electrons from the polarised pre-injector will be accelerated to their top energy by 
passing six times through two superconducting radio frequency cavity (SRF) linacs. After 
colliding with the hadron beam, the electrons will be decelerated by the same linacs and 
dumped (see 5'2 for more details). The six-pass magnetic system with small-gap magnets 
will be installed from the start, while the electron energy will be staged from 5 GeV to 
30 GeV stepwise by increasing the lengths of the SRF linacs. 

The eRHIC design foresees electron-hadron collisions in up to three interaction re¬ 
gions, considering upgrades for the existing PHENIX and STAR detectors as well as a new 
dedicated eRHIC detector. The interaction region design involves a 10 mrad crab-crossing 
scheme (see subsect. 5'3), where the hadrons traverse the detector at a 10mrad horizon¬ 
tal angle, while electrons go straight through. This configuration guaranties the absence 
of harmful high-energy X-rays from synchrotron radiation. The quadrupole needed for 
obtaining the high beam quality at the interaction region (like a small amplitude func¬ 
tion of j3* = 5 cm, see subsect. 5'1) are at the limits of current accelerator technology. 
They require very high gradients and can be built only with modern superconducting 
technology. 

eRHIC is designed to collide electron beams with energies from 5 GeV to 30 GeV with 
hadrons, viz ., either with polarised protons of energy between 100 GeV and 325 GeV 
or heavy ions with energies from 50 GeV to 130 GeV per nucleon. Accordingly, eRHIC 
will cover the centre-of-mass energy range from about 45 GeV to 200 GeV for polarised 
electron-proton collisions, and from about 32 GeV to 125 GeV for electron-heavy-ion 
collisions. 

The projected luminosity for the various hadron beams at top energy is given in ta¬ 
ble I. Table II shows the projected luminosity for polarised electron-proton collisions 
for various different beam energies. The limitations on luminosity resulting from various 
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Fig. 1. - Layout of cRHIC (top) and location of the recirculation arcs in the RHIC tunnel 
(bottom). See text for details. The figure is taken from [1], 


considerations are involved in these projections. The main trend is that eRHIC’s lumi¬ 
nosity does not depend on the energy of the electron beam (below 20 GeV) and reaches 
its maximum at the hadron beam’s highest energy. 

An additional major parameter describing eRHIC’s overall performance is its expected 
average luminosity. Since the ERL provides fresh electron bunches for each circulation, 
the electron beam can be strongly abused, i.e. it can be heavily distorted during a 
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Table I. - Projected eRHIC luminosity for various 
taken from [1] . 

hadron beams at top 

energy. 

The table is 

Quantity (unit) 

6 

P 

3 He 

197 An 

238 jj 

Energy (GeV) 

5-20 

325 

215 

130 

130 

Centre-of-mass energy (GeV) 


80-161 

131 

102 

102 

Number of bunches or distance be¬ 
tween bunches 

74 ns 

166 

166 

166 

166 

Bunch intensity (nucleons) (10 11 ) 

0.24 

2 

3 

3 

3.15 

Bunch charge (nC) 

3.8 

32 

30 

19 

20 

Beam current (mA) 

50 

420 

390 

250 

260 

Normalised emittance of hadrons 
95% (mm • mrad) 


1.2 

1.2 

1.2 

1.2 

Normalised emittance of electrons, 
rms (mm • mrad) 


5.8-23 

7-35 

12-57 

12-57 

Polarisation (%) 

80 

70 

70 

none 

none 

RMS bunch length (cm) 

0.2 

4.9 

8.3 

8.3 

8.3 

Amplitude function /3* (cm) 

5 

5 

5 

5 

5 

Luminosity per nucleon 
(10 34 cm -2 s _1 ) 


1.46 

1.39 

0.86 

0.92 


collision. Beam-beam effects, which play an important role for the beam performance, 
are then controlled on the hadron beam. The plan is to use coherent electron cooling for 
controlling the parameters of the hadron beam. Its lifetime will then be affected only 
by scattering on residual gas, and by burn-off in collisions with electrons. Hence, the 
hadron beam’s luminosity lifetime could be as long as a few days, and, in the most likely 


Table II. - Projected eRHIC luminosity (in cm 2 s 1 ) for polarised electron-proton collisions. 
The table is taken from [1]. 


Electrons 

Protons 

100 GeV 

130 GeV 

250 GeV 

325 GeV 

5 GeV 

0.62 ■ 10 33 

1.4 ■ 10 33 

9.7 ■ 10 33 

15 • 10 33 

10 GeV 

0.62 ■ 10 33 

1.4- 10 33 

9.7 ■ 10 33 

15 • 10 33 

20 GeV 

0.62 ■ 10 33 

1.4 ■ 10 33 

9.7 ■ 10 33 

1.5 ■ 10 33 

30 GeV 

0.12 ■ 10 33 

0.3 ■ 10 33 

1.9 ■ 10 33 

3 • 10 33 
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scenario, the average delivered luminosity will be determined by the reliability of RHIC 
systems. An average luminosity of about 70% of the peak luminosity listed in table II 
can then be anticipated. 

Many technical challenges have to be faced for the realisation of eRHIC, such as 
generating 50 rnA of polarised electron current and accelerating the electrons using an 
energy-recovering linac, coherent electron cooling of the hadron beam and a crab-crossing 
scheme at the interaction point. We will discuss them in more detail in sect. 5. 

4'2. MEIC at JLab. The MEIC (“medium” EIC) design is based on a compact figure- 
8 shaped ring-ring concept using the existing high-luminosity Continuous Electron Beam 
Accelerator Facility (CEBAF) [5]. The novel figure-8 ring design, shown schematically 
in fig. 2, is optimised for delivering and preserving high polarisation of ion beams for 
collisions at multiple interaction points. 

The current design accommodates 3GeV to HGeV electrons and up to 96GeV pro¬ 
tons or 48 (38) GeV/nucleus for light (heavy) ions, covering a medium centre-of-mass 
energy range of up to 65GeV and reaching a luminosity of above 10 34 cm -2 s -1 . The 
design is upgradable (then called ELIC) to accommodate 20GeV electrons and about 
250 GeV proton energies at a late stage, with luminosities up to 10 35 cm -2 s _1 . 

As a design concept, the high luminosity of MEIC is attained by utilising high bunch 
repetition rate, crab crossing colliding electron and ion beams with short bunch length 
and small transverse emittances, and strong final focusing at collision points (for de¬ 
tails see 5). To support such a conceptual design, extensive R&D programs have been 
established at Jefferson Lab, supplemented by several external collaborations. 

The MEIC design calls for the construction of a green-field ion accelerator complex 
and two collider rings, one for electrons and the other for medium energy ions, as shown 
in fig. 2. There are four crossing points of these figure-8 collider rings foreseen. The 
two collider rings of identical circumferences are vertically stacked and the ion beams are 
transported into the plane of the electron ring via a vertical chicane, where horizontal 
crab crossings will be used to collide the two beams. 

A large figure-8 ring, also drawn in fig. 2 (in grey), accommodates high-energy ion 
beams in a future energy upgrade. In that case, the compact medium-energy collider ring 
will act as another large booster. On the electron side, the 12 GeV upgraded CEBAF 
SRF linac will serve as a full-energy injector into the electron collider ring. It will be 
possible to continue the fixed-target program for the CEBAF whenever there is a need, 
since each filling of the electron ring is very short. 

Two different types of interaction region (IR) designs are considered, one for a full- 
acceptance detector the other for a high-luminosity detector. The key difference of the IR 
designs is the space between the collision point and the location of the first final focusing 
quadrupole magnet. 

The MEIC main parameters are summarised in table III for collisions of 60 GeV 
protons and 5 GeV electrons and two different detector designs: a full-acceptance (or 
high-luminosity) detector. 

An essential component of the design is an electron cooling facility, which is required 
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Fig. 2. - Layout and side view of the MEIC. See text for details. Figures taken from [1]. 


for reducing ion beam transverse emittance and along with strong radio-frequency bunch¬ 
ing. This requirement will push standard electron-cooling technologies (see subsect. 5'4 
for more details) to its limits. Most importantly, electron cooling will be continued dur¬ 
ing the collision mode to suppress the intra-beam scattering induced beam heating and 
emittance growth. 
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Table III. - MEIC design parameters for the full-acceptance detector. Values for the high- 
luminosity detector are given in parentheses. The table is taken from [1]. 


Quantity 

Unit 

p beam 

e beam 

Beam energy 

GeV 

60 

5 

Collision frequency 

MHz 

749 

Particles per bunch 

10 10 

0.416 

2.5 

Beam current 

A 

0.5 

3 

Polarisation 

% 

> 70 

~ 80 

Energy spread 

nr 3 

0.3 

0.71 

RMS bunch length 

mm 

10 

7.5 

Horizontal emittance (norm.) 

fi m 

0.35 

53.5 

Vertical emittance (norm.) 

/im 

0.07 

10.7 

Horizontal amplitude function ft* 

cm 

10 (4) 

10 (4) 

Vertical amplitude function /3* 

cm 

2 (0.8) 

2 (0.8) 

Vertical beam-beam tuneshift 


0.015 

0.03 

Laslett tuneshift 


0.06 

small 

Distance from IP to 1 st final focusing quad 

m 

7 (4.5) 

3.5 

Luminosity per IP 

10 33 cm -2 s _1 

0.56 (1.42) 


The main design goal of MEIC ion complex is to create and accelerate polarised or un¬ 
polarised ion beams with appropriate time, spatial and phase space structure matching 
the electron beam in order to implement the high-luminosity concept. It is important to 
note that, while, on the one hand, the MEIC design requires bunch length and transverse 
emittances order of magnitude smaller than that of the conventional ion beams, on 
the other hand, due to a high bunch repetition rate, the MEIC ion bunch intensity 
is unusually low (at 4 x 10 9 ), approximately 50 times smaller than RHIC ion beam, 
thereby drastically easing the process of forming such ion beams and intensity-dependent 
collective beam instabilities. 

For the MEIC as well, many technical challenges have to be faced for its realisation, 
such as for example electron cooling of the ion beams, crab crossing scheme at the 
interaction point and polarisation life time and spin tracking. We will discuss them in 
more detail in sect. 5. 

5. — EIC realisations: Challenges and R&D 

Being at the frontier of accelerator design, innovative techniques will be employed for 
EIC realisations: 

- Energy Recovering Linacs (ERL). 

- Crab crossing of the colliding beams. 

- Coherent electron Cooling (CeC) of the hadron beam at RHIC. 

- Figure-8 shaped collider rings at JLab for polarisation preservation. 
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In the following we will briefly describe the basic features of these new techniques, which 
will be employed to reach unprecedented high luminosities at a collider. For a more 
exhaustive discussion the interested reader is referred to the literature. 


5'1. Luminosity at a collider. - Here, we just want to give a brief overview about the 
main parameters which determine the luminosity achievable at a collider. More details 
can be found for example in [22]. 

The event rate R at a collider is proportional to the interaction cross-section and a fac¬ 
tor of proportionality named luminosity. For a given interaction cross-section, high event 
rates can hence be achieved by maximising the luminosity. If two bunches containing ni 
and ri 2 particles collide with frequency /, the luminosity is 


( 1 ) 


T _ , ni?r 2 

^ J A ’ 

4:7T(J x (Jy 


where a x and a y characterise the Gaussian transverse beam profiles in horizontal (bend) 
and vertical directions. The beam size is described by two quantities, the transverse 
emittance e and the amplitude function f3. While the transverse emittance is a beam 
quality parameter reflecting the process of bunch preparation, the amplitude function 
depends on the beam optics and is determined by the accelerator magnet configuration. 
Expressed in terms of the beam profile and amplitude function, the transverse emittance 
reads 


( 2 ) 


e = 7T(T 2 //3. 


Of particular importance is the value of the amplitude function at the interaction point, 
(3*, which should be as small as possible. With these quantities, eq. (1) becomes 


( 3 ) 


L = f niU2 . 


Thus, in order to achieve high luminosity one has to prepare high population bunches 
of low emittance, collide them with high frequency at locations where the beam optics 
provides as low values of the amplitude functions as possible. 

Typical values of the amplitude function /3* for the hadron beam are [22] Tevatron: 
0.28 m, HERA: 0.18 nr and RHIC: 0.8 m, while for the EIC the eRHIC design aims for 
(3* = 0.05 m and MEIC for (3* = 0.02 nr. 

5'2. Energy recovering linacs. - Energy recovering linacs (ERL) hold the promise of 
becoming the future backbone of the modern accelerator facilities. They combine the 
efficiency advantage of storage rings with the improved beam quality achievable in a linac. 

ERLs were first developed and studied as a new type of synchrotron radiation machine, 
based on a superconducting linac and a one-turn return arc (like a storage ring), at 
Cornell University and at JLab [23,24] for producing brilliant X-ray beams. 
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We describe here just the basic principle of an ERL. A bright electron source injects 
electrons into a superconducting radio frequency (RF) cavity that accelerates electrons 
to full energy. They circulate around a magnetic return arc to the point of their end 
use, which might be an undulator to produce brilliant X-ray beams or the interaction 
region with protons or ions. The circumference of the arc is adjusted such that the path 
length of the electrons returning to the linac is 180 degrees out of accelerating phase. 
Thus these electrons, passing again through the RF cavity, are now decelerated, giving 
up their energy to the cavity, and are then directed to a beam dump. Subsequently 
this energy is available for the acceleration of another bunch of electrons. Each electron 
makes one trip around the arc and its energy is recycled in the main linac, hence the 
name, Energy Recovery Linac. 

Because the energy of the electrons is periodically taken from and then put back 
into the electro-magnetic fields in microwave cavities, these cavities must constantly 
be operated. The ERL will hence employ novel superconducting microwave cavities to 
produce hardly any heat when operated continuously at high fields. The energy of the 
linac can be increased by increasing the length (the number of cavities) of the ERL. 

ERLs combine the efficiency advantage of storage rings with the improved beam 
quality achievable in a linac. In a storage ring, electrons are stored for hours in an 
equilibrium state, while in an ERL the energy of the electrons is stored and the electrons 
themselves are used only once. The space parameters of the electron beam are hence 
determined by the quality of its source and can reach a very high brilliance and intensity. 
These characteristics offer also a credible concept for electron cooling of high energy, 
colliding ion beams as considered for the eRHIC design. 

Most interesting for the subject discussed here, ERLs might also provide polarised 
electron beams for collisions with protons and ions in an EIC. High polarization at about 
80% is expected to be delivered by a high-current polarised electron source. As the 
electron beam is dumped after each collision, it can be disrupted much more during 
collision and potentially higher luminosities might be reached as a result of the higher 
allowed beam-beam tuneshift parameters (which limits the “allowed” distortion of the 
beams due to collision). 

Before realisation for an EIC, substantial R&D is required. The challenges centre 
around three major topics: source brightness and intensity, emittance preservation, and 
high peak and average current effects in a superconducting RF environment. Several test 
facilities are under construction or commissioning to address these science and technology 
challenges, one of them at the BNL to test the specific needs for application at an EIC [25]. 

5'3. Crab crossing. - Colliding beams under a certain angle provides a simple and 
efficient way to quickly separate the two beams near an interaction point and to avoid 
undesired parasitic collisions, which induce emittance growth and beam life time dete¬ 
rioration. Such a scheme is especially important for beams with a high repetition rate, 
i.e. a small bunch spacing. In order to restore head-on collisions and hence to avoid 
luminosity loss, a so-called crab crossing scheme was suggested [26]. The basic idea is to 
deflect front and back of bunches in opposite ways, such yielding head-on collisions even 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 



Copyright© 2013. IOS Press. All rights reserved. 


348 


D. Hasch 


with angle-crossed beams. The bunches are rotated through transverse deflections using 
crab cavities, an electromagnetic cavity providing a time varying magnetic field. 

Crab crossing was successfully demonstrated at KEK-B e + e _ collider in Japan [27], 
but still needs to be tested with highest luminosity. The application of crab crossing to 
hadron beams is a new challenging field [28]. 

One however needs to keep in mind that synchrotron radiation generated by bending 
the electron beam close to the interaction region can produce challenging backgrounds 
for detectors. This needs to be studied carefully. 

5'4. Electron cooling. - Electron cooling is a process to shrink the size, divergence, 
and energy spread of ion beams without removing particles from the beam. Since the 
number of particles remains unchanged and the space coordinates and their derivatives 
(angles) are reduced, the phase space occupied by the stored particles is compressed, 
which is equivalent to reducing the temperature of the beam. 

Electron cooling, first proposed by Gersh Budker (INP, Novosibirsk) in 1966, is a 
proven method for relatively low hadron beam energies. It has been successfully applied 
at Fermilab also to very high energetic proton (and antiproton) beams [29]. 

Basically, electron cooling works as follows: the velocity of the electrons is made equal 
to the average velocity of the ions. The ions undergo Coulomb scattering in the electron 
gas and lose energy, which is transferred from the ions to the co-streaming electrons until 
some thermal equilibrium is attained. To be efficient, the electron beam must contain 
many more particles than the ion beam, requiring the development of a high-current 
electron system. This scheme is schematically shown in fig. 3 for application planned at 
the MEIC. It is based on an ERL and and an circulator ring. A high-charge electron 
bunch from a photo-cathode is accelerated in a SRF ERL to required energy of 10 to 
50 MeV and then sent to a specially designed circulator cooler ring, with optics matching 
the cooling channel for cooling of a proton or ion bunch. An individual bunch circulates 
a large number of revolutions (up to a few hundred) in the ring before its quality is 
degraded by intra- and inter-beam scatterings, after which it returns to the same SRF 
linac for energy recovery. 

Coherent Electron Cooling is an exciting concept towards cooling ion beams through 
amplification of charge distributions in electron beams making use of the free-electron 
laser (FEL) amplification mechanism [30]. Basically it works as schematically shown in 
fig. 4: the hadron beam passes a modulator where it is co-streaming with an electron 
beam of same velocity. Each ion induces a density modulation in the electron beam 
that is amplified in a high-gain FEL. In the kicker the hadrons interact with the electric 
field of the electron beam that they have induced, and receive energy kicks toward their 
central energy, such reducing their energy spread. 

This method promises extremely fast cooling virtually independent of energy of the 
ions. Recently, the performance of ERLs promises the use of the FEL amplification 
mechanism to realise Coherent Electron Cooling at high ion energies. 
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solenoid 



Fig. 3. - Schematic of electron cooling for the MEIC. See text for details. The figure is taken 
from [1], 


Kicker for Veilow Kicker for Blue 



Fig. 4. - Schematic of coherent electron cooling for cRHIC. See text for details. The figure is 
taken from [1], 


5'5. Ring design. - The MEIC’s figure-8 shape in all rings is an optimal solution to 
preserve full polarisation of light ion beams by avoiding spin resonances during acceler¬ 
ation in multiple booster and collider rings. 

It is also the only practical way to accelerate polarised deuterons and to arrange for 
longitudinal spin polarisation at the interaction point, which is impossible with conven¬ 
tional methods like Siberian snakes and spin rotators (see [31]) due to the deuterons small 
g — 2 value. The figure-8 layout allows for energy independence of the spin tune, as well 
as the transverse polarisation of deuterons. 

6. — EIC realisations: Kinematics and requirements 

The physics program of an EIC is very broad and covers several different physics 
processes, as outlined in the introduction. In particular, it spans over a wide range 
in centre-of-mass energy provided by different combinations of both beam energy and 
particle species. This imposes several challenges on the design of a detector and the 
interaction region. 
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The physics processes that define the cornerstones for the requirements due to the 
involved kinematics are 

- inclusive measurements (ep/A —> e+X ) requiring detection of the scattered electron 
and/or the full scattered hadronic debris with high precision; 

- semi-inclusive processes (ep/A —> e + h + X) requiring the detection and identifi¬ 
cation of at least one hadron in coincidence with the scattered electron; 

- exclusive processes (ep/A —> e + N/A + 'j/h) requiring the detection of all particles 
in the reaction. 

Generally, for all electron-hadron beam energy combinations, the scattered electron 
goes into the direction of the original electron beam for low Q 2 and more and more into 
a central detector acceptance for higher Q 2 . For a fixed hadron beam energy the electron 
scattering angle becomes smaller at a fixed Q 2 with increasing electron energy. 

We define here the beam directions along z with the hadron beam in the positive 
z direction (forward region) and the electron beam in negative z direction (backward 
region). 

6'1. Kinematic range in x and Q 2 . Figure 5 shows the x-Q 2 range for two different 
centre-of-mass energies, demonstrating that a wide kinematic range can be accessed by 
varying the beam energies. 

The correlation between x and Q 2 for a collider environment is generally weaker than 
for fixed-target experiments. Nonetheless, it becomes stronger for small scattering angles 
or corresponding small inelasticity y, and momentum and scattering angle resolution for 
the scattered electron become an issue. At the HERA collider the degradation in reso¬ 
lution started at about y = 0.1. To circumvent this problem, HERA reconstructed the 
electron kinematics from the hadronic final state and has reached successful measure¬ 
ments down to y of 0.005. 

In general, one would like to access as large a range in Q 2 at fixed x as possible for 
a given beam energy combination, and reach as low y as possible. This requirement 
directly implies two important considerations for the detector design: 

- good hadronic coverage in the forward direction, 

- low noise and/or good noise suppression algorithms in the hadronic calorimeter to 
allow for hadron detection at low momenta. 

For polarisation observables, however, one should keep in mind that low values of y 
translate into a low so-called depolarisation factor. The depolarisation factor corrects 
for the polarisation transfer from the electron to the virtual photon, and is small at low 
y. Observables involving electron polarisation are inverse proportional to this factor, 
which reduces the effective polarised luminosity and increases the uncertainties of the 
measured quantities at low y. For fixed centre-of-mass energy, the x-Q 2 range for pre¬ 
cision measurements of observables involving electron polarisation will hence be reduced 
as compared to single-hadron polarisation observables or unpolarised ones. 
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Q 2 vs. Bjorken x, 4 fb 1 at 5 x 100 GeV 



> 

O' 


Fig. 5. - The x-Q 2 range for centre-of-mass energies of 45 GeV (top) and 140 GeV (bottom). 
The black lines indicate different y cuts placed on the electron kinematics (see text). The figures 
are taken from [1]. 



6'2. Particle identification. - Kinematic variables like x , Q 2 or y are usually calculated 
involving the measured momentum and polar angle of the scattered electron. Typically, 
electron rates are a factor 10-100 smaller than photon and charged hadron rates, which 
places the requirement for good electron identification capabilities. 

Hadron identification over the full kinematic range is also indispensable for the physics 
program of an EIC. For lower electron beam energies, hadrons originating from semi- 
inclusive processes are scattered predominantly in the forward (ion) direction. With 
increasing electron beam energy, the hadrons increasingly populate the central region 
of the detector, and at the highest electron energies, hadrons are even largely produced 
going backward {i.e. in the lepton beam direction). Hence, to be able to distinguish 
electrons and hadrons, and to identify the different hadron types over a wide momentum 
and angular range an EIC detector needs to have detectors capable of good particle 
identification in the forward, central and backward direction, i.e. everywhere. 
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proton momentum [GeV/c] 


Fig. 6. - Scattered proton momentum vs. scattering angle in the laboratory frame for DVCS 
events with different beam energy combinations. The figures are taken from [1], 


6'3. Vertex detectors. - There is specific interest in detecting events with heavy quarks 
(charm or bottom). For many observables it is sufficient to tag the charm and the bottom 
quark content via the detection of additional leptons (electron, positron, muons) to the 
scattered electron. The leptons from charmed mesons can be identified via a displaced 
vertex. This can be achieved by integrating a high-resolution vertex detector into the 
detector design. For measurements of the charmed (bottom) fragmentation functions, 
or to study medium modifications of heavy quarks in the nuclear environment, at least 
one of the charmed (bottom) mesons must be completely reconstructed to have access 
to the kinematics of the parton. This requires, in addition to measuring the displaced 
vertex, good particle identification in order to reconstruct the meson via its hadronic 
decay products. 

6'4. The very forward (backward) region. The most challenging constraints on the 
detector design for the very small angle region comes from exclusive processes and the 
need to detect the remaining hadronic state in addition to the exclusively produced pho¬ 
ton or meson (pair). For the interpretation of the observables it is extremely important 
that the scattered nucleon (or nucleus) remains intact during the reaction. 

Figure 6 illustrates exemplary the kinematic requirements using deeply virtual comp- 
ton scattering (ep —> eqp), showing the scattered proton momentum versus its scattering 
angle for three different beam energy combinations. In all cases, one obtains small to 
extremely small scattering angles, extending to or completely within the 0.5° angular 
detector cutoff often used to ensure clearance of any detector element from the beam. 
Because of this, the detection of these protons, or more general recoil baryons, is inti¬ 
mately connected with the exact interaction region design. 

Detection of the intact nucleus following an exclusive reaction in eA collisions is even 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 






Copyright© 2013. IOS Press. All rights reserved. 


The structure of the nucleon at an EIC 


353 


more complicated and the strategy to ensure exclusive production on a nucleus is to veto 
nuclear breakup, by detecting the neutrons from incoherent events. 

7. — EIC realisations: Detector concepts 

We give here only the general detector concept based on the discussion of key physics 
processes and their kinematic conditions (see sect. 6). More details can be found in 
chapter 6 and 7 of [1], Optimised detectors are essential to carry out the broad physics 
program planned at an EIC. Their design is intimately connected to both the envisaged 
physics program and the layout of the accelerator interaction regions through the location 
of magnets, configuration of crossing angles, and available space. A particular challenge 
is to detect forward-going scattered protons from exclusive reactions. 

An EIC detector will certainly include a large central detector likely containing a 
solenoidal magnetic field (of order of 4T); tracking devices for momentum and angular 
resolution; electromagnetic and hadronic calorimetry; particle identification involving 
Cherenkov detectors, and vertex detectors. Furthermore, detectors in the (very) forward 
and backward directions will be required to augment a large central detector. They should 
comprise particle identification, calorimetry (both electron and hadron) and possibly 
magnetic field. 

With multiple interaction regions, it may be more advantageous to consider differ¬ 
ent, more specialised detectors at the various interaction regions, like for example: for¬ 
ward/backward vs. central or high luminosity vs. full coverage. 

Figure 7 presents a global outline of a possible EIC detector layout and its integration 
in the interaction region, here exemplary chosen for the MEIC solution. The general 
components would be very similar for a detector at eRHIC (see chapter 7.3.3 in [1]). 
The detector concepts include a central solenoid and forward dipole, extensive low mass 
tracking for low x and good particle ID in the central and forward/backward regions. 
In fig. 7, the central detector comprises the components operating within the solenoid. 
Detection of low-Q 2 electrons and the solution to measure forward and ultra-forward (in 
the ion direction) going hadronic or nuclear fragments (including neutron detection) is 
indicated in the upper part of fig. 7, too. This concept presents an essentially 100% full 
acceptance detector. 

Due to the asymmetric beam energies, the interaction point will be offset towards the 
electron side to allow for more distance for tracking of high-momentum hadrons produced 
at small angles and for efficient detection of the scattered electron. 

The central detector should have an equal angular coverage for tracking and electro¬ 
magnetic calorimetry. The details of particle identification will develop with time, but 
should provide excellent electron/hadron separation and hadron identification over the 
full momentum range. 

For both concepts (eRHIC and MEIC), the electron beam traverses the centre region 
without any bending, while the proton/ion beam traverses at the crab crossing angle. 
This configuration minimises harmful background from synchrotron radiation. 

Minimising the effects of systematic uncertainties is an important aspect of detector 


Three-Dimensional Partonic Structure of the Nucleon, edited by M. Anselmino, et al., IOS Press, 2013. ProQuest Ebook Central, 
http://ebookcentral.proquest.com/lib/bibliotecaupves-ebooks/detail.action?doclD=1137463. 

Created from bibliotecaupves-ebooks on 2018-09-12 11:12:22. 



Copyright©2013. IOS Press. All rights reserved. 


354 


D. Hasch 


low-Q 2 

electron detection 
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small angle hadron detection 
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large aperture 
electron quads 




dipole ion quads 

dipole 

ip 





small diameter 
electron quads 



/ 3* beam (crab) crossing angle \ 



5 m solenoid 


Fig. 7. - Interaction region and central detector layout, and its placement in the general inte¬ 
grated detector and interaction region for MEIC. The hadron beam comes from the left and the 
lepton beam from the right. Forward direction is defined in the ion beam direction. The figures 
are taken from [1]. 


design. Absolute and relative luminosity determination is a key to extracting important 
observables, for instance small polarisation asymmetries. Measurement of the polarisa¬ 
tion of electron and hadron beams has a high priority. As with the accelerator, R&D for 
EIC detectors will be essential. 


8. — Conclusions 

A polarised Electron-Ion Collider is an exciting new projected which has attracted 
many enthusiastic colleagues and is currently under intense conceptual preparation in 
the US and Europe. Such a new facility, if being built, will deliver first data most likely 
from the mid twenties on. In the meantime, we will gain new insides into the questions 
discussed at this school mainly for the valence quark kinematic region. This leaves a vast 
field of terra incognita for this new project and a stimulating atmosphere for preparation 
of this new era in “spin physics”. 

It would be a great success of this school if somebody of you feels invited to join our 
activities towards the realisation of an EIC! 
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* * * 

I like to acknowledge all colleagues, who contributed to the review about the “science 
case of an EIC” [1], which was the main source of information for preparing these lecture 
notes. It is a pleasure to thank all participants and the organisers for this inspiring school 
and good time in Varenna. 
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Summary. The participants of the School were assigned a “Fermi problem”. 
An analysis of the results is presented, and future developments are outlined. 


1. Introduction 

Enrico Fermi was not only one of the greatest physicists of the 20th century [1]. He 
was also a brilliant and inspiring teacher. His lectures were notable for their clarity, and 
their focus on the essential. Several of his lecture notes became popular text books some 
of which are still in print. 

“Fermi possessed a sure way of starting off in the right direction, of setting aside the 
irrelevancies, of seizing all the essentials and proceeding to the core of the matter” [2], 
He once said about himself: “I can calculate anything in physics within a factor 2 on a 
few sheets: to get the numerical factor in front of the formula right might well take a 
physicist a year to calculate, but I am not interested in that” [3]. In fact, an often told 
story is how Fermi dropped small pieces of paper when the air blast of the first atomic 
bomb explosion (Trinity test in New Mexico on July 16, 1945) arrived. From the distance 
the paper pieces traveled he estimated the power of the explosion. His quick estimate 
was confirmed within factor 2 after days of complex data analysis [4]. 

Perhaps this skill is what Fermi wanted to teach his students, when he assigned the 
problems that are nowadays known as “Fermi problems”, where he would ask to estimate 
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Table I. - The estimated time for the Italian population to drink the water of the Como lake. 


time 

# estimates 

time 

estimates 

time 

ff estimates 

100 days 

1 

341 years 

1 

960 years 

2 

100 years 

1 

350 years 

1 

1000 years 

4 

150 years 

1 

400 years 

1 

1250 years 

1 

158 years 

1 

460 years 

1 

1300 years 

1 

180 years 

1 

500 years 

3 

1379 years 

1 

300 years 

1 

910 years 

1 

6850 years 

1 


the answer, often on the basis of scarce or no data. A famous Fermi problem is to estimate 
the number of piano tuners in Chicago. The solution involves a chain of educated guesses. 
The assumption is that, although in each step one may overestimate or underestimate, 
it is unlikely to overestimate (or underestimate) each time. There is a good chance that 
the errors cancel, if the estimates are made without bias. To tackle physics problems in 
this way requires a deep understanding of the laws of nature, which Fermi certainly had. 
An insightful biography about Fermi was written by Emilio Segre [5]. 

The participants of the School (students, teachers, organizers, guests) were assigned 
the problem described in sect. 2. The author is not aware whether Enrico Fermi ever 
assigned a problem of this type to his students. Maybe he would have liked this one. 


2. The problem 

The Fermi problem assigned to the participants of the school was the following. 

Let us assume that all Italians would drink water only from the 
Como Lake. After how much time would the lake he empty? 

The participants were also provided a small map (copied from a local tourist guide) 
of the Como lake with, among others, the following information about the lake: 


surface: 
minimal width: 
maximal width: 
maximal length: 
maximal depth: 


145.91 km 2 
650 m 
4.3 km 
46 km 
414 m 


Table II. - Binning of the raw data from table I. 


time interval 

# estimates 

time interval 

ff estimates 

time interval 

estimates 

0-1 years 

1 

300-500 years 

8 

1200-1400 years 

3 

100-200 years 

4 

900-1100 years 

7 

6800-7000 years 

1 
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# estimates 



Fig. 1. - The description of the binned data from table II by a Gaussian. 


3. — Analysis of the results 

24 solutions were returned, which was considered satisfactory in view of the fact 
that the homework was assigned over the weekend. The raw data are shown in table I. 
The participants estimated times between 100 days and 6850 years. The most frequent 
estimates were the round numbers 500 and 1000 years. 

The raw data was binned as shown in table II. Binning is not always recommended 
by experts, since it may introduce a bias [6]. The binned data is shown in fig. 1. The 


# estimates 



Fig. 2. - The description of the binned data from table II by two Gaussians. 
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binned data can be well described by a broad Gaussian around (T) « 700 years with a 
width of AT ss 500 years. This result was confirmed by a precise analysis of unbinned 
data with the best fit (T) = 668.09 years and ler deviation AT = 401.48 years [6]. 

At this point one could conclude as follows. The participants of the School estimated 
that the Italian population would need about (700 ±500) years to drink the water of the 
Como lake at a la confidence level. However, one may also refine the analysis and look 
for possible substructures. 

This was done in fig. 2, where the shortest and the longest estimated times were 
rejected in order to focus on the region between 100-1500 years. From this perspective 
the data hint at two possible signals of comparable strengths, which can be well described 
by Gaussians, one centered around (T) = 300 years, the other around (T) = 1100 
years, each with a width of about AT = 150 years. This may indicate possible social 
self-interactions within different subgroups of the participants. Several hypotheses were 
subsequently discussed at the School, although a general consensus was not achieved. 

Summary 

To summarize, the participants of the School estimated that the Italian population 
would drink the water of the Como lake in about (700 ± 500) years. However, the data 
indicate substructures within the participants, with one subgroup estimating a shorter 
time (300±150) years, and the other subgroup a longer time (1100±150) years. More data 
are needed in order to resolve the (social) substructures among the school participants. 
It is also vital to look for new observables, in order to go beyond the one-dimensional 
picture presented here. Future Fermi Schools in Varenna will help to resolve the situation. 

* * * 

It is a pleasure to thank the participants of the School for taking the time to solve 
the Fermi problem, and the many fruitful discussions in this and many other contexts. 
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